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0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

alimports

4 "HOL-Data_Structures.Leftist_Heap"
slbegin

g (*>*)

7text {* \ExerciseSheet{11}{22.~6.~2018} *}
gl

9

text <
10|  \Exercise{Insert for Leftist Heap}

12| | = Define a function to directly insert an element into a leftist heap.
13. Do not construct an intermediate heap like insert via merge does!

15| | = Show that your function is correct

17 | » Define a timing function for your insert function, and show that it is
18] linearly bounded by the rank of the tree.

21[fun lh_insert ::
22 | where
23|  "lh_insert _ = undefined"

a::iord = 'a lheap = 'a lheap"

DK

[Sau0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

141

[+]

il
(2]~ | output | query | sledgehammer [ symbols |

[13.1 (244/5328

10: ~flehre/FDS/SS1... | 45 Isabelle2017 - ex11_tmpl.thy £
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0 ex11_tmplthy (~/lehre/FDS/SS18/publicfexercises/)
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8T Jimports

: 4 "HOL -Data_Structures.Leftist_Heap"

¢ slbegin

1 T

= 7itext {* \ExerciseSheet{11}{22.~6.~2018} *}
8|
otext <

10| \Exercise{Insert for Leftist Heap}

12l = Define a function to directly insert an element into a leftist heap.

13 Do not construct an intermediate heap like insert via merge does!
14|

15| = Show that your function is correct

16|

17 = Define a timing function for your insert function, and show that it is
18 linearly bounded by the rank of the tree.

2(fun lh_insert :: "'a::ord = 'a lheap = 'a lheap"

[SeisuL | ow3s [pbrenis [uomewaunsea] « [@]

slimports

4 "HOL-Data_Structures.Leftist_Heap"
slbegin

gl (*>*)

7ltext {* \ExerciseSheet{11}{22.~6.~2018} *}
E

E

File Browser | 4 | B

text ¢
10| | \Exercise{Insert for Leftist Heap}

12l = Define a function to directly insert an element into a leftist heap.
13 Do not construct an intermediate heap like insert via merge does!

15. = Show that your function is correct
17| | = Define a timing function for your insert function, and show that it is

18 linearly bounded by the rank of the tree.

21fun 1h_insert :: "'a::ord = 'a lheap = 'a lheap"

[Senoeus [=3e35 [ppispis [ uonewawnoog [ « [@]

2( where 2| | where
23] "lh_insert _ _ = undefined" = 2s[ | "lh_insert _ _ = undefined" <
« | « D
[2]=] output | query | sledgehammer [ symbols | (2] =] output [ query | | symbols |
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Leftist_Heap.thy ($ISABELLE_HOME/src/HOL/Data_Structures/)

15| = Show that your function is correct

= Define a timing function for your insert function, and show that it is
18 linearly bounded by the rank of the tree.

File Browser | 4 |B
g

2(fun lh_insert :: "'a::ord = 'a lheap = 'a lheap"
2( where
23] "lh_insert _ _ = undefined"

(lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}"
2| sorry

27|
ze(lemma "heap t = heap (lh_insert x t)"

o porry

30|

a|lemma "ltree t = Tltree (lh_insert x t)"
2| sorry

33

34

a|fun t_lh_insert :: "'a::ord = 'a lheap = nat"

oK

[SsioouL [ a5 |sviepis | Ueneasewnsea | 4 @]

141

23 fun rk ‘a lheap = nat" where
22 "rk Leaf = 0" |
=["rk (Node n _ _ _) =n"

z7ltext{* The invariants: *}

zo[fun (in linorder) heap
=o|"heap Leaf = True" |

a|"heap (Node _ 1 m r) =
3|  (heap 1 A heap r A (¥x € set_mset(mset_tree 1 + mset_tree r). m < x))"

"('a,'b) tree = bool" where

aa[fun ltree a lheap = bool" where

=["ltree Leaf = True" |

w|"ltree (Node n 1 a r) =

sz (n=rank r + 1 A rank 1 > rank r A ltree 1 & ltree r)"

soffJefinition node
4|"node 1 a r

a lheap = 'a = 'a lheap = 'a lheap" where

=rk 1; rr=rkr
42 in if rl > rr then Node (rr+l) 1 a r else Node (rl+#l) r a 1)"

[Sau0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

]

(] D 4] Dl
[B]~] output | query | sledgehammer [ symbols | (2]~ ] output [ query | | symbols |
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Leftist_Heap.thy ($ISABELLE_HOME/src/HOL/Data_Structures/)

Leftist_Heap.thy ( $ISABELLE_HOME/sr¢/HOL/Data_Structures)

z7|text{* The invariants: *}
28|
2o[fun (in linorder) heap
s0|"heap Leaf = True" |
a|"heap (Node _ 1 mr) =
32 (heap 1 A heap r A (Vx € set_mset(mset_tree 1 + mset_tree r). m < x))"
33
a4/fun ltree :: "'a lheap = bool" where

a|"ltree Leaf = True" |

a|"ltree (Node n 1 a r) =

37l (n=rank r + 1 A rank 1 > rank r A ltree 1 & ltree r)"
38
wolfefinition node
a0|"hode 1 a r =
4| (let rl=rk1; rr=rk r

a2 in if rl > rr then Node (rr+l) 1 a r else Node (rl+l) r a 1)"
a3
a4 fun get_min "'a lheap = 'a" where
as|"get_min(Node n 1 a r) = a"

46
a7ltext <For function <merge>::

"('a,'b) tree = bool" where

File Browser | 4 | B3

"'a lheap = 'a = 'a lheap = 'a lheap" where

[SeisuL | ow3s [phwenis [uomeweunsea | « [@]

[T

<

7s|subsection "Lemmas"

77|Lemma mset_tree_empty: "mset_tree t = {#} «—— t = Leaf"
78lby (cases t) auto

File Browser | 4 | B
5
3

sofLemma rk_eq_rank[simpl: "ltree t — rk t = rank t"
al|by(cases t) auto

g3|Lemma ltree_node: "ltree (node 1 a r) «— ltree 1 A ltree r"
gaby(auto simp add: node_def)

ssﬂemma heap_node: "heap (node 1 a r) «—

g7 | heap 1 A heap r A (Vx € set_mset(mset_tree 1 + mset_tree r). a < x)"
es(auto simp add: node_def)

89)

Sof

sisubsection "Functional Correctness"

G2

g3|Lemma mset_merge: "mset_tree (merge hl h2) = mset_tree hl + mset_tree h2"
aalby (induction hl h2 rule: merge.induct) (auto simp add: node_def ac_simps)

[
[Semoaus =325 [ppiepis [uonewswnoog [ « []

<«

[v]

[2]=] output | query | sledgehammer [ symbols |

(2] =] output [ query | | symbols |
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Y B CHY ==Y
; 15| = Show that your function is correct % ; 15| = Show that your function is correct 7%
% 16| | 2 % 16} .= a
E 17| = Define a timing function for your insert function, and show that it is 7% E 17| | = Define a timing function for your insert function, and show that it is ;g
T/ 1 linearly bounded by the rank of the tree. g ||| 19 linearly bounded by the rank of the tree. g
19(> i 19 > i
20 § 20| §
2(fun 1h_insert B rord = 'a lheap = 'a lheap" § 21(fun 1h_insert :: "'a::ord = 'a lheap = 'a lheap" i
2( where (o] 2| | where [a]
2 “lh_iffsert _ _ = undefined" & = "lh_insert x {) = <f S
24| El 24 El
s|lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" E z|lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" ]
26 Sorry i 26|  sorry E
27| 27|
zg{lemma "heap t = heap (lh_insert x t)" zs(Llemma "heap t = heap (lh_insert x t)"
2 sorry 2 sorry
30| 30)
a|lemma "ltree t = ltree (lh_insert x t)" sflemma "ltree t = ltree (lh_insert x t)"
32| sorry 32l  sorry
33 33
34 = 3| <]
[l Dl 4 |
|8~ [ output [ query [ sledgehammer | symbols (8]~ output [ query | | symbals
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23 "lh_insert x () = {1, ()

o 8o )9
2| "lh_insert x (_,1,a,r) = nodei

25

os/lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}"
271 sorry

28|

2/lemma “"heap t — heap (lh_insert x t)"

| sorry

31
z|lemma "ltree t = ltree (lh_insert x t)"
a3 sorry

34

4]

<

2 "lh_insert x () = (1, ( , x, ()"
22| "lh_insert x {_,1,a,

26/lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}"
|l serry

2o/lemma "heap t — heap (lh_insert x t)"
| sorry

w|{lemma "ltree t — ltree (lh_insert x t)"
=  sorry

ry = (if a<x then node 1 a (lh_insert x r) else node 1 x (1

h_insert a r))"

a =8| [] 5
14| |—{— 14) =
: 15| = Show that your function is correct 7% t 15| = Show that your function is correct Ll
HIRt LR £l 1 1
i 171 = Define a timing function for your insert function, and show that it is :§ f 17| | = Define a timing function for your insert function, and show that it is I
T 1 linearly bounded by the rank of the tree. & ||| 19 linearly bounded by the rank of the tree.
19(> = 19>
[
20| 2 20)
21| fun lh_insert :ord = 'a lheap = 'a lheap" ; 2(fun lh_insert :: "'a::ord = 'a lheap = 'a lheap"
22( where (o 2 | where
2
g

[Senoeus [=3e35 [ppispis [uonewawnoog [ « [@]

<«

[»]

[2]=] output | query | sledgehammer [ symbols |

(2] =] output [ query | | symbols |
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® ex11_tmpl.thy (~flehre/FDS/SS18/publicfexercises/) | ® ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) |
8 =18 19> [~ |
; 17| = Define a timing function for your insert function, and show that it is % 20 %
2/| 18 linearly bounded by the rank of the tree. 2 2{fun 1h_insert "'a::ord = 'a lheap = 'a lheap" =
% 19> B 2| | where B
z| x| g z | “lhinsert x {) = (1., () , x, ()" g
21/fun lh_insert :: "'a::ord = 'a lheap = 'a lheap" =4 24| "lh_insert x (_,'L,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" =
2z where H 2| g
2l "lh_insert x () = (1, () , x ., ()" H zs[Lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" F
2|] "lh_insert x (_,1,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" (o] 27|  apply (induction t [a]
25| o 28] o
z6|lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" El z[lemma "heap t = heap (lh_insert x t)" El
L | ] | sorry g
28| E 31 E
2(lemma "heap t = heap (lh_insert x t)" zlemma "ltree t = ltree (lh_insert x t)" B
30| Sorry B — D =
31
zlemma "ltree t — ltree (lh_insert x t)" [7IProof state [¢]Auto update | Update | search: ~| oo [+]
33| sorry proof (prove) [
34 goal (2 subgoals): =
35| 1. mset_tree (lh_insert x ()) = mset_tree () + {#x#} I
a6 fun t_lh_insert :: "'a::ord = 'a lheap = nat" = e 2. Ax1 t1 x3 t2. =
[¥] D

4\
[B]~] output | query | sledgehammer [ symbols |

il
(8]~ [output | query | | symbals |

[27.4 (751/5431) (isabelle,isabelle,UTF--Isabelle) [/ o UG 344MB 12:30 PM
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M ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) I B ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) o
8T 2 BT B
; 20 % ; 0| %
2o affun lh_insert :: "'a::ord = 'a lheap = 'a lheap" = 2 2o 211fun lh_insert "'atiord = 'a lheap = 'a lheap" 2
2|l 22 where § || 2| | where §
z)| "lh_insert x () = (1, () , x, {} )" g z| "lh_insert x {} = (1, () , x, () )" £

24| "lh_insert x (_,1,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" ) 24| "lh_insert x {_,1,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" El
@ w
= a 25 a
26Llemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" % 26|Llemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" %
271 apply (induction t arb n (2| 27|  apply (induction t arbitrary: x) [a]
3 3 = | apply [(puto)f b
29/lemma "heap t — heap (lh_insert x t)" = 29| =B
.| sorry s q I
a1l = = | E2
lemma "ltree t —» ltree (lh insert x )" [¥] Proof state [ Auto update | Update | Search: | 100%
N | e - = proof (prove) el

il [v]

[v] Proof state [v] Auto update | Update | Search: [ ~|[oo% |«

proof (prove) (=
goal (2 subgoals): =
1. mset_tree (lh_insert x {)) = mset_tree {) + {#x#} m
e 2. Ax1l t1 x3 t2. =

< DN

goal (2 subgoals):
1. Atl x3 t2 x.
[Ax. mset_tree (lh_insert x t1) = add_mset x (mset_tree t1);
Ax. mset_tree (lh_insert x t2) = add_mset x (mset_tree t2); x3 < x|
= mset_tree (node t1 x3 (lh_insert x t2)) = add_mset x (add_mset x3 (mset_tree t1 + mset_tree t2))
i 2. Atl x3 t2 x,
<

A meat +r. (1h_incart +1) = add meat imeat +r +10) .

DN

[2 ]~ [ output | query [ sledgehammer [ symbols |

[B ]+ [output [ query [ sledgehammer [ symbals |
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19(>

fun lh_insert ::
where

"lh_insert x ()
"lh_insert x (

riord = 'a lheap = 'a lheap"

File Browser | 4 | B
N

L, 0. x. 0"

24 | 1,a, r‘) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))"

ss|Llemma mset_lh_insert: "mset_tree (lh_insert x t) =
apply (induction t arbitrary: x)
apply [(puto)]]

mset_tree t + {# x #}"

<

19| >

a1|fun lh_insert :: "'a::ord =
22| | where

= “"lh_insert x () = (1, {) , x, () )"

"lh_insert x (_,'L,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))"

'a lheap = 'a lheap"

24|

zs[Lemma mset_lh_insert: "mset_tree (lh_insert x t) =
27| | apply (induction t arbitrary: x)
= | apply (auto)]]

mset_tree t + {# x #}"

DI

¥ Praof state ] Auto update | Update | search |

[SusouL [s15 |sviepis | ueneazewnsea [ 4 @]

~][oow [+]

[7IProof state [¢]Auto update | Update | search:

[Saui0syL [ 23535 [biepis [ usneruswnooa [ ¢ [@]

~| oo [+]

proof (prove)
goal (2 subgoals):
1. Atl x3 t2 x.
[Ax. mset_tree (lh_insert x tl) = add_mset x (mset_tree tl);
Ax. mset_tree (lh_insert x t2) = add_mset x (mset_tree t2); x3 < x|
— mset_tree (node tl x3 (lh_insert x t2)) =
2. Atl x3 t2 x.
LA meat e L1k ineart +1) = =eld meat

[meat_+p, +1)

add_mset x (add_mset x3 (mset_tree tl + mset_tree t2))

T |

4
|8~ [output | query [ sledgenammer | symbols

proof (prove)
goal (2 subgoals):
1. Atl x3 t2 x,
[Ax. mset_tree (lh_insert x tl1) = add_mset x (mset_tree t1);
Ax. mset_tree (lh_insert x t2) = add_mset x (mset_tree t2); x3 < x|
— mset_tree (node tl x3 (lh_insert x t2)) =

A msat +r (1h_insart +1) = add meat (msat +r +1) .

add_mset x (add_mset x3 (mset_tree tl + mset_tree t2))

i 2. Atl x3 t2 x.
[}

]

(2]~ [ output | query |

| symbols
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19(>

fun lh_insert ::
where

a::ord = 'a lheap = 'a lheap"

File Browser | 4 | B3
~

2 "lh_insert x () = {1, () , x, { )"
24| "lh_insert x (_,1,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))"
25

26Llemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}"

271 | apply minduction t arbitrary: x)l
280 apply (auto)
29|

[v]

sa[Lemma mset_lh_insert: "mset_tree (lh_insert x t) =
ss[ by (induction t arbitrary: x) (auto)

mset_tree t + {# x #}"

File Browser | 4 | B
w
e}

z7|lemma "heap t — heap (lh_insert x t)"
=  [fin

38 [find_theorems (keyword)
0|Lelfind consts (keyword)

4| | [find_unused_assms (keyword)

(lh_insert x t)"

I

[SsiesuL [ ow3s [obrepis [ uomewounsea [ « [@]

[Ssmoeus [e3e35 [ppispis [uonewawnoog [ « [@]

proof (prove)
goal (2 subgoals):
1. Ax. mset_tree (lh_insert x ()) =
2. Ax1l t1 x3 t2 x.
[Ax. mset_tree (lh_insert x t1) = mset_tree t1 + {#x#};
Ax. mset_tree (lh_insert x t2) = mset_tree t2 + {#x#}]
= mset_tree (lh_insert x (x1, t1, x3, t2)) = mset_tree (x1, t1, x3, t2) + {#x#}

mset_tree () + {#x#}

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

DN

proof (prove)
goal (1 subgoal):
1. heap t = heap (lh_insert x t)

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

DN

<
(o]~ output | query | sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[27.35 (782/5477)

(isabelle,isabelle,UTF-8-sabelle) im0 UG

.301MB 12:33 PM
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oK

[SUsouL [ a5 |soviopis | Ueneazewnsoa ] 4 @]

3l
32|

33 =
aqlemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}"
35| by (induction t arbitrary: x) (auto)

36
s7lemma "heap t = heap (lh_insert x t)"
ss| find_theorems heap nodel

39|
so/lemma "1tree t = ltree (lh_insert x t)"

File Browser | 4 | B

4| sorry =
i D
Proof state [¥] Auto update | Update ‘ search: ~| |100%
find_theorems =
"heap"
"node"

found 1 theorem(s):
» Leftist_Heap.heap_node:
heap (node 7?1 ?a ?r) = (heap ?1 A heap ?r A Multiset.Ball (mset_tree ?1 + mset_tree ?r) (op < ?7a))

DN

il
(B~ | output | query | sledgehammer [ symbols |

ag/lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}"
s by (induction t arbitraﬂy: x) (auto)

z7|lemma "heap t = heap (lh_insert x t)"
sl  find_theorems heap node

sw|lemma "ltree t — ltree (lh_insert x t)"
a| | sorry

[Sau0sy1 [ 23535 [piepis [usneruswnooa [ ¢ [@)

| Iv]

[¥] Proof state [¢] Auto update | Update | Search: | ~|[1oo% |+

proof (prove)
goal (1 subgoal):
1. heap t = heap (lh_insert x t)

]

{1
(2]~ [ output | query | | symbals

[38.26 (974/5607) (isabelle,isabelle,UTF--Isabelle) [/ o UG "1345MB 12:36 PM
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8 32| E
; 33] %
2o ssflemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" 8
% [ by (inﬂuction t arbitrary: x) (auto) 73
Z | s E
s7llemma "heap t — heap (lh_insert x t)" )
3 apply: g
39| ;
q0Lemma "ltree t — ltree (lh_insert x t)" (o
2 sorry &
42| ;
43 s
aq/fun t_lh_insert :: "'a::ord = 'a lheap = nat" 18]

il [v]

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

proof (prove)

goal (1 subgoal):

1. heap t —> heap (lh_insert x t)

Outer syntax errora: keyword "(" expected,
but end-of-inputa was found

DN

32) =
33)

sa[Llemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}"
ss[ by (induction t arbitrary: x) (auto)

36)

zj[Lemma "heap t — heap (lh_insert x t)"

3| apply (induction t arbitrary: x)

| | apply (auto simp: heap_noden

40}

il [+]

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

File Browser | 4 | B

proof (prove)

goal (3 subgoals):

1. Atl x3 2 x xa.
[Ax. heap (lh_insert x t1); Ax. heap (lh_insert x t2); heap t1; heap t2;
Wxeset_mset (mset_tree tl) U set_mset (mset_tree t2). x3 < x; x3 < x;
xa €# mset_tree (lh_insert x t2)]
= x3 < xa

2. Atl x3 t2 x xa.
T [Ax. heap (lh_insert x t1); Ax. heap (lh_insert x t2); heap t1; heap t2;

[seH0eus [ 3835 [ppispis [uonewawnoog [ « [@]

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[35.9 (879/5590) (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG
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0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

32| —
33
aqlemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" =
35| by (induction t arbitrary: x) (auto)
36|

z7|lemma “"heap t = heap (lh_insert x t)"
sg apply (induction t arbitrary: x)

2o apply (auto simp: heap_ncdeu

40|

4] [*]

File Browser | 4 | B

32 t—
33)
22| Lemma mset_lh_insﬁrt: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" —
3| by (induction t arbitrary: x) (auto)
36)

s7|lemma "heap t = heap (lh_insert x t)"
sl  apply (induction t arbitrary: x)

w| apply (auto simp: heap_node)

40|

| [+

o
o
3
8
g
o

IProof state [#]Auto update | Update | Search:

~| oo [+

[7IProof state [¢]Auto update | Update | search:

[SsusauL ] se1s |sviepis | Ueneasewnsoa] 4 @]

proof (prove) =
goal (3 subgoals):
1. Atl x3 t2 x xa.
[Ax. heap (lh_insert x t1); Ax. heap (lh_insert x t2); heap tl; heap t2;
Vxeset_mset (mset_tree tl) U set_mset (mset_tree t2). x3 < x; x3 < x;
xa €# mset_tree (lh_insert x t2)]
= x3 < xa
T 2. Atl x3 t2 x xa.

[Ax. heap (lh_insert x tl); Ax. heap (lh_insert x t2); heap t1; heap t2; o
[l D]

[sau0syL [ 2335 [piepis [ usneruswnooa [ ¢ [@)

proof (prove) =
goal (1 subgoal):
1. mset_tree (lh_insert x t) = mset_tree t + {#x#}

]

(B~ | output | query | sledgehammer [ symbols |

{1
(2]~ [ output | query |

| symbols

[38.30 (1013/5647) (isabelle,isabelle, UTF-B-/sabelle) im0 UG /1344MB 12:40 PM
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0 ex11_tmplthy (~/lehre/FDS/SS18/publicfexercises/)

(01 exL1_tmplthy (~/lehre/FDS/S518/public/exercises/)

o 3alemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}" =
s[ by (induction t arbitrary: x) (auto)
36|
o g7/Llemma "heap t — heap (lh_insert x t)"
38 apply (induction t arbitrary: x)
= apply [(auto simp: heap_node mset_lh_insert)]]
40|
< n|lemma "ltree t — ltree (lh_insert x t)"
o 42 sorry
il D]

a
]
E3
2
&
@

36) =
© g7{Lemma "heap t — heap (lh_insert x t)"

s | apply (induction t arbitrary: x)

o3|  apply (force simp: heap_node mset_lh_insert)+
4| | done

41.

42)

© a3llemma "ltree t —> ltree (lh_insert x t)"

< 4 sorry

| [v]

File Browser | 4 | B

[ Proof state [] Auto update | Update | Search: | | [oow |«
proof (prove) (=
goal (2 subgoals):

1. Atl x3 t2 x xa.
[Ax. heap (lh_insert x t1); Ax. heap (lh_insert x t2); heap t1; heap t2;
‘Yxeset_mset (mset_tree tl) U set_mset (mset_tree t2). x3 < x; - x3 < X; xa €# mset_tree tl] =
= x < xa

2. Atl x3 t2 x xa.
[Ax. heap (lh_insert x t1); Ax. heap (lh_insert x t2); heap t1; heap t2;
‘Yxeset_mset (mset_tree tl) U set_mset (mset_tree t2). x3 < x; - x3 < x; xa €# mset_tree t2] o

[SsosuL | 3w3s [obrepis [uomewaunsoa | « [@]

DN

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

theorem heap 7t — heap (lh_insert ?x ?t)

[Ssuos0s | 135 [ontepis [uomemwnoa [ €| @)

DN

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |
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51

<

= apply (induction t arbitrary: x)

B lemma "ltree t — ltree (lh_insert x t)" = Ll =
t 24| apply (induction t arbitrary: x) t Ell -
§ 25| apply (auto simp: ltree_node) E § 32 n
g 25| done a 33
= 47. = 3lemma mset_lh_insert: "mset_tree (lh_insert x t) = mset_tree t + {# x #}"

ag fun t_lh_insert :: " :ord = 'a lheap = nat" 35. by (induction t arbitrary: x) (auto)

29|  where ES

sof "t_lh_insert _ _ = undefined" z7[lemma "heap t = heap (lh_insert x t)"

4]

[+

Proof state Auto update

update | search: |

v [oow [+

[l Proof state (7] Auto update ~| oo [+

update | Search:

theorem ltree ?t — 1ltree (lh_insert ?x ?t)

[esuoauL ] sw1s |soviopis | Ueneasewnsoa ] 4 @]

T |

CHl
|8~ [output | query [ sledgenammer | symbols

consts
lh_insert :: a= ('a,
Found termination order:

nat) tree = ('a,

nat) tree"
"(Ap. size (snd p)) <*mlex*> {}"

[sau0syL [ 2335 [biepis [ usneruswnooa [ ¢ [@)

]

{1
(2]~ [ output | query |

| symbols

la7.1 (1155/5737)

(isabelle isabelle,UTF-8-/sabelle) im0 UG
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0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) 7
ST apply (auto simp: ltree_node) B BT Tapply (auto simp: ltree_node) [~ =
; a5 | done é ;ﬂ s | done é
£|| 47 a HI 8
i sglfun t_lh_insert :: "'ai:iord = 'a lheap = nat" 73 f 8| (¥ :§
E|| a9 where 5 z|| s "lhoinsert x () = (1, { , x, () i

sul "t_lh_insert _ _ = undefined" El sof| "lh_insert x {_,1,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" El
51 § s1[*) %
szllemma "t_lh_insert x t < rank t + 1" ; 52 §
53 sorry (o s3f fun t_lh_insert ord = 'a lheap = nat" [o]
54l & sa | where H
ss|text < El ssf  "t_lh_insert _ _ = undefined" e
ss| \Exercise{Bootstrapping a Priority Queue} g 5§ 8
571 18] sp[Llemma "t_lh_insert x t < rank t + 1" El
ss| Given a generic priority queue implementation with sg| sorry
so] <0(1)> cempty>, <is_empty> operations, <0(f; n)> insert, o 59l o
i : : : ol ] il =
[ Proof state [] Auto update | Update | Search: | ~||too% | [¥] Proof state [ Auto update | Update | Search: | ~|[1oo% |+
consts [+] consts [=]
t_lh_insert "'a = ('a, hat) tree = nat" t_lh_insert :: "'a = ('a, nat) tree = nat"
Found termination order: "{}" - Found termination order: "{}" =
D] D

<
(o]~ output | query | sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[s0.1 (1210/5737)

(isabelle,isabelle, UTF-8-sabelle) 1 ¢
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) ex11_tmpl.thy (~flehre/FDS/SS18/publicfexercises/)

0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

29| "lh_insert x () = (1,

[SsuioouL [sis |sviepis | Ueneasewnsoa ] 4 @]

I apply (auto simp: ltree_node) = BT ] =
; ag) done ; | (*

21| a7 2| g9 “"lh_insert x () = (1, () , x , () )"

% g/ (* % so| | ﬂ_lnser‘t X <_,'L,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" L
= OLox, ) HE o E] e A

[Sau0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

Found termination order:

gy

41

D

5u|] "lh_insert x (_,1, r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" 53]

alf) - N si{fun t_lh_insert :: "'a::ord = 'a lheap = nat"

52 sa | where

si{fun t_lh_insert :: "'a::ord = 'a lheap = nat" ss| | "t_lh_insert x () = 1"

sq where so|| "t_lh_insert x (_,1,a,r) = (if a<x then 1 + (t_lh_insert x r) else 1 + (t_lh_insert a r))"

ss|  “"t_lh_insert _ _ = undefined" el |

56 sslemma "t_lh_insert x t < rank t + 1"

s7lemma "t_lh_insert x t < rank t + 1" so| @ sorry

s{  sorry 50

59 siftext < |
T T — - S ol |

IProof state [#]Auto update | Update | Search: [7IProof state [¢]Auto update | Update | search: ~| oo [+]

consts = consts 12

t_lh_insert :: "'a = ('a, nat) tree = nat" t_lh_insert :: "'a = ('a, nat) tree = nat"

Found termination order: "(Ap. size (snd p)) <*mlex*> {}"

L]

[v]

il
(B~ | output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query |

| symbols |

[50.1 (1199/5881)

(isabelle isabelle,UTF-8-Isabelle) 1m0 UG

15MB 12:46 PM
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s "t_lh_insert x () = 1"
se| "t_lh_insert x (_,1,a,r) = (if a<x then 1 + (t_lh_insert x r) else 1 + (t_lh_insert a r))"

[SeosuL [ ow3s [pbrepis [uonewsunsea | « [@]

a = 1= L} 47) [
= e (% = e (*
2l o "lh_insert x () = {1, () , x, {) )" 2l o "lh_insert x {) = (1, { , x, () )"
& sol | "lh_insert x (_,1,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" & sof| "lh_insert x {_,1,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))"
2| s+ || ) =
52| 52}
s3 fun t_lh_insert :: "'a::ord = 'a lheap = nat" ssffun t_lh_insert :: "'a::ord = 'a lheap = nat"
s  where sal | where

ss| | "t_lh_insert x () = 1"
ss|| "t_lh_insert x (_,1,a,r) = (if a< then 1 + (t_lh_insert @ r) else 1 + (t_lh_insert a r))"

[Sstoa s [=3e3s [ontepis [uomewswnoa [ €| B)

goal (1 subgoal):
1. t_lh_insert x t < rank t + 1

47

«

D

57| 57|

sg|lemma "t_lh_insert x t < ﬂank T+ 1" sgllemma "t_lh_insert x t < rank t + 1"

=4 | Eonny s|  sorry

&0f &0}

aftext « o eiftext « L
- B - S : M: O B - I : Ml

[ Proof state [] Auto update | Update | Search: | ~||too% | [¥] Proof state [¢] Auto update | Update | Search: | ~|[1o0% |+
proof (prove) = consts =l

t_lh_insert "'a = ('a, nat) tree = nat"
Found termination order: "(Ap. size (snd p)) <*mlex*> {}"

<

DN

[
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[58.26 (1498/5967) (isabelle,isabelle, UTF-8-Isabelle) 1 ¢

G . f1350MB 12:48 PM

[56.35 (1414/5067)

(isabelle,isabelle, UTF-8-sabelle)iim ro UG

J1350MB 12:49 PM|
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ss|  "t_lh_insert x () =
se{| "t_lh_insert x (_,1,

sg/lemma "t_lh_insert x t < rank t + 1"
ss(l] sorry

&0f
slltext <

62l \Exercise{Bootstrapping a Priority Queue}

,ry = (if a<x then 1 + (t_lh_insert x r) else 1 + (t_lh_insert a r))"

[SsuioouL [ a5 |sviepis | ueneazownsea ] 4 @]

<

sfflemma "t_lh_insert x t < rank t + 1"
altext «
62| | \Exercise{Bootstrapping a Priority Queue}

s4f | Given a generic priority gqueue implementation with
es| | <0(1)> <empty», <is_empty:» operations, <0(f, n)> insert,

BT (* =l BT g*) =l
Tl e "ihdnsertx (=1, (), x, ()" = s
§ sof | 7h_insert x (_,1,a,r) = (if a<x then node 1 a (lh_insert x r) else node 1 x (lh_insert a r))" § s3fun t_1lh_insert :: r:ord = 'a lheap = nat"
s st o T o 5| s [where Ll
z| s H z)| s "t_lh_insert x () = 1" =]
sz fun t_lh_insert :: " :ord = 'a lheap = nat" 55[' "t_lh_insert x (_,1,a,r) = (if a<x then 1 + (t_lh_insert x r) else 1 + (t_lh_insert a r))"
s | where 57}

[Sau0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

[4]

[

[»]

Proof state [¥] Auto update

Update | search:

Proof state [v] Auto update

update | search |

v|[roo% |+

proof (prove)
goal (1 subgoal):
1. t lh_insert x t < rank t + 1

4T

[v]

proof (prove)
goal (1 subgoal):
1. t_lh_insert x t < rank t + 1

il
(B~ | output | query | sledgehammer [ symbols |

{1
(8]~ [output | query | | symbals |

[58.1 (1510/5967)

(isabelle isabelle,UTF-8-Isabelle) 1m0 UG
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Found termination order: "(Ap. size (snd p)) <*mlex*> {}"

DN

Found termination order: "(Ap. size (snd p)) <*mlex*> {}"

8T Bl BT t_Th_insert x (_,1,a,r) = (if a<x then 1 + (t_lh_insert x r) else 1 + (t_lh_insert a r))" [~ =
; s3lfun t_lh_insert :: "'ai:iord = 'a lheap = nat" % ; s7] %
2[| s4 where 8 25 slemma "t_lh_insert x t < rank t + 1" 2
& 55. "t_lh_insert x {) = 1" 73 2| 59 apply (induction t arbitrary: x) §
Z se[| "t_lh_insert x (_,1,a,r) = (if a<x then 1 + (t_lh_insert x r) else 1 + (t_lh_insert a r))" EE 2)0 o apply auto i
57, Il g | done El
sglemma "t_lh_insert x t < rank t + 1" § 62 %
sof apply (induction t arbitrary: x) B 63} B
s0| apply auto (o sltext « [o]
61| | done 3 65| | \Exercise{Bootstrapping a Priority Queue} 3
62| = 66| e
63 8 s7| Given a genheric priority queue implementation with 8
saltext < 1] sgl | <0(l)> <empty>, <is_empty> operations, <0(f, n)> insert, 1]
es| \Exercise{Bootstrapping a Priority Queue} s| and <0(f; n)> <get_min> and <del_min> operations.
&6 = 70) =
- : : | s - I - i
[ Proof state [] Auto update | Update | Search: | | [oow |« [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
consts <] consts =]
t_1lh_insert "'a = ('a, nat) tree = nat" t_lh_insert "'a = ('a, nat) tree = nat"

DN

<
(o]~ output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

[55.1 (1354/6015)

(isabelle,isabelle, UTF-8-sabelle) 1 ¢
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a - 4] -
62 = 62) =
—| &3 pou <
] T
2o saltext « 2o egtext «
8 3
@|| gs| \Exercise{Bootstrapping a Priority Queue} @ || es| | \Exercise{Bootstrapping a Priority Queue}
@ v
Z| el || e

67 Given a generic priority queue implementation with

sg <0(1)> <empty>, <is_empty: operations, <0(f; n)> insert,
sgl and <0(f, n)> <get_min> and <del_min> operations.

70|
711 Derive an implementation with <0(1)> <get_min>, and the

72| asymptotic complexities of the other operations unchanged!

73

74 Hint: Store the current minimal element! As you know nothing
75) about <f;> and <fy», you must not use :get_min/del_min>

76 in your new <insert:> operation, and vice versa!

[SsuioouL [sis |sbiepis | Uoneasewnsea | 4 @]

671 Given a generic priority queue implementation with
egl | <0(1)> <empty>, <is_empty> operations, <0(f, n)> insert,
so| ' and <0(f, n)> foet_min> and <del_min> operations.

7| Derive an implementation with <0(1)> <get_mins, and the
72| | asymptotic complexities of the other operations unchanged!

[Sau0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

74l | Hint: Store the current minimal element! As you know nothing
79 about «f;> and «f,>, you must not use <get_min/del_min:
74| in your new <insert> operation, and vice versa!

IProof state [#]Auto update | Update | Search:

[7IProof state [¢]Auto update | Update | search:

4T

[v]

I«1

[v]

<
(B~ | output | query | sledgehammer | symbols

<1
(2]~ [ output | query |

| symbols

[65.1 (1732/6015) (isabelle,isabelle, UTF-B-sabelle) im0 UG 7/1349MB 12:52

M
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0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
2T e Bl BT&] T6iven a generic priority queue implementation with [~ =
; 671 Given a generic priority queue implementation with % ; egl  <O(l)> <empty>, <is_empty> operations, <0(f, n)> insert, %
2| e <«0(1)> cempty>, <is_empty> operations, <0(f, n)> insert, 8 2| g and <0(f; n)> ¢get_min> and «del_min> operations. 2
% ssf and <0(f; n)> <get_min> and <del_min> operations. § % 7o) §
Z|| 7ol & & n| Derive an implementation with <0(1)> <get_min>, and the ||

71| Derive an implementation with <0(1)> <get_min>, and the El 72| | asymptotic complexities of the other operations unchanged! ,i
72| asymptotic complexities of the other operations unchanged! § 73 %
73 ; 72  Hint: Store the current minimal element! As you know nothing §
74 Hint: Store the current minimal element! As you know nothing (o 75 about <f;> and <f>, you must not use <get_min/del_min> [a]
75| about <fi> and <f,>, you must not use <get_min/del_min> & 78] in your new <insert> operation, and vice versa! S
76 in your new c<insert> operation, and vice versa! El 77|> El
77 8 79. ]
78 & 79/text <For technical reasons, you have to define the new implementations type 2]
79itext <For technical reasons, you have to define the new implementations type 8o outside the locale!>

80| outside the locale!> o g|datatype ('a,'s) bs_pgq = PUT_CONSTRUCTORS_HERE -

CHl D Clli D

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

DN

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

DN

<
(o]~ output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

[77.1 (2083/6015) (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG /1349MB 12:53

PM|

[78.1 (2085/6015) (isabelle isabelle, UTF-8-1sabelle) im0 UG 1349MB 12:54 PM|
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oal  for orig_empty orig_is_empty orig_insert orig_get_min orig_del_min orig_invar

4 Isabelle2017 - ex11 tmpl.thy === 4 1sabelle2017 - ex11_tmpl.thy &%
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O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -l
a4 asymptotic complexities of the other operations unchanged! Bl Clipr= ==Y
sl 7 =l mi 51
21| 74 Hint: Store the current minimal element! As you know nothing 2 2|o gs|locale Bs_Priority_Queue = a
3 3
all 75 about <f;> and <fy>, you must not use <get_min/del_min> § @ ssl orig: Priority_Queue where §
o = o . =
T 76 in your new <insert> operation, and vice versa! o || g empty = orig_empty and o

- (=3 . N . g

e = o) is_empty = orig_is_empty and 5]
— v . . . =) 7Y

78| s B insert = orig_insert and -4
sotext <For technical reasons, you have to define the new implementations type § a0l get_min = orig_get_min and i
EY outside the locale!» (o a del_min = orig_del_min and [a]
g|datatype ('a,'s) bs_pgq = PUT_CONSTRUCTORS_HERE & o invar = orig_invar and &
82 El a3 mset = orig_mset El
8 g

3 H

s4| orig: Priority_Queue where
E empty = orig_empty and
86 is_empty = orig_is_empty and

< D]

o[ | and orig_mset ‘aitilinorder multiset"
se|begin

g7l  text <In here, the original implementation is available with the prefix <orig:,

e.g. »

[

[¥] Proof state 7] Auto update | Update ‘Search‘ ~|[roox [+]

[7IProof state [¢]Auto update | Update | search: |

locale =

Bs_Priority_Queue o
D]

locale

Bs_Priority_Queue

[v]

<
(B~ | output | query | sledgehammer | symbols

<1
(2]~ [ output | query |

| symbols

[83.1 (2238/6015) (isabelle,isabelle,UTF--Isabelle) [/ o UG 349MB 12:56 PM

[86.1 (2254/6014) (isabelle isabelle, UTF--Isabelle) 1/ o

ween®[_ [ 2] [T 2[3]4]m 0: ~/lehre/FDS/SS1..| 5 Isabelle2017 - ex11_tmplthy Isabelle2017 - ex11_tmpl.thy B oL Ji2:ss:eq]
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0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) - O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v

L] I = B e orig: Priority_Queue where =
=& ejlocale Bs_Priority_Queue = = o empty = orig_empty and
% s orig: Priority_Queue where g &g is_empty = orig_is_empty and
i 87 empty = orig_empty and f 89| insert = orig_insert and
T o is_empty = orig_is_empty and ||| o get_min = orig_get_min and

89| insert = orig_insert and all del_min = orig_del_min and

90| get_min = orig_get_min and 92 invar = orig_invar and

[SeosuL [ ow3s [pbmepis [uomewounsea | « [@]

a1 del_min = orig_del_min and

92| invar = orig_invar and

93] mset = orig_mset

os) for orig_empty orig_is_empty orig_insert orig_get_min orig_del_min orig_invar
95. and orig_mset :: "'s = 'a::linorder multiset"

os|begin

g7 text <In here, the original implementation is available with the prefix <orig>|,
og| term orig_empty term orig_invar

o3 mset = orig_mset

gsf  for orig_empty orig_is_empty orig_insert orig_get_min orig_del_min orig_invar
gs| and orig_mset :: "'s = ‘a::linorder multiset"

o heginl

g7l text <In here, the original implementation is available with the prefix <orig>|,
og| term orig_empty term orig_invar
ca__thm orid. invar emntv

[Sstoa 0L [=3e3s [ontepis [ uomemwnsoa [ ¢ | B)

[4]

[

[»]

a o WIProot state 7] Auto update | Update | search: | ~] [roo%

locale =
[ Proof state [] Auto update | Update | Search: | | [oow |« E

locale Bs_Priority_Queue
Bs_Priority_Queue | T |
<« D 1l D

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|95‘1 (2572/6014) (isabelle isabelle,UTF-8-/sabelle) 1 1 3/1353MB 12:57 PM ‘95‘5 (2625/6014) (isabelle,isabelle, UTF-81sabelle)/im o UG 53MB 12:57 PM|
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8T g insert = orig_insert and Bl i ==Y
; 0| get_min = orig_get_min and % ; &3 %
2/l a del_min = orig_del_min and 2 2/ g 2
% o2 invar = orig_invar and § % ss{Llocale Bs_Priority_Queue = §
T o3 mset = orig_mset g T es| orig: Priority_Queue where g
o)  for orig_empty orig_is_empty orig_insert orig_get_min orig_del_min orig_invar i 87 empty = orig_empty and 7i
os| and orig_mset :: "'s = ‘'a::linorder multiset" 7§ £ is_empty = orig_is_empty and 7§
os|begin Hla B insert = orig_insert and F
g7l text <In here, the oﬂiginal implementation is available with the prefix <orig:, e.g. (o] a0l get_min = orig_get_min and [a]
o term orig_empty term orig_invar & a del_min = orig_del_min and &
g9 thm orig.invar_empty El 53 invar = orig_invar and El
100 E ool  mset = orig_mset s
101 definition empty "('a,'s) bs_pg" e oal  for orig_empty orig_is_empty orig_insert orig_get_min orig_del_min orig_invar El
102 where "empty = undefined" os| and orig_mset :: "'gq = ‘'a::linorder multiset"
103] se|begin
104 fun is empty :: "('a,'s) bs pg = bool" o = a7l ”text <In here, the original implementation is available with the prefix <orig>, e.g. > o -
3
[ Proof state [] Auto update | Update | Search: | ~||too% | [¥] Proof state [ Auto update | Update | Search: | ~|[1oo% |+
gl m: 41 Dl |
(B~ | output | query | sledgehammer | symbols (8]~ [ output [ query | | symbols
|97‘23 (2648/6014) (isabelle,isabelle, UTF-8-Isabelle) /im0 UG 10/1352MB 12:58 PM‘ ‘93‘1 (2471/6018) (isabelle isabelle,UTF-8-Isabelle) im0 UG 351MB 1:00 PMl
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0 ex11_tmplthy (~/lehre/FDS/SS18/publicfexercises/)

m exL1_tmplthy (~/lehre/FDS/S518/public/exercises/)

Found termination order: "{}"
<

D]

sslbegin B B sbegin [~ =
g7l text <In here, the original implementation is available with the prefix <orig>, e.g. % ; g7| text <In here, the original implementation is available with the prefix <orig:, e.g. > %
o term orig_empty term orig_invar 8 2| e term orig_empty term orig_invar 2
oo| thm orig.invar_empty § 2| o | thm orig.invar_empty §
100| E—’v % 100] E‘)'
1| fun mset :: “('a,'q) bs_pg = 'a multiset" El 101  fun mset :: "('a, 'q) bs_pg = 'a multiset" El
102 where & 109 where L&
103| "mset Empty = {#}" _§ 103) "mset Empty = {#}" _§
104 | "mset (Heap _JJa) = orig_mset g" 2] 104 | "mset (Heap a q) = {#a#} +forig_mset q" ol
105 % 109] %
108] = 10§ e
wr|  fun invar :: "('a, 'q) bs_pq = bool® g 107 fun invar :: “"('a,'q) bs_pq = bool" g
108] where 2] 108 where 3]
109| "invar _ = undefined" 10| "invar _ = undefined"
110| 110]
m = 111 =~

| [¥] [l [v]

[ Proof state [v] Auto update | Update |Search: [ | [Loo% | [¥] Proof state [#] Auto update | Update |Search: [ v|[oo% |+

consts consts (21

mset ('a, 'q) bs_pg = 'a multiset" mset :: "('a, 'q) bs_pq = 'a multiset" |

Found termination order: "{}"
<

D

[2 ]~ [ output | query [ sledgehammer [ symbols |

[B ]+ [output [ query [ sledgehammer [ symbals |

[104,20 (2871/6055)

(isabelle,isabelle, UTF-8-Isabelle) i ro UG
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Input/output complete
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|8~ [output | query [ sledgehammer | symbols |

® ex11_tmpl.thy (~flehre/FDS/SS18/publicfexercises/) - 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
g og|begin B BT e | thm orig.invar_empty ==Y
; g7 text <In here, the original implementation is available with the prefix <orig>, e.g. > % ; 100| %
FE: term orig_empty term orig_invar 2 2710 fun mset :: “('a, 'q) bs_pg = 'a multiset" a
@ | oo thm orig.invar_empty § =109 where g
|| 100 ES i 103 "mset Empty = {#}" &
101 fun mset :: "('a,'q) bs_pq = 'a multiset" i 104 | "mset (Heap _ ¢) = orig_mset q" i
102 where L& 109) L&
103] "mset Empty = {#}" = 105} I=la
104 | "mset (Heap a q) = I orig_mset q" (o] 107  fun invar :: "('a, 'q) bs_pq = bool" [a]
105 & 108 where S
106 El 109] "invar _ = undefined] El
1077 fun invar :: "('a, 'q) bs_pq = bool" E 119 s
108 where 2] 111 18]
109] "invar _ = undefined" 12| | definition empty :: "('a, 'q) bs_pq"
110 113 where "empty = undefined"
111 & 114 -
[H| D 4] D
] Proof state /] Auto update | Update | Search: | ~||toon |+ [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
consts = consts [
mset “('a, 'q) bs_pgq = 'a multiset" invar :: "('a, 'q) bs_pg = bool"
F‘ound termination order: "{}" Ml l—:ound termination order: "{}" ]

(2]~ [ output | query | | symbols |

[104.26 (2877/6057)

(isabelle isabelle, UTF-8-Isabelle)im ro UG 353MB 1:02 PM
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0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v B ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
B Te thm orig.invar_empty Bl BTl  thm orig.invar_empty (=l
5 100| F 5 100] ?
2lown| fun mset :: "('a,'q) bs_pq = 'a multiset" 8 2leae| | fun mset :: “"('a,'q) bs_pg = 'a multiset" 2
5 5
i 102 where § f 102 where §
| 103] "mset Empty = {#}" & 2| 109 "mset Empty = {#}" G
. ] . 5
104 | "mset (Heap _ q) = orig_mset g" 12| 104 | "mset (Heap _ q) = orig_mset g" Ed
105 § 109] %
106| B 106} B
1077 fun invar :: "('a, 'q) bs_pq = bool" (o 1079  fun invar :: "('a, 'q) bs_pq = bool" [a]
108] where & 108) where 3
109| “invar _ E undefined" El 10| "invar Empty «— Truel e
110 8 119 "invar (Heap a q) = orig_invar q" 8
3 2
111 2] 111 2]
1nz| definition empty :: "('a,'q) bs_pg" 112
113] where "empty = undefined" 13|  definition empty :: ‘a, 'q) bs_pqg"
114 - 114 where "empty = undefined" =]
< [v] il [v]
¥ Praof state ] Auto update | Update | search | ~][oow [+] [ Proof state [ Auto update | Update | search: [ ~|[100% [+
consts Outer syntax errora: keyword "|" expected, =i
invar :: "('a, 'q) bs_pq = bool" = but quoted string "invar (Heap a q) = orig_invar g"a was found
Found termination order: "{}" ‘ ‘E ‘ ‘Z
< D >

(o]~ output | query | sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[109,14 (2953/6055)

(isabelle, isabelle, UTF-8-Isabelle) im0 UG 53MB 1:03 PM
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) ex11_tmpl.thy (~flehre/FDS/SS18/publicfexercises/) - 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
B[ fun mset :: "('a, 'q) bs_pq = 'a multiset" [<]124 Bla]  fun mset :: "('a, 'q) bs_pq = 'a multiset" ==Y
; 102 where % ; 102 where %
H B R By S & 8 |4 |od “mset Empty = {#}" g
& 104 | "mset (Heap _ ¢) = orig_mset ¢" § 3 104 | "mset (Heap _ q) = orig_mset g" g
Z| 109 E |10 o

108 = 106 =
177 fun invar :: “('a,'q) bs_pq = bool" 7§ 107  fun invar :: "('a, 'q) bs_pq = bool" 7§
108] where EH 108 where Ela
109) nvar Empty «— True" (o 109) invar Empty «—— True" [
110 | "invar (Heap a q) «— orig_invar q A ac#orig_mset qI & 16| | "invar (Heap a q) «— orig_invar q A ac#orig_mset q A a=Min!mset (orig_mset |q)" S

111 El 111 El

112] § 119 §

u3  definition empty "('a,'q) bs_pg" e 113  definition empty :: "('a, 'q) bs_pq" 2]

114 where "empty = undefined" 114 where "empty = undefined"

115| 115]

118 ”fun is empty :: "('a, 'gq) bs pg = bool" o | 116l ”fun is empty :: "('a, 'q) bs pg = bool" o =]

] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+

consts = consts [

invar "('a, 'q) bs_pq = bool™ invar :: “"('a, 'q) bs_pg = bool" r

F‘ound termination order: “{}" 5 l-:uund termination order: "{}" e
|8~ [output | query [ sledgehammer | symbols | (8]~ [output | query | | symbals |

[110.54 (3018/6100)

(isabelle isabelle, UTF-8-Isabelle)im ro UG 05MB 1:04 PM

debian(0| _ |Ty| = |T234|!|
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(isabelle,isabelle,UTF-8-sabelle) im0 UG
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0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v B ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
B 7o fun mset :: "('a, 'q) bs_pq = 'a multiset" Bl BT o[ fun mset "('a,'q) bs_pgq = 'a multiset” [~ =
; 102 where % ; 102 where %
£ 103 "mset Empty = {#}" 8 2| 109 "mset Empty = {#}" 2
i 104 | "mset (Heap _ ¢) = orig_mset " § f 104 | "mset (Heap _ q) = orig_mset g" §
| 105 =3 ||| 109 =1
106| i 106 i
107 fun invar :: "('a, 'q) bs_pq = bool" B 107]  thm orig.[Iset_get_min.. H
108] where =& 108 - - - B
109| "invar Empty <— True" (o 109 fun invar :: "('a, 'q) bs_pg = bool" [a]
1100 | "invar (Heap a q) «— orig_invar q A ac#orig_mset q A a=Min_msetI(orig_mset q)" 3 110 where 3
111 El 111 "invar Empty «— True" El
112| g 12| | "invar (Heap a q) «— orig_invar q A ac#orig_mset q A a=Min_mset (orig_mset|q)" g
n3 definition empty :: "('a,'q) bs_pg" 18] 113 3]
114 where "empty = undefined" 114
115 1s|  definition empty :: "('a, 'q) bs_pq"
118] ”fun is empty :: "('a, 'q) bs pg = bool" - = 116l = where "empty = undefined" - >
[ Proof state [v] Auto update | Update |Search: [ | [Loo% | roof state [v] Auto update | Update | Search: | v|[oo% |+
consts [orig_invar ?q; orig_mset ?q # {#}| — orig_get_min ?q = Min_mset (orig_mset ?q) =
invar "('a, 'q) bs_pq = bool™
Found termination order: "{}" ‘ ‘1 I ‘ ‘Z
< D < >
[2 ]~ [ output | query [ sledgehammer [ symbols | [B ]+ [output [ query [ sledgehammer [ symbals |

[110,67 (3031/6136)
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Input/output complete
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® ex11_tmpl.thy (~flehre/FDS/SS18/publicfexercises/) - ® ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
B[ fun mset :: "('a, 'q) bs_pq = 'a multiset" [<]124 Bla]  fun mset :: "('a, 'q) bs_pq = 'a multiset" ==Y
; 102 where % ; 102 where %
2| 103 "mset Empty = {#}" 2 £ |103 "mset Empty = {#}" a
E 104 | "mset (Heap _ ¢) = orig_mset g" § E 104) | "mset (Heap _ q) = orig_mset g" g
|| 105 s ||| 109 =
106 i 1DSI i
107 thm orig.[[set_get_min.. H 107 thm orig.mset_get_min. . g
WES s
pRc B 7!} 108} » o o Er;
10of fun invar :: "('a,'q) bs_pq = bool" (o] 100]  fun invar :: "('a, 'q) bs_pq = bool" [a]
110| where 3 110 where S
111 "invar Empty «— True" El 111 “invar Empty «— True" El
1zl | "invar (Heap a q) «— orig_invar q A ac#orig_mset q A a=Min_mset (orig_mset g)" E 112l | "invar (Heap a q) +— orig_invar q A ac#orig_mset q A a=Min_mset (orig_mset q)" ]
113 i 113] E
114 114
us|  definition empty "('a,'q) bs_pg" 15|  definition empty :: "('a, 'q) bs_pqg"
116 ‘ where "empty = undefined" o I~ 118 ‘ where "empty = undefined" - =
1 3 1 »
[ Proof state [] Auto update | Update | Search: | | [oow |« [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
[orig_invar ?q; orig_mset ?q # {#}] — orig_get_min ?q = Min_mset (orig_mset ?q) = [orig_invar ?q; orig_mset ?q # {#}] —> orig_get_min ?q = Min_mset (orig_mset ?q) =l
| ]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[107.12 (2903/6167)
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[106.1 (2891/6167)
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B ex11_tmplthy (~/lehre/FDS/SS18/publicfexercises/)

m exL1_tmplthy (~/lehre/FDS/S518/public/exercises/)

Found termination order: "{}"
<

D]

876 fun invar :: "('a,'q) bs_pq = bool" =2 BT T=[|Ed
; 110] where % ; us| | definition empty :: "('a, 'q) bs_pq" %
2l "invar Empty «— True" 8 2] l11g) where "empty = Empty" 2
&g | "invar (Heap a ¢) «— orig_invar q A ac#orig_mset g A a=Min_mset (orig_mset qg)" § a1 §
EIRe & % oue| fun is_empty :: "('a,'q) bs_pq = bool" 5
114 Il 119 where 2
15| definition empty :: "('a,'q) bs_pg" H 129 "is_empty bs «— bs=Empty" H
116] where "empty = Empty" B 121} L&
117 (2| 1220 fun insert :: "'a = ('a,'q) bs_pg = ('a,'q) bs_pq" ==
us|  fun is_empty :: "('a, 'q) bs_pq = hool" & 123) where S
L where El 124 "insert x Empty = [ B
129 "is_empty _ — Emptf 8 125 8
121 & 126f fun get_min :: "('a, 'q) bs_pgq = 'a" 15 |
1220 fun insert :: "'a = ('a,'q) bs_pq = ('a, 'q) bs_pq" 127] where
123 where 12| "get_min _ = undefined"
124) "insert = undefined" =] 129) =]
| [¥] [l [v]
[ Proof state [v] Auto update | Update |Search: [ | [Loo% | [¥] Proof state [#] Auto update | Update |Search: [ v|[oo% |+
consts Inner syntax error: unexpected end of inputa =i
is_empty :: "('a, 'q) bs_pgq = bool" Failed to parse prop

DN

[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[120,23 (3212161521
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™ ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl M ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -l
E 114 i% S 114 i%
5 115| def1n1t1?ln empty :: ("a, q) bs_pq E e 11| def1n1t1¢:n empty :: "a, q) bs_pq g
2/ us where "empty = Empty g Hs where “"empty = Empty g
E 117 ] f 117 g
T cug fun is_empty :: "('a, 'q) bs_pgq = bool" g i gl fun is_empty "('a,'q) bs_pgq = bool" g
5 5
119| where =4 119| where =1
120 "is_empty bs «— BE=Empty" H 129 "is_empty Empty «— True" g
121 L& 1z | "is_empty _ «— False" S
1220 fun insert :: "'a = ('a,'q) bs_pq = ('a,'q) bs_pqg" [ =Py 123 [a]
123 where & 1) | fun insert :: "'a = ('a,'q) bs_pgq = ('a, 'q) bs_pq" &
124 "insert x Empty = " El 124 where El
z = F
125/ ) g 129 insert x Empty = Heapf§ g
126 fun get_min “('a,'q) bs_pgq = ‘'a" e 124 L= ]
127] where 1271 fun get_min :: "('a, 'q) bs_pg = 'a"
128 "get_min _ = undefined" 128 where
120] & 129 "get min = undefined" =]
[H| D 4 I»]
] Proof state (7] Auto update | Update | Search: [ hdll N4 [¥] Proof state [ Auto update | Update | Search: | ~|[1oo% |+
Inner syntax error: unexpected end of inputa 1« Inner syntax error: unexpected end of inputa =]
Failed to parse prop Failed to parse prop
Dl | |

CHl
|8~ [output | query [ sledgenammer | symbols

il
(8]~ [output | query | | symbals

[120.21 (3210/6152)
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M ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v B ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
8 Thd where "empty = Empty" Bl BT 1 "insert x (Heap y q) = Heap (min x y) (orig_insert x q)" =
; 117| % ; 127) %
% us fun is_empty :: "('a, 'q) bs_pgq = bool" 8 é 1260 fun get_min :: "('a,'q) bs_pq = 'a" 2
i 119 where § f 129 where §
|| 120| s_empty Empty «—— True" 8 | | 130 "get_min (Heap x q) = x" L
1211 | "is_empty _ «— False" El 1311 | "get_min Empty = undefined" El
122| § 132 %
1230 fun insert ‘a = ('a,'q) bs_pq = ('a,'q) bs_pq" B 133)  fun del_min :: "('a, 'qg) bs_pq = ('a,'qg) bs_pg" B
124 where (o 134 where [o]
125| "insert x Empty = Heap x (orig_insert x orig_empty)" 3 135) "del_min Empty = undefined" 3
12 | "insert x (Heap y q) = [()f B 134 | del_min (Heap x q) = [(Df :
127] g 137, <
1280 fun get_min :: “('a,'q) bs_pgq = ‘'a" 18] 13| 3]
120 where 139 lemmas [simp] = orig.is_empty orig.mset_get min orig.mset_del_min
130| "get_min _ = undefined" 149| orig.mset_insert orig.mset_empty
131 i - = 141 ‘ orig.invar empty orig.invar insert orig.invar del min 5
< »
] Proof state ] Auta update | Update | search: | ~|[Loo% |+ [¥] Proof state [¥] Auto update | Update |Seamm\ | [roos
Inner syntax error: unexpected end of inputa = Malformed command syntax =l
Failed to parse prop
[l DN 1l D
[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
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O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
3] i [] ==
= 127| M1 - 127) <1
5 712 fun get _min :: “('a,'q) bs_pg = ‘'a El ks fun get_min :: "('a,'q) bs_pq = 'a B
£||129 where 2 )1 where 2
5l "get_min (Heap x q) = x” 2 2w *get_min (Heap x q) = x" H
T ha| | “"get_min Empty = undefined" 2 |z | “"get_min Empty = undefined" &

s 5
132 = 133 =
133 fun del_min :: "('a,'q) bs_pg = ('a, 'q) bs_pq" § 133)  fun del_min :: "('a,'q) bs_pq = ('a,'q) bs_pg" §
134 where H 134 where F
135 "del_min Empty = undefined" = 139 "del_min Empty = undefined" =

138 | "del_min (Heap x q) = (let g = orig_del_min g in undefined| & 139 | "del_min (Heap x q) = (let q = orig_del_min qlin Heap (orig_get_min q) q)" =&

137] g 137] g

138 S 139 t

1390 lemmas [simp]l = orig.is_empty orig.mset_get_min orig.mset_del_min | 139] lemmas [simp] = orig.is_empty orig.mset_get_min orig.mset_del_min Lo

140) orig.mset_insert orig.mset_empty 149 orig.mset_insert orig.mset_empty

141 orig.invar_empty orig.invar_insert orig.invar_del_min 141 orig.invar_empty orig.invar_insert orig.invar_del_min

142] & 142} =l

[H| D 4 I»]
] Proof state /] Auto update | Update | Search: | ~||toon |+ [¥] Proof state [ Auto update | Update | Search: | ~|[1oo% |+
consts = consts [
del_min :: "('a, 'q) bs_pgq = ('a, 'q) bs_pq" del_min "('a, 'q) bs_pq = ('a, 'g) bs_pq" e
Found termination order: "{}" = Found termination order: "{}" ~|
[l [ [l o]

|8~ [output | query [ sledgehammer | symbols |

(8]~ [output | query | | symbals |

[135.64 (3590/6373)

debian(0| _ |Ty| = |T234|!|

(isabelle isabelle, UTF-8-Isabelle) 1 0 UG
sabelle2017 - ex11_tmpl.thy

196MB 1

0: —/\ehreJrDs/Ssl...l& Isabelle2017 - ex11_tmpl.thy

14 PM

[136.51 (3677/5387)

dwn®_ [T | [[22[3]4

(isabelle isabelle,UTF-8-Isabelle) im0 UG

|§5 Isabelle2017 - ex11_tmpl.thy [ |

81/1174MB 1:15 PM|

/551...| & Isabelle2017 - exL1_tmpl.thy
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Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
DEd@E & 9 ¢ XDE @@ C @ DEd@E & 9¢ XHAE 8@ - ()
0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
2 i "get_min (Heap x q) = x" Bl BT 1 "del_min (Heap x q) = (let [~ =
; 13| | “"get_min Empty = undefined" é ; 137 as= orig_del_min q é
% 132 ] g g 13| 1n_ o g
E 133 fun del_min "('a,'q) bs_pgq = ('a,'q) bs_pq" g f 139 if orig_is_empty q then Empty ]
T | 134 where 2 i | L140) else Heap (orig_get_min q) q)" 2
135| del_min Empty = undefined" El 141 El
136 | “"del_min (Heap x q) = (let H 149 H
137, ¢ = orig_del_min ¢ B 143  lemmas [simp] = orig.is_empty orig.mset_get_min orig.mset_del_min B
138 in (o 144 orig.mset_insert orig.mset_empty [ ]
139| if orig_is_empty g then Empty & 145 orig.invar_empty orig.invar_insert orig.invaﬁ_del_min [=l|&
14| else Heap (orig_gat_min q) g El 14| E]
141 8 1477 text <Show that your new implementation satisfies the priority queue interface|!> 8
142| & 145] sublocale Priority_Queue empty is_empty insert get_min del_min invar mset 2]
143 lemmas [simp] = orig.is_empty orig.mset_get_min orig.mset_del_min 14| apply unfold_locales
144 orig.mset_insert orig.mset_empty 150  proof goal_cases
145| ‘ orig.invar empty orig.invar insert orig.invar del min o = 151 = case 1 - =
< D
¥ Praof state ] Auto update | Update | search | ~][oow [+] [ Proof state [ Auto update | Update | search: [ ~|[100% [+
consts theorem
del_min :: "('a, 'q) bs_pgq = ('a, 'q) bs_pq" = « orig_invar ?q — orig_is_empty ?q = (orig_mset ?q = {#})
Found termination order: "{}" : ‘E « [orig invar ?¢; orig mset ?q # {#}] —> orig get min ?q = Min mset (orig mset ?q) ‘ ‘Z
< D »

(o]~ output | query | sledgehammer [ symbols |

[B ]+ [output [ query [ sledgehammer [ symbals |

[140,265 (3757/6451) (isabelle, isabelle, UTF-8-Isabelle) im0 UG L1155MB 1

117 PM

145,49 (3926/5451) (isabelle,isabelle,UTF-8-sabelle) 1m0 UG 155MB 1:17 PM|

cebanQ|_ B | |[T 234 ilemmich@lapnipkow10: ~/lehre/FDS/s51..| g Isabelle2017 - ex11 tmplthy
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4 Isabelle2017 - Priority_Queue.thy === 4 1sabelle2017 - ex11_tmpl.thy &%
Eile Edit Search Markers Folding View Utilities Magros Plugins Help Eile Edit Search Markers Folding Wiew LUtilities Macros Plugins Help
DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE ® & ©
Priority_Queue.thy (§ISABELLE_HOME/src/HOL/Data_Structures/) - 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
8T dand mset "'qg = 'a multiset" =l Cljey orig.invar_empty orig.invar_insert orig.invar_del_min =l
t 19lassumes mset_empty: "mset empty = {#}" t 14|
§ zoland is_empty: "invar ¢ — is_empty q = (mset q = {#})" § 147  text <Show that your new implementation satisfies the priority queue interface|!>
% aland ﬁset_insert: "invar q —> mset (insert x q) = mset ¢ + {#x#}" % 145] sublocale Priority_Queue empty is_empty insert get_min del_min invar mset
T | zzland mset_del_min: "invar ¢q — mset q # {#} —. || 149 apply unfold_locales

23 mset (del_min q) = mset q - {# get_min q #}"

2aand mset_get_min: "invar q = mset q # {#} = get_min q = Min_mset (mset q)"
zsland invar_empty: "invar empty" m
zland invar_insert: "invar q = invar (insert x q)"

zland invar_del_min: "invar q = mset q # {#} — invar (del_min q)"

[SsuvouL [s%1s |sviepis | ueneasswnsea ] 4 @]

zftext ¢Extend locale with <merge>. Need to enforce that <'q> is the same in both llocales.»

aflocale Priority_Queue_Merge = Priority_Queue where empty = empty for empty :: 'q +

z|fixes merge :: "'q = 'g = 'q"

z|lassumes mset merge: "[ invar gl; invar g2 | = mset (merge gl g2) = mset gl + mset g2" =
4] D

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

locale

Priority Queue
[l

DN

10| | proof goal_cases]]

151 case 1

153 then show ?case sorry

1s3] | next

154 case (2 q) -- <and so on>

155} oops =i
[ I

[Saui0syL [ 23535 [biepis [ usneruswnooa [ ¢ [@)

[l Proof state (7] Auto update ~| oo [+

update | Search:

proof (state)

goal (8 subgoals):

1. local.mset local.empty = {#}

2, Ag. invar q = is_empty q = (local.mset q = {#})

3. Ag x. invar q = local.mset (local.insert x q) = local.mset q + {#x#}

4, Ag. [invar g; local.mset q # {#}] — local.mset (local.del_min q) = local.mset q - {#local.get_min q#}
5.

&

D

Adg. [invar q; local.mset q # {#}] —> local.get_min g = Min_mset (local.mset q)

invar 1 1

mnts,

]

(B~ | output | query | sledgehammer | symbols

(2]~ [ output | query |

| symbols |

[21.5 (4921 225) (isabelle, isabelle, UTF-8-Isabelle) i -0 UG 155MB 1:17 PM

[150.19 (4135/5451) (isabelle,isabelle, UTF-8-Isabelle) [/ o UG 140MB 1:19 PM|

ceanO|_ B ] [[T2]3]4]m Isabelle2017 - Priority_Queue.thy B [l 1 Jis:27:5]

0: —/\ehreJrDs/Ssl...l& Isabelle2017 - ex11_tmpl.thy

dwn®_ [T | [[22[3]4

/551...| & Isabelle2017 - exL1_tmpl.thy s 7 - ex11_tmpl.thy
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M ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
BT text <Show that your new implementation satisfies the priority queue interface!: B BTy apply unfold_locales [~ =
; 1450 sublocale Priority_Queue empty is_empty insert get_min del_min invar mset % ; 150]  proof goal_cases %
21 149 apply unfold_locales 8 2] 151 case 1 2
% 1500 proof goal_cases § % 152 then show ?case §
&) |15 case 1 & &) 159 unfolding empty_def by simp Py

152 then show ?case. ) 154 | next 2
L. H 155 case (2 q) thEn show 7case L&
154 | next B 156 apply auto B
155 case (2 q) -- <and so on> (2| 157 [a]
156] oops 5 159} H
157] SEl 159{end g El
<l |8 al I

2 2

] Proof state /] Auto update | Update | Search: | v|[oow |+
proof (prove) =
goal (1 subgoal):

1. local.mset local.empty = {#}

DN

[¥] Proof state [ Auto update | Update | Search: | | [oo% |+
proof (prove) =]
goal (2 subgoals):

1. [invar q; is_empty q] = local.mset q = {#}
2. [invar q; local.mset q = {#}] = is_empty q

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[153.7 (a178/6453) (isabelle isabelle, UTF-8-Isabelle) im0 UG

cebianQ|_ | B | [T 23| 4] jmlammich@iapnipkow10: ~/ehre/FDS/551...| 4 1sabelle2017 - ex11 tmplthy (modified) [ 1sabele2017 - ex11_tmplthy (modified)
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(isabelle,isabelle,UTF-8-sabelle) 1m0 UG 123MB 1:21 PM|
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4 Isabelle2017 - ex11 _tmpl.thy _ 8% 4 1sabelle2017 - ex11_tmpl.thy _ &%
File Edit Search Markers Folding View Utilities Magros Plugins Help File Edit Search Markers Faolding Wiew Utilities Macros Plugins Help
= =] P = & = 7] A -
(@dbE & 9¢ X0OBE & & 280 B & @ l@®dE @ 9¢ X pBA 6& HEE @
O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -l
9 T apply unfold_locales N ey "mset Empty = {#}" =12
517150 proof goal_cases E o e | "mset (Heap _ ¢) = orig_mset q g
% 151 case 1 2 % 105 2
& |0152) then show ?case g || 10 2
@ . N =4 o . . -
| 153 unfolding empty_def by simp o | 107 thm orig.mset_get_min e
5 5
154 hext =) 108] =
155| case (2 ¢) then show ?case § 100]  fun ﬂnvar tx "('a,'q) bs_pgq = bool" §
156 apply auto]] H 119 where LRE
157] o] 111 Empty «— True" fo]
158 & 112l | "finvar (Heap a q) «— orig_invar q A ac#orig_mset q A a=Min_mset (orig_mset q)" S
1s9lend El 113} Z;
T ] o bl 8
3 H
IProof state [#]Auto update | Update | Search: —] [7IProof state [¢]Auto update | Update | search: ~|poo% [+
proof (prove) =l consts =]
goal (2 subgoals): invar :: "('a, 'q) bs_pg = bool"
1. [invar q; is_empty g] = local.mset ¢ = {#} Found termination order: "{}"
2. [invar g; local.mset q = {#}] — is_empty q
D] D]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[156.17 (4259/6488) (isabelle, isabelle, UTF-8-Isabelle) i -0 UG 123MB 1:22 PM

[108.7 (2923/6488) (isabelle,isabelle, UTF-8-Isabelle) [/ o UG 123MB 1:22 PM|

wn0|_ ] 2| [[T2[2]4]m Isabelle2017 - ex11_tmpl.thy B L] Jisi22:09]

0: —/\ehreJrDs/Ssl...lﬁ Isabelle2017 - ex11_tmpl.thy

woan®|_ [T Q| [T 2]3]2 /551...| & Isabelle2017 - exL1_tmpl.thy [e ] Jrs:22:07]

7 - ex11_tmpl.thy

4 Isabelle2017 - ex11 tmpl.thy _@x 4 Isabelle2017 - ex11 tmpl.thy _&X
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
DEd@E & 9 ¢ XDE @@ C @ DEd@E & 9¢ XHAE 8@ - & & @

0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
BT proof goal_cases Bl B Tied | next [~ =
; 151] case 1 % ; 167) 6 %
£ o152 then show ?case 8 HIRE: then show ?case unfolding empty_def by auto 2
i 153 unfolding empty_def by simp § f 169 | next §
i o154  next B | |170] (7 g x) 4

155 case (2 g) then show ?case El 171 then show ?casel El

156l apply auto L& 173 apply (cases q) L&

157] =& 173 apply (auto ) =2

158] (o 174 | next [o]

159/end & 175 (8 q) b

15 =El 17| then show ?case by (cases q) auto SEl

T o8 « vl 8
2 2

[ Proof state [vAuto update | Update |Search:|  ~[[loo% =
proof (prove) =
goal (2 subgoals):

1. [invar q; is_empty q] = local.mset ¢ = {#}
2. [invar q; local.mset ¢ = {#}] — is_empty q

DN

«

[¥] Proof state [ Auto update | Update | Search: | | [oo% |+

proof (prove) 2]

T using this:
invar q

goal (1 subgoal):
1. invar (local.insert x q)

DN

[
(o]~ output | query | sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[156.1 (4243/6488) (isabelle,isabelle, UTF-8-Isabelle) im0 UG .28/1109MB 1:22 PM

[171.20¢ ) (isabelle,isabelle, UTF-8-sabelle) m 0 UG 240MB 1:25 PM|

cebanQ|_ B | |[T 234 ilemmich@lapnipkow10: ~/lehre/FDS/s51..| g Isabelle2017 - ex11 tmplthy

[[e315abelte2017 - ex11_tmpl.thy

[ 1sabeliez017 - ex11_tmplthy N o1 Jus:2s:50]

deban®|_ | W] [T 2] 3] 4] @mlemmich@lspnipkow10: ~flehre/FDs/551...| g Isabelle2017 - ex11 tmpl.thy




4ip Isabelle2017 - ex11 tmpl.thy (modified) === g Isabelle2017 - ex11_tmpl.thy (modified) &%
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DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE @
® ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -l | ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises!) -l
i case 6 =1 BT e case 6 [~ &
; 168| then show ?case unfolding empty_def by auto é ; 166| then show ?case unfolding empty_def by auto é
2lo1g9] next a 2lo1e9) | next a
51l 170 case (7 q x) § & 170 case (7 ¢ %) §
= 171 then show ?case g = 171 then show ?case it
172| apply (cases ¢) i 173 apply (cases q) i
173 apply (auto simp: min_def]] H 173 apply (auto simp: min_def]] g
o7 I Fl& 17afs b = a
175]  hext (o] 175] | next (o]
176] case (8 q) 2 176) case (8 q) 5
177 then show ?case by (cases g) auto El 179 then show ?case by (cases q) auto =El
I Dl |8 il bl 8
¥ Praof state ] Auto update | Update | search | ~|[roow | . IProof state ¢l Auto update | Update | Search: | [Loow |v\L
proof (prove) | proof (prove) (2]
goal (2 subgoals): goal (2 subgoals):
1. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22; 1. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22;
T Min_mset (orig_mset x22) €# orig_mset x22; x < Min_mset (orig_mset x22)] = T Min_mset (orig_mset x22) e# orig_mset x22; x < Min_mset (orig_mset x22)| r
— x = Min (Set.insert x (set_mset (orig_mset x22))) — x = Min (Set.insert x (set_mset (orig_mset x22)))
2. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22; 2, Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22;
Min_mset (orig_mset x22) c# orig_mset x22; - x < Min_mset (orig_mset x22)] ] T Min_mset (orig_mset x22) €# orig_mset x22; — x < Min_mset (orig_mset x22)] [
Min meat [(Arisa meat 22) = Min [(Cat inmcart leat meat (Avia meat 22100 “‘l 0 i i - i i “‘L

CHl
|8~ [output | query [ sledgehammer | symbols |

(2]~ [ output | query | | symbols |
|173‘32 (4612/6915) Input/output complete lisabelle isabelle, UTF-8-Isabelle) 1m0 UG 27MB 1:26 PM‘ ‘173.32 (4612/6915) (isabelle isabelle UTF-8-Isabelle) 1 o
ceanO|_ (B ] [[T2]32]4]al 0: ~/lehre/FDS/SS1..| 5 Isabelle2017 - ex11_tmplthy (modified) [ 1sabelle2017 - ex11 tmplthy (modified) | IR woan®|_ [T W] [T 2]2]4]@m 10: ~flehre/FDS/SS 1. | g Isabelle2017 - ex11_tmplthy (modified) [ 7 - ex11_tmpl.thy (modified)
4 Isabelle2017 - ex11_tmpl.thy (modified) _ & X 4 Isabelle2017 - ex11_tmpl.thy _ & X
Fle Edit Search Markers Folding View Utilties Magros Plugins Help Ele Edit Search Markers Folding View Utilities Macros Plugins Help
DEd@E & 9 ¢ XDE @@ C @ DEd@E & 9¢ HE @ - 01 ()
M ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
2 Ter case 6 B 5T case 6 [~ =
; 168 then show ?case unfolding empty_def by auto % ; 168 then show ?case unfolding empty_def by auto %
2lo1es] next E 2llo1eg|  next E
% 170 case (7 q x) ] % 170 case (7 q x) 3
o171 then show ?case 5 it [e17] then show ?case i
172] apply (cases q) Il 173 apply (cases q) 2
173 apply [(uto simp: min_def)f] H 173 apply (auto simp: min_def) g
2 =%
174f- === o e r;:( 174 - ;
175 | next (o 179 (o]
176] case (8 q) H 176| | next H
177] then show ?case by (cases q) auto sEl 177] case (8 q) ==
il Dl 8 il Dl |8
3 F
[ Proof state [] Auto update | Update | Search: | <] [roow [=] = [¥] Proof state [¢] Auto update | Update | Search: | ~| oo |=] =
proof (prove) el Sledgehammering. . . =l
goal (2 subgoals):
1. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22;
T Min_mset (orig_mset x22) c# orig_mset x22; x < Min_mset (orig_mset x22)] =
= x = Min (Set.insert x (set_mset (orig_mset x22)))
2. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22;
Min_mset (orig_mset x22) c# orig_mset x22; - x < Min_mset (orig_mset x22)] ] ||

[

DN

«
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[173,33 (4513/6915)

(isabelle, isabelle, UTF-8-Isabelle) im0 UG 1027MB 1:27

PM|

[174,10 (4632/6928)

(isabelle,isabelle,UTF-8-Isabelle) Lm0 UG 027MB 1:27

cebianQ|_ | B | [T 23| 4] jmlammich@iapnipkow10: ~/ehre/FDS/551...| 4 1sabelle2017 - ex11 tmplthy (modified) [ 1sabele2017 - ex11_tmplthy (modified)
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) ex11_tmpl.thy (~flehre/FDS/SS18/publicfexercises/)

0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

g 167| case B |
t 168 then show ?case unfolding empty_def by auto
§ 169] hext
g 170| case (7 q x)
z 171 then show ?case
172| apply (cases q)
173 apply (auto simp: min_def) |

167] case 6 =
166| then show ?case unfolding empty_def by auto

169 | hext

179| case (7 ¢ x)

17 then show ?case

173 apply (cases q)

173 apply (auto simp: min_def) =

[l

¥ Praof state ] Auto update | Update | search |

WlProot state 7l auto update | Update | search: |

find_theorems
"Min
"Set.insert"

found 8 theorem(s):

Lattices Big.linorder_class
Lattices Big.linorder_class
Lattices Big.linorder_class
Lattices Big.linorder_class

[SsuvouL |15 | oovrepis | Uoeasewnsoa ] 4 @]

.Min_singleton: Min {?x} = ?x

.Min.eq_fold: finite ?A — Min (Set.insert ?x ?A) = Finite_Set.fold min ?x ?A
.Min_insert: [finite ?A; ?A # {}] = Min (Set.insert ?x ?A) = min ?x (Min ?A)
.Min_insert2:

find_theorems
“Min®
“Set.insert"

found 8 theorem(s):

» Lattices Big.linorder_class
» Lattices Big.linorder_class
» Lattices Big.linorder_class
» Lattices Big.linorder_class

[sau0sy1 [ 23535 [3piepis [usneuswnooa [ ¢ [@)

.Min_singleton: Min {?x} = ?x

.Min.eq_fold: finite ?A — Min (Set.insert ?x ?A) = Finite_Set.fold min ?x ?A
.Min_insert: [finite ?A; ?A # {}] = Min (Set.insert ?x ?A) = min ?x (Min ?A)
.Min_insert2:

[finite ?A; Ab. b € ?PA —> ?a < b] = Min (Set.insert ?a ?A) = ?a
Lattices_Big.linorder_class.Min.insert_not_elem:

[finite ?A; Ab. b € ?A —> ?a < b] — Min (Set.insert 7a ?A) = 7a
« Lattices_Big.linorder_class.Min.insert_not_elem: |

i I £ . Y s A 1~ e FIN 1 A z A Ad|
il | {1 D]
|8~ [output | query [ sledgehammer | symbols | (8]~ [output | query | | symbals |
|174‘29 (4642/6944) (isabelle isabelle, UTF-8-Isabelle) im0 UG 13/1005MB 1:28 PM‘ ‘175.29 (4642/6944) (isabelle,isabelle,UTF-8-sabelle) im0 UG 26/1005MB 1:28 PM|
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BT  next 15 B Tsd | next [~ =
; 170] case (7 g x) % ; 179] case (7 g x) %
2 o171 then show ?case 2 £[o17) then show ?case 2
|| 172 apply (cases q) § /{172 apply (cases q) §
)| 179 apply (auto simp: min_def) 5 z) 179 apply (auto min_def) 5

174 apply (rule Min_insert2[symmetric]) Ell 174 apply (rule Min_insert2[symmetricl) 15]

175| apply simp H 175) apply simp]] H

76|+ r = Fr _Hg 17§ sledgehammer -

177] (o 17| find_theorems Min Set.insert [a]

178| find_theorems Min Set.insert & 17| S

179 El 179] | next e

120l _|_next =| 8 vl Fase (8 ) =8

T i a ol |z
IProof state [#]Auto update | Update | Search: ~| [Loo% [7IProof state [¢]Auto update | Update | search: ~| oo [+]
proof (prove) = proof (prove) =
goal (2 subgoals): goal (2 subgoals):
1. Ax22 b, = 1. Ax22 b, =
[9 = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22; Min_mset (orig_mset x22) <# orig_mset x22; [g = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22; Min_mset (orig_mset x22) c# orig_mset x22;
x < Min_mset (orig_mset x22); b e# orig_mset x22| H x < Min_mset (orig_mset x22); b €# orig_mset x22| m
— x<b = x<bh
© 2. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22; = © 2. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22; <]
[l D] < D]

[2 ]~ [ output | query [ sledgehammer [ symbols |

[B ]+ [output [ query [ sledgehammer [ symbals |

[176.7 (a679/7016) (isabelle isabelle, UTF-8-Isabelle) im0 UG
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™ ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) 7
87 case (7 q x) B 171 then show ?case ==
? = dl
5177 then show ?case B 172 apply (cases q) ) E
% 172| apply (cases ¢) 2 173 apply (auto simp: min_def) 2
E 173 apply (auto simp: min_def) § 174 apply (rule Mih_insert2[symmetric]) g
)| 174 apply (rule Min_insert2[symmetric]) s 17| apply simp g
2 . - g
175| apply simp = 17| using Min.boundedE apply auto[1] =]
176 using Min.boundedE apply auto[1] H 17 g
= =
177 sledgehamme r|j H 178 S
178 (o] 179 | next [a]
1790 next 2 180) case (8 q) o
180) case (8 q) E1 181 then show ?case by (cases q) auto El
e then show ?case hv (cases o) autn =] & ool _ned =8
l bl = l ol |z
[ Proof state [v] Auto update | Update |Search: [ | [Loo% | [¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+
proof (prove) =1 Sledgehammering. .. [2]
goal (1 subgoal): Proof found...
1. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22;
T Min_mset (orig_mset x22) <# orig_mset x22; — x < Min_mset (orig_mset x22)]
— Min_mset (orig_mset x22) = Min (Set.insert x (set_mset (orig_mset x22)))
cl Dl | q |
|8~ [output | query [ sledgenammer | symbols (8]~ [ output [ query | | symbals
|177‘19 (4730/7026) lisabelle isabelle, UTF-8-Isabelle) 1m0 UG 589/920MB 1:32 PM‘ ‘177.19 (4730/7026) (isabelle isabelle,UTF-8-Isabelle) im0 UG 31/920MB 1:32 PMl
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0 ex11_tmplthy (~/lehre/FDS/SS18/publicfexercises/)
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[3Hoe i [ ow3s [oprepis [uomeweunsea | « [@]

Proof found...

"z3": Try this: by (metis Min_insert all_not_in_conv finite_set_mset min_def) (100 ms)
"cvec4": Try this: by (metis Min_insert ball_empty finite_set_mset min_def) (48 ms)
"spass": Try this: by (metis Min_insert all_not_in_conv finite_set_mset min_def) (64 ms)

257 then show ?case
= | 172) apply (cases q)
£ll17 apply (auto simp: min_def)
|| 124 apply (rule Min_insert2[symmetric])
)| 179] apply simp
176| using Min.boundedE apply auto[l]
177
178|
179  next b
180 case (8 q)
11| then show ?case by (cases ¢) auto
1l __ned -
dli v
] Proof state /] Auto update | Update | Search: | v|[oow |+
Sledgehammering. . . 1«

47

D

BT case (7 q x)

~lean then show ?case

2117 apply (cases q)

{173 apply (auto simp: min_def)l

z) 174 apply (rule Min_insert2[symmetric])
174 apply simp
17| using Min.boundedE apply auto[l]
177, by (metis Min_insert ball_empty finite_set_mset min_def)
17g]
179| | next
180 case (8 q)
181 then show ?case by (cases q) auto

Clli

Iv]

[Ss1050s [=3e35 [ontepis [uomemwnoa [ €| B)

proof (prove)
goal (2 subgoals):
1. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22;
T Min_mset (orig_mset x22) e# orig_mset x22; x < Min_mset (orig_mset x22)|
= x = Min (Set.insert x (set_mset (orig_mset x22)))
T 2. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22;

1l

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

Min mset (oria mset x22) e# oria mset x22: — x < Min mset (oria mset x22)]

DN

<
(o]~ output | query | sledgehammer [ symbols |

(2]~ [ output | query [ | symbols |

[177.19 (a730/7026)

(isabelle,isabelle, UTF-8-Isabelle) i ro UG

6/920MB 1:33 PM
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proof goal_cases
«

156 then show ?case
<
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O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -l
PP B BT orig.invar_empty orig.invar_insert orig.invar_del_min ==Y
o143 Llemmas [simp] = orig.is_empty orig.mset_get_min orig.mset_del_min =l | 249] o1
] - X . T : - -
2| 144 orig.mset_insert orig.mset_empty 2 2lc147] | lemma "[ m#A{#}; x < Min_mset m] — x = Min (Set.insert x (set_mset m))" a
3 3
@ | | 1a5) orig.invar_empty orig.invar_insert orig.invar_del_min E o 149 sledgehammer z
_ _ _del_ 2 7
@ 2 K =
|| 14 “54 i || 149 %’»
17 lemma "[ m#{#}; x < Min_mset m] — x = Min (Set.insert x (set_mset m))" =] 150| =
14g] § 151 | text <Show that your new implementation satisfies the priority queue interface|!> §
149 § 152. sublocale Priority_Queue empty is_empty insert get_min del_min invar mset i
10 text <Show that your new implementation satisfies the priority queue interface!: (o] 153 apply unfold_locales [a]
151( sublocale Priority_Queue empty is_empty insert get_min del_min invar mset & 1s4) proof goal_cases &
152] apply unfold_locales El 155} case 1 El
{3 I3
153 =& ]S
H ]

[»]

¥ Praof state ] Auto update | Update | search | | [roow [+] WlProot state 7l auto update | Update | search: | | [roos
proof (prove) B Sledgehammering. .. [2]
goal (1 subgoal):
1. [m # {#}; x < Min_mset m] — x = Min (Set.insert x (set_mset m))
l Dl | q |
|8~ [output | query [ sledgenammer | symbols (8]~ [ output [ query | | symbals
|148‘l (4010/7145) lisabelle isabelle, UTF-8-Isabelle) 1m0 UG '888MB 1:35 PM‘ ‘152.1 (4112/7162) (isabelle isabelle,UTF-8-Isabelle) im0 UG 188MB 1:35 PMl
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0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
8T then show ?case unfolding empty_def by auto Bl BTe] | next [~ =
; 173 | next = ; 169 case (4 q) =
21174 case (7 g x) 8 2l 169 then show ?case by (cases ) auto 2
& b17y then show ?case ] {179 next]] 3
| 174 apply (cases q) 5 ) |1n case (5 q) £

177, apply (auto simp: min_def auxl) El 172 then show ?case by (cases q) auto El

178 apply (rule aux1)f] H 173 | next H

179| apply auto [] jE(H 174 case 6 2

180 apply auto [] (2| 175 then show ?case unfolding empty_def by auto [o]

181 H 176 | next H

182] = 1771 case (7 q x) e

183] apply (rule Min_insert2[symmetric]) g 17¢] then show ?case z§

[ L] 2 4] D 8
] Proof state /] Auto update | Update | Search: | ~||toon |+ [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
proof (prove) = proof (prove) 1]
goal (3 subgoals): goal (2 subgoals):
1. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22; 7 1. [invar q; q = Empty] = invar (local.insert x q)
Min_mset (orig_mset x22) e# orig_mset x22; x < Min_mset (orig_mset x22)] H 2. Ax21 x22. [invar q; q = Heap x21 x22] = invar (local.insert x q)
= orig_mset x22 # {#}

T 2. Ax22. [q = Heap (Min_mset (orig_mset x22)) x22; orig_invar x22;

Min mset (oria mset x22) # oria mset x22: x < Min mset (oria mset x22)] o . MZ

[l
[2 ]~ [ output | query [ sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[178.24 (478517284

(isabelle isabelle, UTF-8-Isabelle) im0 UG }846MB 1:37 PM
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) ex11_tmpl.thy (~flehre/FDS/SS18/publicfexercises/) - 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
=] 1477 Llemma auxl: "[ m#{#}; x < Min_mset m|] —> x = Min (Set.insert x (set_mset m))" =)&) ] 1700  next ==
; 148| by (metis Min_insert2 Min_le finite_set_mset order_trans) % ; 17 case (5 q) %
2| 149| E 21179 then show ?case by (cases ¢) auto §
&1l 1sq g 5|17 | next B
= 151 lemma [simp]: "Min_mset m €# m «— m#{#}" by auto B & 174 case 6 g

152| i 17| then show ?case unfolding empty_def by auto i

153 § 176]  next é

154/ text «Show that your new implementation satisfies the priority queue interface!: - § 177. case (7 q x) i

155y sublocale Priority_Queue empty is_empty insert get_min del_min invar mset (o] 178 then show ?case [a]

156 apply unfold_locales & 179 by (cases ¢) (auto simp: min_def) &

157 proof goal_cases = 160 El

158 case 1 = ] 181 | next s

< DL_1i8] 189 case (8 q) 2]
IProof state [#]Auto update | Update | Search: v [oow [+] 183 then show ?case by (cases q) auto
theorem (Min_mset 7m c# 7m) = (7m # {#}) =] 15 | ged
189
186 <1
ot D
[7] Proof state ] Auto update | Update |Search: ~| oo [+]
- proof (state) ‘i‘
< D] il D]

(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols

|153‘l (4131/7331) lisabelle,isabelle, UTF-8-Isabelle) ! o UG 17/819MB 1:40 PM‘ ‘177.1 (4717/7089) (isabelle isabelle UTF-8-/sabelle)/mr o UG /803MB 1:41 PM|
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(01 exL1_tmplthy (~/lehre/FDS/S518/public/exercises/)

41

[v]

2 Ted] case (8 q) B 5T case (8 q) [~ =
—| 183 then show ?case by (cases ¢) auto = =263 then show ?case by (cases ) auto =
3 T
£/ 164 ged g 2| 184 ged g
|| 165 g =189 g
T | 18] 2 || 189 2
5 5
187(end =3 1e7lend 12
@ Ed
188| a 168 a
3 3
189/ text < B 189 text < B
190{\Homework{Heap}{29.~6.~2018} (o 150|\Homework{Heap}{29.~6.~2018} [a]
191 % 191 %
192(A binary treE can be encoded as an array <[a;,...,a,]>, such that ; 192|A binary tree can be encoded as an array <[a;,...,a;]>, such that ;
193{the parent of node <a;> is node <agy g4iy 2)>. § 193hé parent of node <a;> is node <a( 4iy 2)7- §
194 i 194 i
105{Thus, for a heap, each node is greater than or equal to its parent: 15| Thus, for a heap, each node is greater than or equal to its parent:
196 > 198) >
197 197|
1gldefinition parent :: "nat = nat" where "parent i = (i+l) div 2 - 1" o 1sgdefinition parent :: "nat = nat" where "parent i = (i+l) div 2 - 1" ||

4

Iv]

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

\'\|§|

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

‘ <

\ﬁ

<
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[192.13 (4916/7089)

(isabelle,isabelle, UTF-8-Isabelle) it

UG 3/797MB 1:42 PM
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) ex11_tmpl.thy (~flehre/FDS/SS18/publicfexercises/) - 0 ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
9 Tiegl [<[12] CHipr B[
; 1g9(text< % ; 192|A binary tree can be encoded as an array <[a;,...,a;]>, such that %
2| 1190 \Homework {Heap}{29.~6. ~2018} g ¢|casalthe parent of node <a;> is node <a( giv 2. g
g 191 S' ﬁ 194 S
T 192(A binary tree can be encoded as an array <[aj,...,a,]>, such that 2 i | 1e5{Thus, for a heap, each node is greater than or equal to its parent: o
103{the parent of node <ai> is node <ag giy 2)2. i 106 > i
194/ § 197| é
10s|Thus, for a heap, each node is greater than or equal to its parent: H 1sgdefinition parent :: "nat = nat" where "parent i = (i+l) div 2 - 1" F
106/ > (o 1oo{definition is_heap :: "'a::linorder list = bool" [
197, & 200]  Wwhere "is_heap h = Vi<length h. h!i > h!parent i" S
1gldefinition parent :: "nat = nat" where "parent i = (i+l) div 2 - 1" El 201 El
wgldefinition is_heap ‘atilinorder list = bool" E 207) s
2000 where "is_heap h = Wi<length h. h!i > h!parent i" e 2o3text <A heap with a single defect at index <j:» is characterized as follows: =Kl
201, 204)  The heap property holds for a'L'LIe'lements except <j>, [
202 205)  and the children of <j» must also be greater than their grand-parent.
203 text <A heap with a single defect at index <j> is characterized as follows: 208| >
204 The heap property holds for all elements except <j>, 2o7ldefinition is_heap_except :: "nat = ‘'a::linorder list = bool" where |
< - — i ? ' " - ' IO CI— -' I
IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]

ME‘

consts “
T - D

<
(B~ | output | query | sledgehammer | symbols

(2]~ [ output | query | | symbals

[192,45 (4948/7089) (isabelle, isabelle, UTF-8-Isabelle) i -0 UG 793MB 1:43 PM
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0 ex11_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) - O ex11_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
8 M efdefinition parent :: "nat = nat" where "parent i = (i+l) div 2 - 1" = B Mo else sift_up (swap i (parent i) h) (parent i))" =
= t1sedefinition is_heap “'ai:linorder list = bool" =~ |2a
% 2000 where "is_heap h = Vi<length h. h!i > h!parent i" g 232
a | | 201 & oozatext «Show that @{const sift_up} restores the heap
2| | 20q Z 2 and preserves the multiset of elements in the heap>

2o3text <A heap with a single defect at index <j> is characterized as follows:
204 The heap property holds for all elements except <j>,

205 and the children of <j> must also be greater than their grand-parent.

206| >

2o7jdefinition is_heap_except :: "nat =
2usl "is_heap_except j h =

209| (vi<length h. i#j — hli > hl(parent i))
210| A (Vi<length h. parent i = j — h!i > h!(parent j))" L

‘aiilinorder list = bool" where

[SeosuL [ ow3s [pbrepis [uomeweunsea | « [@]

23] Eemma sift_up_restore_heap:

2371 "is_heap_except j h — j<length h — is_heap (sift_up h j)"
239

239
240)
g|lemma sift_up_mset: "j<length h — mset (sift_up h j) = mset h"
242 | sorry

243)

IS

[SstoauL [=3e3s [ontepis [uomemwnoa [ ¢ | B)

212| 244ftext <For \textbf{3 bonus points}, add an empty, insert, and get-min =

213| 205 | function to the heap implementation, and prove their essential properties. =

a4 text < | 248 > o

il D] Il |

[ Proof state [] Auto update | Update | Search: | ~v|[Loo%n |- [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+

consts |‘ proof (prove) “
(I - Dl < Dl

[
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[208.1 (s542/7089) (isabelle, isabelle, UTF-8-Isabelle) im0 UG 788MB_1:48 PM
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245
24|
247,

N

8|

N

9|

function to the heap implementation, and prove their essential properties.

definition emp :: "'a
definition get_min
definition ins ::

:linorder 1list" where "emp = undefined"
‘a::linorder list = 'a" where "get_min h = undefined"
‘a list =

linorder =

[SsiioouL [ a5 |sviepis | Ueneasewnsoa ] 4 @]

2s7/lemma invar_empty: “is_heap emp" sorry

2sqlemma mset_empty: "mset emp = {#}" sorry

g 240( | g 248| > el
t 2q1(Llemma sift_up_mset: "j<length h — mset (sift_up h j) = mset h" t 247]

g 242  SOrry % 2g{definition emp inorder list" where "emp = undefined"

& || 243 & || 24g|definition get_min a::linorder list = 'a" where "get_min h = undefined"

Z|tamltext <For \textbf{3 bonus points}, add an empty, insert, and get-min || 2qldefinition ins ‘a::linorder = 'a list = 'a list" where "ins x h = undefined"

[Sau0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

250) ‘a list" where "ins x h = undefined' 2ss|lemma mset_get_min: "is_heap h = mset h # {#} = get_min h = Min_mset (mset h)" sorry
251. 257]
2 lemma invar_empty: "is_heap emp" sorry ssglemma invar_ins: "is_heap h = is_heap (ins x h)" sorry
253 259
24 lemma mset_empty: "mset emp = {#}" sorry 2e0/lemma mset_ins: "mset (ins x h) = mset h + {#x#}" sorry
255 261 =
26 Lemma mset_get_min: "is_heap h — mset h # {#} — get_min h = Min_mset (mset h)" sorry 262
< IO (| I
IProof state ] Auto update | Update | Search | ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]
E‘ ‘ consts E‘
i 0| a D
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals
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8 Toftext «Show that @{const sift_up} restores the heap =
= 24 and preserves the multiset of elements in the heap>
§ 235
& 4236/ Lemma sift_up_restore_heap:
= L o] "is_heap_except j h = j<length h — is_heap (sift_up h j)"
238 Sorry
239|
240|
2a1|Llemma sift_up_mset: "j<length h — mset (sift_up h j) = mset h"
242  sorry
243
2q4text <For \textbf{3 bonus points}, add an empty, insert, and get-min
2251 function to the heap implementation, and prove their essential properties.
246/ >
247| _
zgdefinition emp :: " linorder list" where "emp = undefined" =
zoldefinition get_min ‘a::linorder list = 'a" where "get_min h = undefined" o
:\‘... - . ' . . § - ' — ' D
[ Proof state [] Auto update | Update | Search: | | [oow |«
theorem sift_up_restore_heap: [is_heap_except ?j ?h; ?j < length ?h] = is_heap (sift_up ?h ?j) |§|
< D
‘I:Ilv‘lOulpu(|QuerylS\edgehsmmerlsymbu\sl .
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