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0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

1 (*<*)
T 2theory ex10_tmpl
glimports "HOL-Data_Structures.Tree23_Map"
Begin
(*>*)
(*<x)
hide_const (open) Tree23.Leaf
(*>*)

File Browser | 4 | B

© ® u o w o=

woftext {* \ExerciseSheet{10}{15.~6.~2018} *}
12ftext ¢«\Exercise{Tries with 2-3-trees}

14 In this exercise, you shall develop a trie data structure for keys of
15| type @{typ "'a list"} (instead of a{typ "bool list"}).

17| Thus, a node needs to store a map from <'a> to the next trie.

190 In a first step, we encode the map as @{typ «'a = 'b option>}

[SsioouL [ a5 |sviepis | Ueneasewnsoa ] 4 @]

141

[v]

1 (*<*)
T 2theory ex10_tmpl

simports "HOL-Data_Structures.Tree23_Map"
4begin
5| (*>%)
8 (*<*)
7|
8|
g

Ihide_const (open) Tree23.Leaf
(*>%)

1 text {* \ExerciseSheet{10}{15.~6.~2018} *}
1ztext <\Exercise{Tries with 2-3-trees}

14 In this exercise, you shall develop a trie data structure for keys of
15 type @{typ "'a list"} (instead of @{typ "bool list"}).

16|
171 Thus, a node needs to store a map from <'a> to the next trie.
18|
19y In a first step, we encode the map as @{typ «<'a = 'b option>}
20>

D

[Sau0sy1 [ 23535 [piepis [ ueneruswnooa [ ¢ [@]

1«1

[+]

4]
[B]~] output | query | sledgehammer | symbols

[l
(2]~ ] output [ query | | symbals
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0 ex10_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) I 0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) 7
BT TIn this exercise, you shall develop a trie data structure for keys of 15 BT [~ =
; 15| type @{typ "'a list"} (instead of a{typ "bool list"}). % ; seftext «The refined trie datatype> %
21| 19} 8 2| |s7idatatype 'a trie' = Leaf' | Node' bool "('ax'a trie') tree23" 2
% 17| Thus, a node needs to store a map from <'a> to the next trie. *3 % 58 §
BT 5 i osgtext <Define an invariant for trie' and an abstraction function to trie. g

190 In a first step, we encode the map as @{typ «'a = 'b option>} Il sof Then define membership, insertion, and deletion, and show that they behave 5]

20| > § 61| correctly wrt. the abstract trie'. Finally, combine the correctness lemmas é

21 H& 62 to get a set interface based on 2-3-tree tries. B

22. datatype 'a trie = Leaf | Node bool "'a = 'a trie option" (o 63> [o]

23] % 64 %

2q/text <Define and prove correct membership, insertion and deletion (without shrinking the trie).:> = 65 fun trie'_inv "'a::linorder trie' = bool" where E1

) T 3 65 "trie'_inv _ = undefined" s

2| fun isin "'a trie = 'a list = bool" 18] 67| 3]

271  where gg| fun trie'_oa :: a: :lincﬂder trie' = 'a trie" L

2g "isin _ _ = undefined" ss|where

= 7 “"trie'_o _ = undefined" L

=| fun ins "'a list = 'a trie = 'a trie" 7

a| where 72

32 "ins _ _ = undefined" 73

=3} 74 fun isin’ "*a::linorder trie' = ‘'a list = bool"

34 = 7s|where =
< I < Dl |

[2]=] output | query | sledgehammer [ symbols | (2] =] output [ query | | symbols |
|22‘1 (466/2429) (isabelle,isabelle,UTF-8-sabelle) im0 UG | S3/1169MB 12:24 PM‘ ‘58‘25 (1858/2429) (isabelle,isabelle, UTF-81sabelle) im0 UG B69MB 12:26 PM|
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) ex10_tmpl.thy (~flehre/FDS/SS18/publicfexercises/)

0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

s0| Then define membership, insertion, and deletion, and show that they behave
s correctly wrt. the abstract trie'. Finally, combine the correctness lemmas
s2| to get a set interface based on 2-3-tree tries.

[SsuoouL [swis |sviepis | ueneasewnsea ] 4 @]

to get a set interface based on 2-3-tree tries.

Cljp = g s7idatatype 'a trie' = Leaf' | Node' bool "('ax'a trie') tree23" =l
t ssltext <The refined trie datatype> t 58

§ s7ldatatype 'a trie' = Leaf' | Node' bool "('ax'a trie') tree23" § sotext <Define an invariant for trie' and an abstraction function to trie.

g sgf g 50. Then define membership, insertion, and deletion, and show that they behave

z so/text <Define an invariant for trie' and an abstraction function to trie. = 6 correctly wrt. the abstract trie'. Finally, combine the correctness lemmas

[Saui0sy1 [ 23535 [3piepis [usneruswnooa [ ¢ [@)

= es|fun trie'_inv :: "'a::linorder trie' = bool" where
64 esf "trie'_inv _ = undefined"
ss(fun trie'_inv :: "'a::linorder trie' = bool" where 67,
e8| "trie'_inv _ = undefined" H sg{ fun trie'_a :: “'ai:linorder trie' = ‘'a trie"
&7] sg|where [
selfun trie'_a :: :linorder trie' = 'a trie" _ 7| "trie'_a _ = undefined"
sofwhere 7| r
7ol “trie'_a _ = undefined" L 72
7 73 [
72) 74 fun isin' :: tilinorder trie' = 'a list = bool"
73 7s|where
72| fun isin' "'aiilinorder trie' = 'a list = bool" 76)  "isin' _ _ = undefined"
7s|where = 77] =
4] Dl ] 4] Dl ]
[B]~] output | query | sledgehammer [ symbols | (2]~ ] output [ query | | symbols |
|7D‘1 (1886/2429) (isabelle isabelle,UTF-8-Isabelle) /im0 UG 69MB 12:27 PM ’5—9‘1 (1474/2429) (isabelle isabelle, UTF-8-Isabelle) (i ro UG .13/1168MB 12:27 PM
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[ ex10_tmplthy (~flehre/FDS/SS18/public/exercises/) x| |0 exL0_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
BT %) B BT Ttype a{typ "'a list"} (instead of @{typ "bool list"}). [~ =
B | I[=] RS o
2| 1oftext {* \ExerciseSheet{10}{15.~6.~2018} *} 8 2(l171 Thus, a node needs to store a map from <'a> to the next trie. 2
2 - 3 2 - 3
@ 1] o 2 18| Il E
= 17ltext <\Exercise{Tries with 2-3-trees} BE |19 In a first step, we encode the map as @{typ <'a = 'b option>} g

13 = 20> ==

14 In this exercise, you shall develop a trie data structure for keys of *§ 21| é

15| type @{typ "'a list"} (instead of @{typ "bool list"}). ; 22 datatype 'a trie = Leaf | Node bool "'a = 'a trie option" _§

1§ (2] 23 (]

171 Thus, a node needs to store a map from <'a> to the next trie. & 2stext <Define and prove correct membership, insertion and deletion (without shrinking the trie).> S

18} =L 25| =L

199 In a first step, we encode the map as @{typ <'a = 'b option>} s 260 fun isin :: "'a trie = 'a list = bool" S

2> 2] 271 | where 3]

2 2 "isin _ _ = undefined"

27| datatype 'a trie = Leaf | Node bool = 'a trie option" 29

=) o]l fun ins :: "'a list = 'a trie = ‘'a trie"

aqltext <Define and prove correct membership, insertion and deletion (without shrinking the trie).: 31[ where

| 32 "ins _ _ = undefined"

2 fun isin :: "'a trie = 'a list = bool" 33

27| where 24

28} "isin _ _ = undefined" = 35 lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" =

I Dl |

[l
[2]=] output | query | sledgehammer [ symbols |

<
(2] =] output [ query | | symbols |

[11.1 6412429 (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG

J5/1168MB 12:28 PM

[30.1 (702/2429) a
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m ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

"isin _J|. = undefined"

fun ins "'a list = 'a trie = 'a trie"
where
"ins _ _ = undefined"

a8y type @{typ "'a list"} (instead of @{typ "bool list"}). Bl BT ==Y
; 1§ % ; 22| datatype 'a trie = Leaf | Node bool "'a = 'a trie option" %
%/l;7| Thus, a node needs to store a map from «'a> to the next trie. 2 ¢/l = 2
E 18 7§ E z/text <Define and prove correct membership, insertion and deletion (without shrinking the trie).> g
T 19 In a first step, we encode the map as @{typ <'a = 'b option>} 8 | 2 e
20[ > i 26| fun isin :: "'a trie = ‘'a list = bool" i
21 H 1] | where -8
2| datatype 'a trie = Leaf | Node bool "'a = 'a trie option" ,g 25| "isin Leaf _ = False" i
23} (o] 2| | "isin (Node b m) [] «— b" Hla|
aftext <Define and prove correct membership, insertion and deletion (without shrinking the E)n & a| | "isin (Node b m) (k#ks) «— (case m k of None = False | Some t = isin t ks)" S
2 El 31 El
26| fun isin "'a trie = 'a list = bool" E E7 B ]
25| where 2] 3. - 18]

a list = 'a trie = 'a trie"

37] ins _ _ = undefined"

4| Tlemma ins_correct: "isin (ins as t) bs = (as=bs V isin t bs)"

ss| Llemma ins_correct: "isin (ins as t) bs = (as=bs V isin t bs)" = 4 oops =i
4] ¥ ] [l ]
[B]~] output | query | sledgehammer [ symbols | (2]~ ] output [ query | | symbols |
[28.12 (685/2429) (isabelle.isabelle.UTF-8-sabelle) /0 UG /1168MB 12:31 PM [34.3 (B17/2545) lisabelle isabelle, UTF- belle) o UG 1259MB 12:35 PM|
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0 ex10_tmpl.thy (~/lehre/FDS/SS18/publicfexercises/)

[0 Triel.thy (~/lehre/FDS/S518/public/Thys/)

2| term "m(k:=Some t)"
| term "fun_upd m k (Some t)"

36|

a7 fun ins :: "'a list = 'a trie = 'a trie"
3| where

Y "insfL _ = undefined"

40|

22 lemma ins_correct:

isin (ins as t) bs = (as=bs Vv isin t bs)"

[SssuL | ow3s [pbrepis |uomewsunsea « [@]

<

BT2 | "isin (Node b m) []1 «— b" B L] e =5 B
: 30, | "isin (Node b m) (k#ks) «— (case m k of None = False | Some t = isin t ks)" t 2] k#ks = isin (if k then r else 1) ks)"

§ 31 § 27) |
& o 54 zolfun insert :: "hool list = trie = trie" where =
Z 3 term "m(k—t)" ] % z|"insert [] Leaf = Node True (Leaf, Leaf)" |

z/"insert [1 (Node b 1r) = Node True 1r" |
a|"insert (k#ks) Leaf =
32. Node False (if k then (Leaf, insert ks Leaf)

a|"insert (k#ks) (Node b (1,r)) =
a| | Node b (if k then (1, insert ks r)

36| else (insert ks 1, r))"

23 else (insert ks Leaf, Leaf))" |

[Semoeus [=3e35 [ppispis [ uonewawnoog [ « [@]

= bs v isin t bs)"

[»]

"m(k — t)"
"'a = 'b option"

[¥] Proof state [ Auto update | Update | Search: | | oo |«

consts

insert :: "bool list = trie = trie"

Found termination order: "(Ap. size (snd p)) <*mlex*> (Ap. size_list size (fst p)) <*mlex*> {}"

[] Proof state [] Auto update | Update | Search: [ ~|[1o0% |

i Tl | T Tl |
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|39‘9 (938/2606) (isabelle isabelle,UTF-8-sabelle) im0 UG 1310MB 12:38 PM ‘32‘1 (564/4961) (isabelle,isabelle, UTF. bells oUG 1L0MB 12:39 PM|
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0 Triel.thy (~/lehre/FDS/SS18/public/Thysf) b |0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) b4
B |5 ex10_tmplthy (~/lehre/FDS/SS18/public/exercises)) 12 BT[] "isin (Node b m) [] «— b" [~ |
¥ |5 Fun.thy ($ISABELLE_HOME/src/HOL/) i = M- — o -
5m”el_tfw(N,‘Em,;“,smElpubhcm‘ysn = SIF | "isin (Node b m) (k#ks) —— (case m k of None = False | Some t = isin t ks o1
@ =4 @ s
HINE Izlg H IR 2
@ o 28/ fun insert :: "bool list = trie = trie" where 7§ =] 3 §
o = o =
T 20/"insert [] Leaf = Node True (Leaf,Leaf)" | it T/ 33 term "m(k—t)" g
. g =3
w|"insert [] (Node b 1r) = Node True 1r" | =4 3 term "m(k:=Some t)" =1
a|"insert (k#ks) Leaf = § s term "fun_upd m k (Some t)" §
azl Node False (if k then (Leaf, insert ks Leaf) § 39 i
33| else (insert ks Leaf, Leaf))" | (o] 37| term Map.empty [a]
a|"insert (k#ks) (Node b (1,r)) = & = term "A_. Ncnei S
3| Node b (if k then (1, insert ks r) El 39 El
36| else (insert ks 1, r))" E a0 fun ins "'a list = 'a trie = 'a trie" ]
@ 5
7] e 4|  where L=
ss{lemma isin_insert: "isin (insert as t) bs = (as = bs v isin t bs)" o ! "ins _ _ = undefined" L
T e - [¢] Cll D
] Proof state (7] Auto update | Update | Search: [ hdll N4 [¥] Proof state [ Auto update | Update | Search: | ~|[1oo% |+
consts <] "Map.empty" =]
insert :: "bool list = trie = trie" 1t "'a = 'b option"
Found termination order: "(Ap. size (snd p)) <*mlex*> (\p. size_list size (fst p)) <*mlex*> {}"
D] D]

il
(B~ | output | query | sledgehammer [ symbols |

{1
(2]~ [ output | query |

| symbols

|32‘1 (564/4961) (isabelle isabelle,UTF-8-Isabelle) /im0 UG 110MB 12:40 PM ‘35‘17 (912/2644) lisabelle isabelle, UTF. bell nroUG 1 52/1311MB 12:41 PM|
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M ex10_tmpl.thy (~/lehre/FDS/SS18/publicfexercises/) v B ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
ST term "m(k—t)" B BT term "m(k—t)" [~ =
; | term "m(k:=Some t)" % ; | term "m(k:=Some t)" %
gl = term “fun_upd m k (Some t)" g )| = term "fun_upd m k (Some t)" g
bR g 2 of
T | 37| term Map.empty |2 | 37 term Map.empty (3

s term "A_. None" B El s term "A_. None" ==l15]
39| [ § 39| ] é
a0 fun ins :: "'a list = 'a trie = 'a trie" B a0 fun ins ‘a list = 'a trie = 'a trie" B
2 where (o 4| | where [o]
2| "ins [] Leaf = undefinedf 3 > "ins [] Leaf = undefined 3
43| ; 43) ;
a4 § 44 §
45| lemma ins_correct: "isin (ihs as t) bs = (as=bs Vv isin t bs)" 13 45| lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" 1)
26| oops I 46| oops -
| | [ I
[l Proof state ] Auto update | Update | search: | v|[Loo% |- [] Proof state [] Auto update | Update | Search: [ v|[100% |w
consts el consts =
ins "'a list = 'a trie = 'a trie" E ins "'a list = 'a trie = 'a trie" E
Missing patterns in function definition: H Missing patterns in function definition: —
Av va b. ins (v # va) b = undefined - Av va b. ins (v # va) b = undefined =
Dl D

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

|42.29 (994/2646) Input/output complete

(isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 16/1311MB 12:41 PM

[42,29 (99412646) (isabelle isabelle, UTF. Dell SUG  1/A311MB12:42PM|
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™ ex10_tmpl.thy (~flehre/FDS/SS18/public/exercises/) - 0 Triel.thy (~/lehre/FDS/SS18/public/Thys/) -
BTG term "m(k—t)" =] BT [1=5b| =]
t 34 term "m(k:=Some t)" t 26| k#ks = isin (if k then r else 1) ks)"
g 35| term “fun_upd m k (Some t)" % 27 I
@ | 3 oo 2gfun insert "bool list = trie = trie" where H
z 37| term Map.empty [ T 2|"insert [] Leaf = Node True (Leaf,Leaf)" |

sg term ")
39|
e fun ins :: "'a list = 'a trie = 'a trie"

None" -

[SsuioouL [swis |sbiepis | usneasewnsea ] 4 @]

w|"insert [] (Node b 1r) = Node True 1r" |
a|"insert (k#ks) Leaf =
32. Node False (if k then (Leaf, insert ks Leaf)

[Sau0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

Missing patterns in function definition: L
Av va b, ins (v # va) b = undefined o
D]

a|  where 33| else (insert ks Leaf, Leaf))" |

2| "ins [] Leaf = ndefined" zg|"insert (k#ks) (Node b (1,r)) =

43 x| | Node b (if k then (1, insert ks r)

44 3 else (insert ks 1, r))"

4| lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" 37}

46| oops L s[lemma isin_insert: "isin (insert as t) bs = (as = bs Vv isin t bs)" -
o o . e eea L e a aaan -

] Proof state (7] Auto update | Update | Search: [ hdll N4 [¥] Proof state [ Auto update | Update | Search: | ~|[1oo% |+

consts = consts =

ins :: "'a list = ‘'a trie = 'a trie" = insert :: "bool list = trie = trie"

Found termination order: "(A\p. size (snd p)) <*mlex*> (Ap. size_list size (fst p)) <*mlex*> {}"

]

il
(B~ | output | query | sledgehammer [ symbols |

{1
(2]~ [ output | query |

| symbols |

42,20 (985/2546)
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ceanO|_ B ] [[T2]3]4]m 0: ~/lehre/FDS/SSL... 7 - ex10_tmpl thy (modified) (N EEEEE w@aC (&Y [[12]:]s 10: ~/lehrefFDS/: Isabelle2017 - Triel thy 1A T EEEERT
4 Isabelle2017 - TrieL.thy _ @ x 4 1sabelle2017 - ex10_tmpl.thy (modified) _ & X
Fle Edit Search Markers Folding View Utilties Magros Plugins Help Ele Edit Search Markers Folding View Utilities Macros Plugins Help
DEd@E & 9 ¢ XDE @@ C @ DEd@E & 9¢ XHAE 8@ - ()

[0 Triel.thy (~/lehre/FDS/SS18/public/Thys/) -l B ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
B [56510_tmpl thy (~/iehre/FDS/5518/public/exercises) 12 B term "m(k—t)" =&
¥ |& Fun.thy (§ISABELLE_HOME/src/HOL/) > > n k:= " =
5 | Triel.thy (~/lehre/FDS/SS18/public/Thys/) = e term "m(k:=Some t) =
21 ] H 2 2| s term "fun_upd m k (Some t)" 2
2 ; 3 5 5 =| s
@ o 28 fun insert :: "bool list = trie = trie" where —§ @ | 3 §
@ . = @ =
T | zo["insert [] Leaf = Node True (Leaf,Leaf)" | 2 |l 3| term Map.empty e
. s 5
so|"insert [1 (Node b 1r) = Node True lr" | = s term "A_. None" =l
a|"insert (k#ks) Leaf = § 39 é
2|l Node False (if k then (Leaf, insert ks Leaf) B 4| fun ins '‘a list = 'a trie = 'a trie" B
33 else (insert ks Leaf, Leaf))" | (o a|  where [o]
s "insert (k#ks) (Node b (1,r)) = = @ "ins [] Leaf = Node True Map.empty" i
35| Node b (if k then (1, insert ks r) g 231 | "ins [] (Node b m) = Node I"- g
36| else (insert ks 1, r))" E 24 g
3 F
37| 2] 15| 2]
3glemma isin_insert: "isin (insert as t) bs bs v isin t bs)" a6 Img@rgg ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" ||
- - E— N D il Dl ]
[¥] Proof state [ Auto update | Update | Search: | | [Loow |- [¥] Proof state [¥] Auto update | Update |Search: [ | [oo% |+
consts = Inher syntax error: unexpected end of inputa |2
insert :: "bool list = trie = trie" Failed to parse prop
Found termination order: "(Ap. size (snd p)) <*mlex*> (Ap. size_list size (fst p)) <*mlex*> {}"
DN DN

<
(o]~ output | query | sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[32.1 (s6414961) (isabelle,isabelle, UTF-8-Isabelle) 1 c /1311MB 12:43 PM

43,31 (1036/2690) (isabelle isabelle, UTF-8-Isabelle) (i 1 o UG 311MB 12:44 PH|

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - Triel thy

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.

Isabelle2017 - ex10_tmpl.thy (modified)
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DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE & & ©
™ ex10_tmpl.thy (~flehre/FDS/SS18/public/exercises/) - Fun.thy ($ISABELLE_HOME/src/HOL/) b4
=] 33 term "m(k—t)" =)&) ] se3  then show "bij_betw f A A'" [ ]1E]
; 34 term "m(k:=Some t)" % ; 504 using * bij_betw_subset[of f "A U {b}" _ A] by blast %
£l = term "fun_upd m k (Some t)" 2 HE qed 3
E EC § f 596 g
|| 37 term Map.empty Hl2 i | se7 o
sg term "A_. None" 7 i seg{subsection <Function Updating> i
39| 7§ 589 é
e fun ins :: "'a list = 'a trie = ‘'a trie" § soolde finition un_upd :: "('a= 'b) = 'a= 'b= ('a= 'b)" i
a1  where (o] so1l | where "fun_upd f a b = (A\x. if x = a then b else f x)" [a]
2| ins [] Leaf = Node True Map.empty" & 602} S|k
4 | "ins [1 (Node b m) = Node True (] g soslnonterminal updbinds and updbind g
a4 G 604 t
45| e sos[syntax 2]
46| lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" o 65|  “_updbind" :: "'a = 'a = updbind" (. =/ )" L
a | « — — E— ]
IProof state [#]Auto update | Update | Search: ] [roow[+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]
consts 1= 1]
ins :: "'a list = 'a trie = 'a trie" B
Missing patterns in function definition: ]
Av va b, ins (v # va) b = undefined - =
Il Dl | q |
|8~ [output | query [ sledgehammer | symbols | (8]~ [output | query | | symbals

[43.38 (1043/2695) null parsing complete, 0 error(s) (isabelle,isabelle, UTF-8-sabelle) im0 UG 11MB 12:44 PM

[600.12 (17178/25593) (isabelle isabelle, UTF-8-Isabelle) i o UG

L31/1310MB 12:45 PM|

null parsing complete, 0 error(s)

aewian(O|_ [Ty 2'_”?2 3|4 | @i 0: ~/lehre/FDS/SS1... 7 - ex10_tmpl.thy (modified) N T J2ieeise] devian(0]_ |EE,|£|_||T HEIE 10: ~flehre/FDS/ Isabelle2017 - Fun.thy b | Jreesi4]
4 Isabelle2017 - Fun.thy. _@x 4 Isabelle2017 - ex10_tmpl.thy (modified) _&@x
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help

DEd@E & 9 ¢ XDE @@ C @ DEd@E & 9¢ XHAE 8@ - & & @

Fun.thy ($ISABELLE_HOME/sre/HOL/) v B ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
873  then show "bij_betw T A A'" =2 273 term "m(k:=Some t)" T=[|Ed
~ | o4 using * bij_betw_subsetlof f "A U {b}" _ Al by blast % = | temm "fun_upd m k (Some t)" %
¢ ses|qed 8 2| o 2
& | 5o ] 3|z term Map.empty 3
| so7 5 Z| % term "A_. None" L&

sog{subsection <Function Updating> El 39 El

59 H sl fun ins "'a list = 'a trie = 'a trie" H

soojdefinition fun_upd H: "('a = 'h) = 'a= 'b= ('a= 'b)" B a|  where B

g1l where "fun_upd f a b = (Ax. if x = a then b else f x)" (o] 42 "ins [] Leaf = Node True Map.empty" [a]

602] 3 43l | "ins [] (Node b m) = Node True m" =S

soainonterminal updbinds and updbind = 29 | "ins (k#ks) Leaf = ( e

604 § a9 §

eos|symtax 18] 1 3]

g 'a = updbind" =/ _)") 471 lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" ||

[»]

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

47

D

Type unification failed: Clash of types "unit" and "_ trie"

Type error in application: incompatible operand type

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

<

DN

<
(o]~ output | query | sledgehammer [ symbols |

1
(2]~ [ output | query [ | symbols |

(isabelle,isabelle, UTF-8-sabelle) 1 1 ¢

[600.20 (17186/25593) null parsing complete, 0 error(s)

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - Fun.thy

G 37/1310MB 1248 PM

[44,25 (1068/2721) (isabelle isabelle, UTF- b

0UG ~ 2/13L0MB 12:47 PM|

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.
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DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE @

™ ex10_tmpl.thy (~flehre/FDS/SS18/public/exercises/) - 0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
BT term "m(k:=Some t)" B BT term "fun_upd m k (Some t)" ==
; x| term "fun_upd m k (Some t)" é ; = é
2| 3 g £l =7 term Map.empty S
@ 37| term Map.empty Ef ©|| @ term “\_. Nonhe" g
Z| 38 term “)\_. None" e Z| aof &
39| i af fun ins "'a list = 'a trie = ‘'a trie" i
w| fun ins :: "'a list = 'a trie = ‘'a trie" & a| | where i3
2 H 2} "ins [] Leaf = Node True Map.empty" F
2| ns [] Leaf = Node True Map.empty" (o] 43| | "ins [] (Node b m) = Node True m" [a]
3| (Node b m) = Node True m" & 2| | "ins (k#ks) Leaf = (let t = ins ks Leaf in Node False [k»—»tn)" S
4 ins (k#ks) Leaf = (let t = ins ks Leaf in [J" El o El
as| § a9 §
46| e 47| lemma ins_correct: "isin (ins as t) bs = (as=bs v isin t bs)" 18]

471 lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" o 48 oops o

A | q |

IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]

Inner syntax errora = consts (=l

Failed to parse prop ins :: "'a list = 'a trie = 'a trie" =

Missing patterns in function definition: [

= Av va vb vc. ins (v # va) (Node vb vc) = undefined =

D D

CHl
|8~ [output | query [ sledgenammer | symbols

{1
(8]~ [output | query | | symbals |

|4a.48 (1091/2744) Input/output complete

(isabelle,isabelle, UTF-8-Isabelle) /o UG 1310MB 12:48 PM

44,63 (1106/2760)

(isabelle isabelle, UTF-8-Isabelle) i r o UG JLOMB 12:48 PM|

debian(0| _ |Ty| = |T234|!|

7 - ex10_tmpl.thy (modified)
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DEd@E & 9¢ XHAE 8@ -

Isabelle2017 - ex10_tmpl.thy

& & @

[ ex10_tmplthy (~flehre/FDS/SS18/public/exercises/) x| B ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
BT tem “fun_upd m k (Some t)" Bl BT a term "Map.empty (k—v)" [~ =
5 38| E : 42 E
|| a7 term Map.empty g HIR: g
@l 3 term "A_. None" & 5| a g
@ 2 © . . . - 2
EEE [ i|ogs| fun ins "'a list = 'a trie = 'a trie" L

5 5
2o term "[k—vI[J = 4« | where =
g1| term "Map.empty(k—v)" § 7| "ins [] Leaf = Node True Map.empty" -,%
2| B 4l | "ins [1 (Node b m) = Node True m" 2
43 (2| 45| | "ins (k#ks) Leaf = Node False [k—ins ks Leaf]" [o]
o E s | "ins (k#ks) (Node b m) = [(D g
45l fun ins :: "'a list = 'a trie = 'a trie" El B El
26 where g s lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" 8
47| ns [] Leaf = Node True Map.empty" 18] 53 oops 2]
ag) | "ins [] (Node b m) = Node True m" o 54 |
e PPN PR St = . a r. 1 ks — . A . 5
[ Proof state [] Auto update | Update | Search: | ~v|[Loo%n |- [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
"[k — v]" = Inher syntax error: unexpected end of inputa el
"'a = 'b option" Failed to parse prop
Dl | Dl |

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[40.15 (920/2802)

(isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 312MB 12:49 PM

[50.32 (1168/2819)

(isabelle isabelle, UTF-8-Isabelle) (i 1 o UG J1312MB 12:50 PM|

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex10_tmplthy

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.
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0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl | ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
=] 18] BT 1 "ins [] (Node b m) = Node True m" (=l
—1| a4 o —i| 2] | "ins (k#ks) Leaf = Node False [k—ihs ks Leaf]" o1
@ N N N : @ N
2o g5 fun ins :: "'a list = 'a trie = 'a trie" 2 2l s | "ins (k#ks) (Node b m) = ( a
H H
&|| ag| where g s|| s case m k of B
@ =3 o . o
E|| a7 "ins [] Leaf = Node True Map.empty" 8 || s None = Node b (m(k—inhs ks Leaf)) o
. 2 N —e
agl | "ins [] (Node b m) = Node True m" =4 s3] | Some t = Node b (m(k—ins ks t)))" =
29) | "ins (k#ks) Leaf = Node False [ki—ins ks Leaf]" § 54} *é
so| | "ins (k#ks) (Node b m) = ( § £ i
51 case m k of o] - - [ (o]
52| None =- Node b (m(k—ins ks Leaf)) & s71 lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" S
53 | Some t = )" g s g
54 S 59| S
. o - — H 5
ss| lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" e 60) L= ]
56 oops L Il D]
[H| D [¥] Proof state [¥] Auto update | Update |Search: [ | [oo% |+
] Proof state ] Auta update | Update | Search: | ~|[roo% [+ proof (prove) =
Inner syntax erroro ] goal (1 subgoa'.L):_ ) o
Failed to parse prop 1. ex10_tmpl.isin (ex10_tmpl.ins as t) bs = (as = bs Vv ex10_tmpl.isin t bs)
] D] il D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals
|52‘15(120112595) (isabelle isabelle,UTF-8-Isabelle) /im0 UG 4MB 12:52 PM‘ ‘55‘7(125312927) (isabelle isabelle, UTF- bell
debian(0| _ |Ty| = IT 2(3(4| @ 0: ~/lehre/FDS/SS! 7 - ex10_tmpl.thy dmian@|_ |%.| g IT 2| 3|4|\g1 10: ~flehre/FDS/ Isabelle2017 - ex10_tmpl.thy (modified)
b Isabelle2017 - ex10_tmpl.thy (modified) -5 X & Isabelle2017 - ex10_tmpl.thy (modified) -5 X

Fle Edit Search Markers Folding View Utilities Magros Plugins Help

OEdo & ¢ XEHE & C

Eile Edit

DEd@E & 9¢ XHAE 8@ -
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M ex10_tmpl.thy (~/lehre/FDS/SS18/publicfexercises/) v B ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
8T | "ins [1 (Node b m) = Node True m" Bl B | "ins [1 (Node b m) = Node True m" [~ =
T @ | "ins (kiks) Leaf = Node False [kiins ks Leaf]" = T #] | "ins (k#ks) Leaf = Node False [k—ins ks Leaf]" =
2| sof | "ins (k#ks) (Node b m) = ( 2 2l sof | "ins (k#ks) (Node b m) = ( 3
% 51 case m k of § % 51 case m k of §
T s2 None = Node b (m(k—ins ks Leaf)) 5 || s None = Node b (m(k—ins ks Leaf)) g

53 | Some t = Node b (m(k—ins ks t)))" m(El| 53 | Some t = Node b (m(k—ins ks t)))" il EN
54 [ § 54 [ %
s thm trie.induct]] & = . &
6o % ol 2
571 lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" 3 s71 thm trie.induct.. .- 3
58| El sgl- - oo e E1
59| g s| lemma ins_correct: "isin (ins as t) bs = (as=sbs Vv isin t bs)" 8
&0f Ei &0} ZE
< [v] [ ]
IProof state ] Auto update | Update | Search | <] [roox | [7IProof state [¢]Auto update | Update | search: | ~| oo [+]
[?P Leaf; Axl x2. (Ax2a x2aa. [x2a € range x2; x2aa € set_option x2a] —> ?P x2aa) —> 7P (Node x1 x2)] = [?P Leaf; Ax1 x2. (Ax2a x2aa. [x2a € range x2; x2aa € set_option x2a] — ?P x2aa) — 7P (Node x1 x2)| S|
— 7P 7trie — 7P 7trie
< D 1l D

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

|55‘lE (1287/2942) (isabelle isabelle,UTF-8-sabelle) im0 UG 15MB 12:55 PM‘ ‘55‘7 (1283/2956) (isabelle,isabelle, UTF. bells nroUG 15MB 12:56 PMl

debian(D| _ || &) |T2 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...I@Isahelle2017—exloitmpl.thy(modiﬁed) ..
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B EE

™ ex10_tmpl.thy (~flehre/FDS/SS18/public/exercises/)

m ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

[v]

BT case m k of [<]124 BT case m k of ==Y

—| s2| None = Node b (m(k—ins ks Leaf)) =l =il s2) None = Node b (m(k—ins ks Leaf)) o1
H T

2| s3 | Some t = Node b (m(k—ins ks t)))" 2 2l sg | some t = Node b (m(k—ins ks t)))" a
H H

i s4) § f 54 g

T| ss| term ran.... it Z|l ss| term ran-... g

5 5

Sele e e HE Sle v eaen =2

s thm trie.induct. ... H § 57| thm trieffinduct.... = “s;

e P g sgfe o oaoe i

so| lemma ina_currect: "isin (ins as t) bs = (as=bs Vv isin t bs)" (o] sof lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" [a]

60| 3 60| S

61| El 61| El

z F

62 G 62 t

@ 5

63] == &3] =

[+]

[¥] Proof state [¥] Auto update | Update |Search: [ | [oo% |+

"ran®

"('a = 'b option) = 'b set"

] Proof state [v] Auto update | Update |Search: [ ~|[oo% |«

DN

[?P Leaf; Ax1 x2. (Ax2a x2aa. [x2a € range x2; x2aa € set_option x2a] — ?P x2aa) —> ?P (Node x1 x2)]
= ?P ?trie

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[58.11 (1331/2964) (isabelle,isabelle, UTF-8-Isabelle) 1m0 UG

5MB 12:56 PM

[57.11 (1302/2964) i

belle isabelle, UTF- belle)Im o UG

debian(0| _ |Ty| = |T234|!|
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PM]
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G Isabelle2017 - ex10_tmpl.thy (modified)
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B ex10_tmpl.thy (~/lehre/FDS/SS18/publicfexercises/)

m ex10_tmplthy (~/lehre/FDS/S518/public/exercises/)

e case m k of Bl B case m k of [~ =
; B None = Node b (m(k—ins ks Leaf)) % ; 52} None = Node b (m(ki—ins ks Leaf)) %
2|l s3 | Some t = Node b (m(k—ins ks t)))" 8 2L s3) | Some t = Node b (m(k—ins ks t)))" 2
5 54 § 5 4 §
& || term ran.... 5 | s term ran.... i
= BRI *i E: B *i
57 thm trie.induct.... H & 571 thm trie.induct...- &
sl thm ins.induct]] 5 sl thm ins.induct]] 5
oo oo il I ]
g Llemma ins_correct: "isin (ins as t) bs = (as=bs V isin t bs)" 3 s0| Llemma ins_correct: "isin (ins as t) bs = (as=bs V isin t bs)" =S
61 = 51 e
62 8 62 ]
&3] i &3] 7&

[»]

¥ Praof state ] Auto update | Update | search |

~][oow [+]

[7IProof state [¢]Auto update | Update | search: |

~| oo [+

[?P [1 Leaf; Ab m. ?P [1 (Node b m); Ak ks. ?P ks Leaf — ?P (k # ks) Leaf;
Ak ks b m. [m k = None = ?P ks Leaf; Ax2. m k = Some x2 = ?P ks x2] = ?P (k # ks) (Node b m)]
— ?P ?a0.0 ?al.0

DN

[?P [1 Leaf; Ab m. ?P [] (Node b m); Ak ks. ?P ks Leaf — 7P (k # ks) Leaf;
Ak ks b m. [m k = None = ?P ks Leaf; Ax2. m k = Some x2 —> 7P ks x2] = 7P (k # ks) (Node b m)]
— 7P 7a0.0 ?al.0

<

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[s8.17 (1330/2981) Input/output complete (isabelle, isabelle, UTF-8-sabelle) im0 UG

58/1317MB 12:57 PM

[58.17 (1330/2081) (isabelle isabelle, UTF-8-Isabell

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex10_tmpl.thy (modified)

0UG | 75/1317MB 12:58 PM|

devian 0| [y W |T 2| 3 4| j@lammich@lapnipkow10: ~/lehre/FDs/s5L... [ Isabelle2017 - ex10_tmpl.thy (modified)
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™ ex10_tmpl.thy (~flehre/FDS/SS18/public/exercises/) - m ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
BT case m k of 12 8T ==Y
; 52| None = Node b (m(k—ins ks Leaf)) % ; ss| term ran-... %
% 53| | Some t = Node b (m(k—ins ks t)))" 2 % Sel e ce e 3
| sy § 5| 57 thm trie.induct.... g
Z| ss| term ran..-.. 8 T/ sg thm ins.induct o
He o Ll
s71 thm trie.induct.... f§ sf lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" i§
sgf thm ins.induct H 61 apply (induction as t rule: ins.induct) F
e . (o 62} apply (auto) [a]
s lemma ins_correct: "isin (ins as t) bs = (as=bs v isin t bs)EI & 63 S
61 g 64) g
2| ] 65| te}
& 8
63 == 66) |~ =
Cll [¥] | I+
] Proof state [v] Auto update | Update |Search: [ | [Loon |w (¥l Proof state [¥] Auto update | Update | Search: | v|foo% |+
proof (prove) =] proof (prove) =
goal (1 subgoal): goal (9 subgoals): m
1. exlO_tmpl.isin (ex10_tmpl.ins as t) bs = (as = bs Vv ex1O_tmpl.isin t bs) 1. ex10_tmpl.isin (Node True Map.empty) bs = [] = bs
2. Ab m. [ex10_tmpl.isin (Node True m) bs; — ex10_tmpl.isin (Node b m) bs] = [] = bs
3. Ab m. exlo_tmpl.isin (Node b m) bs = ex10_tmpl.isin (Node True m) bs L
= 5 e <i‘ Ak Tax1A tmnl _isin (ex1A tmnl ins hs | eaf) hs: 5]
(B~ | output | query | sledgehammer | symbols (8]~ [ output [ query | | symbols |
ED‘EA (1401/2981) (isabelle isabelle,UTF-8-Isabelle) /im0 UG 7MB 12:58 PM‘ ‘59‘7 (1337/3042) (isabelle isabelle, UTF-8-Isabelle) 1m0 UG
ceanO|_ B ] [[T2]3]4]m 0: ~/lehre/FDS/SS 7 - ex10_tmpl.thy (modified) weoan®|_ [T 9] [T 2] 2] 4] mammi 10: ~/lehrefFDS/: Isabelle2017 - ex10_tmpl.thy (modified)
3 Isabelle2017 - ex10_tmpl.thy _ &8 X G Isabelle2017 - ex10_tmpl.thy _&X
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0 ex10_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v 0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
BT thm trie.induct B BT [~ =
~ | s thm ins.induct % —| 2 datatype 'a trie = Leaf | Node bool "'a = 'a trie option" %
§ 59 2 § 23} fg
% 60) § % 2/text «Define and prove correct membership, insertion and deletion (without shrinking the trie).> i§
=] el 3 il 2 =3

62l Llemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" M El 26| fun isin :: "'a trie = ‘'a list = bool" El
53 apply (inductionflas t rule: ins.induct) & 2|l where dl&
64 apply (auto) B 28 isin Leaf _ = False" 2
65 (o 2| | "isin (Node b m) [] «— b" ol
66| 3 20| | "isin (Node b m) (k#ks) «— (case m k of None = False | Some t = isin t ks)" =S
67| = 3l e
68| 8 32 ]
69) Sl 3| term "m(k—t)" Sl
< [v] [ ]
¥ Praof state ] Auto update | Update | search | ~|[roow | IProof state ¢l Auto update | Update | Search: | [roox [+]
proof (prove) el proof (prove) [2]
goal (4 subgoals): _| goal (4 subgoals): L
1. isin (ex10_tmpl.ins [] Leaf) bs = ([] = bs V isin Leaf bs) L 1. Abs. isin (Node True Map.empty) bs — [] = bs
2. Ab m. isin (ex10_tmpl.ins [] (Node b m)) bs = ([] = bs Vv isin (Node b m) bs) 2, Ab m bs. isin (ex10_tmpl.ins [] (Node b m)) bs = ([] = bs Vv isin (Node b m) bs)
T 3. /\k ks. isin (ex10_tmpl.ins ks Leaf) bs = (ks = bs v isin Leaf bs) — 3. Ak ks bs. L
- isi i = = isi o . (Abhs _isin (ex1A tmnl ins ks Ieaf) hs = (ks = h isin | eaf hs)) 5E

[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

|53‘21 (1409/3029) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 3L7MB 1:00 PM‘ ‘27‘1 (671/3053) (isabelle isabelle, UTF-8-sabelle) im0 UG 1318MB 1:02 PMl

cebanQ|_ By | |[T 23| 4] ilemmich@lapnipkow1o: ~/lehre/fDs/ss1 .| isabelle2017 - exio_tmplthy I

MEEE  wwl|_ B O] [T 2]3]4]@ismmichelspnipkon10: ~flehre/rps/ss1...
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B EE

™ ex10_tmpl.thy (~flehre/FDS/SS18/public/exercises/)

m ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

[v]

a 24itext <Define and prove correct membership, insertion and deletion (without shrinking the trie).> =18 ] 2q/text <Define and prove correct membership, insertion and deletion (without shrinking the trie).> (=l
; = % ; 2| %
ffp29 fun isin :: "'a trie = 'a list = bool" 2 2o 2 fun isin :: "'a trie = 'a list = bool" a i
E 27  where = § f 2| | where E §
|| "isin Leaf _ = False" g Z|| 2o "isin Leaf _ = False" g
2 | "isin (Node b m) ks {1 < b" Bl = | "isin (Node b m) ks 1 — b" 1]

a0, | "isin (Node b m) (k#ks) «— (case m k of None = False | Some t = isin t ks)" § a| | "isin (Node b m) (k#ks) «— (case m k of None = False | Some t = isin t ks)" §

E3 =

31 = 31 S

32| ] 32 ]

a3 term "m(ki—t)" & = term "m(k—t)" ot

3 term "m(k:=Some t)" El | term "m(k:=Some t)" E]

[ term "fun_upd m k (Some t)" % [ term "fun_upd m k (Some t)" g

36| <[ 36} | R

[+]

Proof state [¥] Auto update | Update

[v] Proof state [¥] Auto update | Update

Type unification failed: Clash of types "_ = _" and "bool"

Type error in application: operator not of function type

isin (Node b m) ks bool

[1 .. 272'a liet

Operator:
Onarand:
[l

search [ ~|floow [+]

[

|8~ [output | query [ sledgehammer | symbols |

Type unification failed: Clash of types "_ = _" and "bool"

Type error in application: operator not of function type

searche [ ~|poo% [+

Operator: isin (Node b m) ks :: bool
r}n::r.-mrl- 1 .. 22'a list ML
(2]~ [ output | query | | symbols |

[28.25 (720/3057) Input/output complete

lisabelle isabelle, UTF-8-Isabelle) 1m0 UG

318MB 1:03 PM

[28.25 (72913057) (isabelle,i

belle, UTF-8-sabelle) il mr o

uG

318MB 1:04 PM|

debian(0| _ |Ty| = |T234|!|

& Isabelle2017 - ex10_tmpl.thy
Fle Edit Search Markers Folding View Utilities Magros Plugins Help
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4 Isabelle2017 - ex10_tmpl.thy
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DEd@E & 9¢ XHAE 8@ -

Isabelle2017 - ex10_tmpl.thy {modified)

0 ex10_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v 0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
8T text <Define and prove correct membership, insertion and deletion (without shrinking the trie).> Bl BT [~ =
; | % ; g3l lemma ins_correct: "isin (ins as t) bs = (as=bs V isin t bs)" %
2lo 26 fun isin :: "'a trie = 'a list = bool" |8 2/| o4 apply (induction as t arbitrary: bs rule: ins.induct) 2
% 27{  where ,3 % 65} apply (auto split: list.split option.split) §
T sin Leaf _ = False" & E| | e done 5

29 | "isin (Node b m) ks +— (case El 67] SE
20 ks of []1 = b H o) H
a | k#ks = (case m k of None = False | Some t = isin t ks))" B 69| B
32| 9 70) w
33| 3 71| fun delete :: "'a list = 'a trie = 'a trie" where =ik
34 term "m(k—t)" = il Y
= term :::(k::szme ;)" N % [¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |w %
! “term s Spe iSomeRe) . theorem ins_correct: isin (ex10O_tmpl.ins ?as ?t) ?bs = (?as = ?bs Vv isin ?t ?bs) [2]
IProof state [#]Auto update | Update | Search:

consts =

isin :: "'a trie = 'a list = bool"
Found termination order: "(Ap. length (snd p)) <*mlex*> {}"
[l D D

[
(o]~ output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

b

[3L.12 (767/3059)

UTF-B-Isabelle) i ¢

320MB 1:05 PM

[67.1 (1512/3090) (isabelle,i

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex10_tmplthy

belle,UTF-8-lsabelle) i m1

uG

5/1319MB 1:07 PM|

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.

Isabelle2017 - ex10_tmpl.thy
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™ ex10_tmpl.thy (~flehre/FDS/SS18/public/exercises/) - 0 Triel.thy (~/lehre/FDS/SS18/public/Thys/) v

) 61 Bl L} 44 1=

; 62 % ; 45| fun delete :: "bool list = trie = trie" where %

2o 6 lemma ins_correct: "isin (ins as t) bs = (as=bs Vv isin t bs)" 2 i "delete ks Leaf = Leaf" | [ ]2

i 64) apply (induction as t arbitrary: bs rule: ins.induct) § f g7|"delete ks (Node b (1,r)) = 5§

z|| e apply (auto split: ] [1 ﬂsf." E|| 4ol (case ks of f;i

o8| done 1] | | [1 = Node False (1,r) | El

&7l § s0) k#ks' = Node b (if k then (1, delete ks' r) else (delete ks' 1, r)))" §

2 2

63| = sl S

69| (o] siflemma "isin (delete as t) bs = (as # bs A isin t bs)" [a]

70 & sslapply(induction as t arbitrary: bs rule: delete.induct) Sk

| Y i IO FY

z F

¥ Praof state ] Auto update | Update | search | ~]froo% [+]|2 I Proof state [7lAuto update |_Update | Search: =] Fooe [z

proof (prove) = consts =S

goal (4 subgoals):
1. Abs. case bs of [] = True | k # ks' = case None of None = False | Some t = isin t ks' = [] = bs
2. Ab m bs. isin (ex10_tmpl.ins [] (Node b m)) bs = ([] = bs Vv isin (Node b m) bs) B
3. Ak ks bs.
(Abs. isin (ex10_tmpl.ins ks Leaf) bs = (ks = bs V isin Leaf bs)) —
isin (ex10_tmpl.ins (k # ks) Leaf) bs = (k # ks = bs Vv isin Leaf bs)

4. Ak ks b m bs.
[Abn

ol = Mama i dmdn (AvIQ dmel deem e | amf) e — (e = s v Smdm | amE k=)

|

4
|8~ [output | query [ sledgenammer | symbols

delete :: "bool list = trie = trie"
Found termination order: "(Ap. size (snd p)) <*mlex*> {}"

]

<1
(2]~ [ output | query |

| symbols

|65.24 (1478/3070) Input/output complete (isabelle isabelle, UTF-8-Isabelle) 1 0 UG L318MB 1:07 PM

[as.1 (111614851) (isabelle,isabelle, UTF-B-Isabelle) [/ o UG 08/1321MB 1:09 PM|

debian(0| _ |Ty| = |T234|!|

7 - ex10_tmpl.thy (modified)
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Fun.thy ($ISABELLE_HOME/sre/HOL/) v 0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
873  then show "bij_betw f A A'" Bl B[ fun delete :: "'a list — 'a trie — 'a trie" where [~ =
; S04 using * bij_betw_subsetlof f "A U {b}" _ Al by blast % ; 72} "delete _ Leaf = Leaf" %
2| Lsos/qed 2 2/l 73 || "delete ks (Node b m) = ( 8
HIE: § || 74 case ks of §
)| s97] 8 || 75 [1 = undefined L

sog{subsection <Function Updating> El 75. | k#ks = undefined)" _i

599 = § 77 %

soojdefinition fun_upd H: "('a = 'h) = 'a= 'b= ('a= 'b)" B 7| lemma delete_correct: "isin (delete as t) bs = (as # bs A isin t bs)" B

g1l where "fun_upd f a b = (Ax. if x = a then b else f x)" (o 79) oops [o]

602| =ik 80 = H

| Dl 5 il I
H F
[ Proof state [] Auto update | Update | Search: | | [oow |« é [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+ %
=l consts =
delete "'a list = 'a trie = 'a trie"
Found termination order: "{}"
Dl | Dl |

<
(o]~ output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

[600.20 (17186/25593) null parsing complete, 0 error(s) (isabelle, isabelle, UTF-8-Isabelle) im0 UG 35/1321MB 1:09 PM

[76.1 (1685/3184) (isabelle,isabelle, UTF-g4sabelle) im0 UG 67/1322MB Lill PM|

dlﬁan@ _ | = |T 2 (3|4 | [@/lammich@lapnipkowl0: r-/\ehreJFDS/SSl...Iﬁ Isabelle2017 - Fun.thy ....m

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.

Isabelle2017 - ex10_tmpl.thy
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Fun.thy ($/SABELLE_HOME/src/HOL/) vl | ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
BTcd  then show "bij_betw f A A'" =1 BT case ks of ==Y
i Lso4) using * bij_betw_subset[of f "A U {b}" _ Al by blast o | 7 [1 = Node False m o1
] b
2| sos|qed § 2l 7 | k#ks = (case m k of None = Node b m | Some t = Node b (m(k—delete ks t))) E
3 3
i 506| § i 7 b g
|| s97] “54 || 79 %’»

sogsubsection <Function Updating: =4 79 Tlemma delete_correct: "isin (delete as t) bs = (as # bs A isin t bs)" ==

599 [=| 2 80f- - - I g

soo/definition fun_upd !: (‘a= 'b) = 'a= 'b= ('a= 'b) 5 81 3

sa1| where "fun_upd f a b = (Ax. if x = a then b else f x)" (o] sltext <Now refine the trie data structure to use 2-3-trees for the map. [a]

602 = (kS g3l | Note: To make the provided interface more usable, we introduce Sk

q I = < D=
3 z
¥ Praof state ] Auto update | Update | search | ~|[roow [+ 2 [7IProof state [¢]Auto update | Update | search: ~|[oo% [+] |2

il
|8~ [output | query [ sledgenammer | symbols

proof (prove) =
goal (1 subgoal):

1. isin (ex10_tmpl.delete as t) bs = (as # bs A isin t bs)

<1
(2]~ [ output | query |

| symbols
|500,20 (17186/25533) null parsing complste, 0 error(s) (isabelle isabelle, UTF-B-Isabelle) i o UG [80.5 (1836/3247) (isabelle,isabelle, UTF-B-sabelle) /i o
ceanO|_ B ] |[T2]3]4]al 0: ~flehre/FDS/SS 7 -t weoan®|_ [T 9] [T 2] 2] 4] mammi 10: ~/lehrefFDS/: Isabelle2017 - ex10_tmpl.thy (modified)
4 Isabelle2017 - ex10_tmpl.thy _@x 4 Isabelle2017 - ex10_tmpl.thy _&@x
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
DEd@E & 9 ¢ XDE @@ C @ DEd@E & 9¢ XHAE 8@ - ()

0 ex10_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v 0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
8T case ks of Bl B | "delete ks (Node b m) = ( [~ =
; 75| [1 = Node False m % ; 74 case ks of %
21| 78 | k#ks = (case m k of None = Node b m | Some t = Node b (m(k—delete ks |t))) 8 2| 7] [1 = Node False m 2
% 77] ) ] % 74 | k#ks = (case m k of None = Node b m | Some t = Node b (m(k—delete ks t))) 3
|| 74 5 i|l 7] " it

79) lemma delete_correct: "isin (delete as t) bs = (as # bs A isin t bs)EI E(E! 79 gi
80| apply (induction as t arbitrary: bs rule: delete.induct) § 790 lemma delete_correct: "isin (delete as t) bs = (as # bs A isin t bs)" %
81| apply (auto split: list.split option.split) ; 89 apply (induction as t arbitrary: bs rule: delete.induct) §
82 done (2| a1 apply (auto split: list.split option.split) [o]
83 =ik o) done =&
il [ g il I g

[ Proof state [] Auto update | Update | Search: | | [oow |« é [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+ %

proof (prove)
goal (1 subgoal):

1. isin (ex10_tmpl.delete as t) bs = (as # bs A isin t bs)

DN

consts
delete "'a list =
Found termination order:

‘a trie = 'a trie"
"(Ap. length (fst p)) <*mlex*s {}"

DN

<
(o]~ output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

[78,72 (1831/3360) a

belle, isabelle, UTF-8-Isabelle) im0 UG 1323MB 1114 PM

[78.1 (1759/3360) (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 323ME 1:14 PM|

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex10_tmplthy

deban®|_ | 4| [T 2] 3] 4] mmlemmich@lspnipkow10: ~fiehre/FDs/sS1.. ] J13:14:30]

Isabelle2017 - ex10_tmpl.thy
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& & ©

) ex10_tmpl.thy (~flehre/FDS/SS18/publicfexercises/)

m ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

gytext <Now refine the trie data structure to use 2-3-trees for the map.
gs| Note: To make the provided interface more usable, we introduce

ss] some abbreviations here:

a7(>

ssl

File Browser | 4 | B

gs| | Note: To make the provided interface more usable, we introduce
ss| some abbreviations here:

&7l >

&gl

so|Lemmas thms = ﬁap_empty map_update map_delete

[SusoUL | sis |sviepis | Ueneasewnsea ] 4 @]

D

solabbreviation "empty23 = Tree23.Leaf" a9 invar_empty invar_update invar_delete
eolabbreviation "inv23 t = bal t A sortedl (inorder t)" al
91 G2 =
oo{lemmas map23_thms[simp] = map_empty map_update map_delete < B Tl |
% il invar_empty 1nvar_update lnvar—dE1Ete ol = [V] Proof state  [¥] Auto update | Update search:\ w|100% |w
theorem =]
IProof state [#]Auto update | Update | Search: <] [roox | ‘thms:
consts = . lookup () = Map.empty
inv23 :: "('a x 'b) tree23 = bool" « bal ?m A sortedl (inorder ?m) — lookup (update ?a ?b ?m) = lookup ?m(?a +— ?b)

« bal ?m A sortedl (inorder ?m) —> lookup (Tree23_Map.delete ?a ?m) = (lookup ?m)(?a := None)

. bal {) A sortedl (inorder ())

« bal ?m A sortedl (inorder ?m) —> bal (update ?a ?b ?m) A sortedl (inorder (update ?a ?b 7m))

« bal ?m A sortedl (inorder ?m) —

bal (Tree23_Map.delete ?a 7m) A sortedl (inorder (Tree23_Map.delete ?a ?m))

[Sau0syL [23535 [3apiepis [usneruswnooa [ ¢ [@)

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[88.1 (2116/3360) (isabelle, isabelle, UTF-B-Isabelle) (i o UG

68/1323MB 1:15 PM

[88.15 (2131/3450) (isabelle,isabelle, UTF--Isabelle) [/ mr o UG

5/1323MB 1:17 PM|

debian(0| _ |Ty| = ITz 3| 4| @lammic 0: —/\ehreJrDsfssl...'.gg 7 - ex10_tmpl.thy
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4 Isabelle2017 - ex10_tmpl.thy
Elle Edit Search Markers Folding View Utilities Magros Plugins Help

ODEdE & a¢ K00 a@ -

B ex10_tmpl.thy (~/lehre/FDS/SS18/publicfexercises/)

(01 exL0_tmplthy (~/lehre/FDS/S518/public/exercises/)

es| Note: To make the provided interface more usable, we introduce
s some abbreviations here:

87>

88|

eo|Lemmas thms =

rrap_empty map_update map_delete

sglabbreviation "empty23 = Tree23.Leaf"

solabbreviation "inv23 t = bal t A sortedl (inorder t)"

91

g2l Lemmas mapZS_thms[siﬁp] = map_empty map_update map_delete
a3 invar_empty invar_update invar_delete

File Browser | 4 | B

[SeosuL [ 9335 | rtepis [uoneweunsea | « [@]

[Sstoaur [=3e3s [ontepis | uomeswnoa [ €| @)

an| invar_empty invar_update invar_delete o4
g gs[text <The refined trie datatype>
2 = g|datatype 'a trie' = Leaf' | Node' bool "('ax'a trie') tree23" =
(I v | 1| v
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+
theorem = theorem map23_thms: =
thms: » lookup empty23 = Map.empty
« lookup () = Map.empty « inv23 ?m = lookup (update ?a ?b 7m) = lookup ?m(?a + ?b)
« bal ?m A sortedl (inorder ?m) — lookup (update ?a ?b ?m) = lookup ?m(?a — ?7b) « inv23 ?7m = lookup (Tree23_Map.delete ?a ?m) = (lookup ?m)(?a := None)
« bal ?m A sortedl (inorder ?m) — lookup (Tree23_Map.delete ?a 7m) = (lookup ?m)(?a := None) « inv23 empty23
« bal () A sortedl (inorder {)) « 1inv23 ?7m — inv23 (update ?a ?b 7m)
« bal ?m A sortedl (inorder ?m) — bal (update ?a ?b ?m) A sortedl (inorder (update ?a ?b 7m)) « 1nv23 7m — inv23 (Tree23_Map.delete ?a 7m)
« bal ?m A sortedl (inorder ?m) —
bal (Tree23_Map.delete ?a ?m) A sortedl (inorder (Tree23_Map.delete 7a 7m))
< D 1l D
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|EQ‘15(2132/3450) (isabelle,isabelle, UTF-8-Isabelle) im0 UG /1323MB 2 PM‘ ‘92‘21’ 60) (isabelle isabelle, UTF-8-sabelle) im0 UG 1323MB 1:23 PMl
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) ex10_tmpl.thy (~flehre/FDS/SS18/publicfexercises/) - 0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
5 g = Ll invar_empty invar_update invar_delete =l
~'| glabbreviation "empty23 = Tree23.Leaf" = o
§ golabbreviation "inv23 t = bal t A sortedl (inorder t)" § osftext «The refined trie datatype>
% 91. % celdatatype 'a trie' Leaf' | Node' bool "('Ex'a trie') tree23"
o g2{lemmas map23_thms[simp] = map_empty map_update map_delete || o

o3| invar_empty invar_update invar_delete
94
os|text <The refined trie datatype>

<

sgftext <Define an invariant for trie' and an abstraction function to trie.
oo| Then define membership, insertion, and deletion, and show that they behave
correctly wrt. the abstract trie'. Finally, combine the correctness lemmas

100

[

[»]

theorem map23_thms:
Tlookup empty23 = Map.empty

» inv23 ?m — lookup (update ?a ?b ?m) = lookup ?m(?a — ?b)

» inv23 ?m —> lookup (Tree23_Map.delete ?a ?m) = (lookup ?m){(?a := None)
» inv23 empty23

» 1nv23 ?m — inv23 (update ?a ?b ?m)

» inv23 ?m — inv23 (Tree23 Map.delete ?a ?m)

[¥] Proof state [ Auto update | Update | Search: | | oo |«

[SsivouL [s3%15 | sviopis | uoneazewnsea ] 4 @]

D

[] Proof state [] Auto update | Update | Search: [ ~|[1o0% |

[Sau0syL [23535 [3apiepis [ueneruswnooa [ ¢ [@)

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[91.1 (2207/3360) [{

b

UTF-8-Isabelle) I o UG

1323MB 1:24 PM

[96.43 (2384/3360)

(isabelle,i:

belle, UTF-8-lsabelle) il o UG

323MB 1:24 PM|
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0 ex10_tmpl.thy (~/lehre/FDS/SS18/publicfexercises/)

(01 exL0_tmplthy (~/lehre/FDS/S518/public/exercises/)

o9) Then define membership, insertion, and deletion, and show that they behave
100 correctly wrt. the abstract trie'. Finally, combine the correctness lemmas
101 to get a set interface based on 2-3-tree tries.

[H|

[}

100)
101
102>

correctly wrt. the abstract trie'. Finally, combine the correctness lemmas
to get a set interface based on 2-3-tree tries.

8T g 1= BT [text <The refined trie datatype> sl
= sftext <The refined trie datatype> ad sldatatype 'a trie' = Leaf' | Node' bool "('ax'a trie') tree23"

¢ s|datatype 'a trie' = Leaf' | Node' bool "('ax'a trie') tree23" 2l o

g o 5 sgltext «Define an invariant for trie' and an abstraction function to trie.

Z ¢ erltext <Define an invariant for trie' and an abstraction function to trie. = 99. Then define membership, insertion, and deletion, and show that they behave

[T|

[+

] Proof state /] Auto update | Update | Search: | v [roon [+

[SeosuL [ 935 | oprepis | uomeweunsea | « [@]

D

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

[Sstoaur [=3e3s [ontepis [uomeswnsoa [ « | B)

DN

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

b

[07.1 (2404/3360) i

UTF-B-Isabelle) i ¢

323MB 1:25 PM

[99.1 (2478/3360)

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex10_tmplthy

(isabelle,:

belle,UTF-8-lsabelle) i m1
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323ME 1:25 PM|
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™ ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl | ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -l
a i [] ==
= 102) > == = 102| > =
ol = o] e =
2lc1o4 fun trie'_inv :: :linorder trie' = bool" where 2 £ o104 fun trie'_inv :: "'a::linorder trie' = bool" where a
H H
& 10s| "trie'_inv Leaf' = True" g 5| 10s| | "trie'_inv Leaf' = True" 3
@ = o . : o
T ||lce|] "trie'_inv (Nodelb m — " g T 1| "trie'_inv (Node' b m) _,J it
= 5 5
107] = 107 =
10s{fun trie'_a :: "'a::linorder trie' = ‘'a trie" § 108/ fun trie'_oa :: :linorder trie' = 'a trie" §
10o{where = 100where &
= a2 Kl
q Dl g il I
o &
] Proof state ] Auto update | Update | search: ~|[Loow [+ 2 ] Proof state [l Auto update | Update | search: ~|[roos [+ 1=
. ol ¥l P B I o _ © © P P I o
Inner syntax error: unexpected end of inputa 1~z Inher syntax error: unexpected end of inputa el
Failed to parse prop & Failed to parse prop o

T |

Dl |

CHl
|8~ [output | query [ sledgenammer | symbols

il
(8]~ [output | query | | symbals

[108.15 (2781/3388)

(isabelle isabelle, UTF-8-Isabelle) im0 UG 99/1324MB 1:26 PM

(isabelle,isabelle,UTF-8-Isabelle) [/ m o UG 122/1324MB 1:27 PM|

debian(0| _ |Ty| = |T234|!|
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B ex10_tmpl.thy (~/lehre/FDS/SS18/publicfexercises/) - |0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises!) -
a —B8 [x] [
102| > |—{— 102) > | ==
—| 103 =l — | 169) =
3 . . - - @ . . . -
2|c104 fun trie'_inv :: " :linorder trie' = bool" where 8 2lc104 fun trie'_inv :: "'a::linorder trie' = bool" where 2
o 5 = @ kriet 1 . "
@5l "trie'_inv Leaf' = True" § @ | | 105 trie'_inv Leaf' = True §
@ . . . = @ . . - . - =
& gl "trie’_inv (Node' b m) «— invf g T logf| “trie'_inv (Node' b m) «— inv23 m A (Vteran (lookup m). trie'_inv tJJ" it
ik = =
107, == 107 21
108/ fun trie'_o :: "'a::linorder trie' = 'a trie" - § 108/ fun trie'_a :: "'a::linorder trie' = 'a trie" %
109{where g 109|where &
2 B ||
< [a al Y
g g
V] Proof state (/] Auto update | Update | Search: = ¥l Proof state [¢] Auto update | Update | Search: -] [roo% [+
. ¥l ¥l p P | - [l Proof state [l Auto update | Update | Search: | ;
Inner syntax error: unexpected end of inputa =3 consts (=g
Failed to parse prop = trie'_inv :: "'a trie' = bool" 2
Unfinished subgoals:
(a, 1, <): =
1. Am x. x € ran (lookup m) —> size x < Suc (size_tree23 (M\x. Suc (size (snd x))) m)
(a, 1, <=):
1. Am x. x € ran (lookup m) — size x < Suc (size_tree23 (Ax. Suc (size (snd x))) m) u
Calls:
a) Node' b m ~> x
| Measures: |
] Ay I~
[l [ < [yl
[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

[108,31 (279373392

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex10_tmpl.thy (modified)

(isabelle isabelle, UTF-8-Isabelle) (im0 UG 25/1324MB 1:27 PM|
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) ex10_tmpl.thy (~flehre/FDS/SS18/publicfexercises/) - m ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -
E 102> i% S 109) ==Y
5 103 ? 5 1o4) %
% 104551"[! trie'_inv :: :linorder trie' = bool" where § % 1os|Lemma [simp]l: "x € ran (lookup m) —> size x < Suc (size_tree23 (Ax. Suc (size (snd x))) m)" E
E 15 "trie'_inv Leaf' = True" § E 106]  apply (induction m arbitrary: x) apply (auto simp: ran_def split: if_splits) §
T |lic6{] "trie'_inv (Node' b m) «— inv23 m A (¥teran (lookup m). trie'_inv t nsf,x' i 107... %Z
107] = 108| ==
10s{fun trie'_a :: "'a::linorder trie' = ‘'a trie" § 109 fun trie'_inv :: "'a::linorder trie' = bool" where §
10o{where s 10|  "trie'_inv Leaf' = True" SH
i — I Iy i Dy
af o
ES F
[¥] Proof state [ Auto update | Update | Search: | | [Loow |- = [¥] Proof state [¥] Auto update | Update |Search: [ | [oo% |+ B
consts =& proof (prove) [~z
trie'_inv :: "'a trie' = bool" B goal (5 subgoals): _lz
Unfinished subgoals: . 1. Aml a b m2 x aa. L
(a, 1, <): = [[/\x. Ja. lookup ml a = Some x —> size x < Suc (size_tree23 (Ax. Suc (size (snhd x))) ml);
1. /\m X. x € ran (lookup m) —> size x < Suc (size_tree23 (Mx. Suc (size (snd x))) m) /‘\x. Ja. lookup m2 a = Some x — size x < Suc (size_tree23 (Ax. Suc (size (snd x))) m2); aa < a;
(a, 1, <=): lookup ml aa = Some x|
1. /\m X. x € ran (lookup m) —> size x < Suc (size_tree23 (\x. Suc (size (shd x))) m) m — size x
Calls: < Suc (Suc (Suc (size b + size_tree23 (Axa. Suc (size (snd xa))) ml +
a) Node' b m ~> x size_tree23 (Axa. Suc (size (snd xa))) m2)))
Measures: o ? 2, Aml a b m2 x aa. L
“1\ : “‘L LA =] a 1 a i L o L - L -l AN A “‘L

(B~ | output | query | sledgehammer | symbols

il
(8]~ [output | query | | symbals

|105‘59 (2831/3431) lisabelle isabelle, UTF-8-Isabelle) I o UG /1324MB 1:31 PM‘ ‘107.3V 605) (isabelle,isabelle,UTF-8-Isabelle) im0 UG 1325MB 1:32 PMl
debian(0| _ | T, 2‘_”? 2(3|4|@ 0: ~/lehre/FDS/SS1.. 7 - ex10_tmpl.thy VW= N EEED m"@'- |TE||£|_||T 2| 3|4 10: ~flehre/FDS/ Isabelle2017 - ex10_tmpl.thy (modified) [ -
3 Isabelle2017 - ex10_tmpl.thy _@x G Isabelle2017 - ex10_tmpl.thy (modified) _&X
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
DEd@E & 9 ¢ XDE @@ C * & @ DEd@E & 9¢ XHAE 8@ - (2]
0 ex10_tmpl.thy (~flehre/FDS/SS18/public/exercises/) - ™ ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercisess) ~|
B Tics[lemma [simpl: "x € ran (lookup m) —» size x < Suc (size_tree23 (\x. Suc (size (snd x))) m)" Bl B To | apply force+ done [~ =
; 106 apply (induction m arbitrary: x) apply (auto simp: ran_def split: if_splits) % = 1od %
Bty apply force+ done 8 g 109 fun trie'_inv :: "'a::linorder trie' = bool" where 2
|| 108 § 5|lug | "trie'_inv Leaf' = True" 3
i oieo{fun trie'_inv B linorder trie' = bool" where 2 i |anf| "trie'_inv (Node' b m) «— inv23 m A (¥teran (lookup m). trie'_inv t)" 5
1o "trie'_inv Leaf' True" El 119) El
|| "trie'_inv (Node' b m) «— inv23 m A (¥teran (lookup m). trie'_inv t)" § uglfun trie'_a :: "'a:i:linorder trie' = 'a trie" %
112] B 114where B
al 2] 15| "trie'_o Leaf' = Leafl ]
b g
IProof state [#]Auto update | Update | Search: | 16 12|
=\ 117 =)
consts = H vl g
trie'_inv :: "'a trie' = bool" 2 N P PR R T T U DA T TR I SO AR T =8
Found termination order: "size <*mlex*> {}" — 4 L=
[7IProof state [¢]Auto update | Update | search: ~| oo [+]
consts =
trie'_a :: "'a trie' = ‘'a trie"
Missing patterns in function definition:
Av va. trie'_a (Node' v va) = undefined
Found termination order: "{}"
D] D

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[108.1 (2876/3622) (isabelle isabelle, UTF-8-Isabelle) (im0 UG

[115.23 (3101/3620) (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 46/1325MB 1:33 PM|

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex10_tmplthy
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™ ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - | ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) -

Type error in application: incompatible operand type

) NEEE ~a
= 10| M1 - 10g| =1
—loweg| fun trie'_inv :: "'a::linorder trie' = bool" where =l —le1ee|fun trie'_inv :: "'a::linorder trie' = bool" where o1
H T . -
2/ 110 inv Leaf' = True" 2 2]l | "trie'_inv Leaf' = True® g
H H
@] _inv (Node' b m) «— inv23 m A (¥teran (lookup m). trie'_inv t)" § ||| "trie'_inv (Node' b m) «—— inv23 m A (vteran (lookup m). trie'_inv t)" §
o = o 2
T2 “54 i]|112 %’.
nz{fun trie'_o :: "'a::linorder trie' = 'a trie" =4 us{fun trie'_o :: :linorder trie' = 'a trie" =1
14where H 14where g
us|  "trie'_a Leaf' = Leaf" § 1us|  “"trie'_o Leaf' = Leaf" i
ue] "trie'_a (Node' b t) = Node b | ™ ol ue{| “trie'_a (Node' b t) = Node b ()] ™ [l
| g =
117 i 117] -*i
i 118 El
z F
{2 119 IS
dmdml ee Wi Tldmaedar dedal o 1o Tdiodk o haaln =& rmd i dmdnt . Mo Tdmandan dedal v 1o Tdadk s haalw Ad(f
Y < Dl =
Praof state ] Auto update | Update | search | | [roow [+] WlProot state 7l auto update | Update | search: | | [roo |+]
Type unification failed: Clash of types "_ = _" and "_ trie" 1~ Type unification failed: Clash of types "unit" and "_ = _" [2]

Type error in application:

incompatible operand type

Operator: op = (trie'_a (Node' b t)) :: 'a trie = bool | | Operator: Node b :: (?77'a = 77'a trie option) = ?7'a trie

Operand: Node b (??'a = ?7'a trie option) = 7?'a trie = Operand: () unit =i

q DN T DN
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols |

[116.33 (3136/3659) (isabell

belle, UTF-8-Isabelle) /im0 UG

/1325MB 1:35 PM|

[116.35 (3138/3661)

(isabelle isabelle UTF-8-Isabelle)mr o UG
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0 ex10_tmpl.thy (~/lehre/FDS/SS18/publiclexercises/) v 0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
2 Tioq = B2 "isin' Leaf' _ = False" [~ =
; 109 fun trie'_inv :: " :linorder trie' = bool" where % ; 1251 | "isin' (Node' b m) ks «— (case %
2|l10| "trie'_inv Leaf' = True" 8 2|12 ks of [1 = b 2
& w(| "trie'_inv (Node' b m) «— inv23 m A (¥teran (lookup m). trie'_inv t)" § & 127 | k#ks' = (case lookup m k of None = False | Some t = isin' t ks'))" §
% 112| n,:;v % 12§ E")'
us(fun trie'_a :: "'a::linorder trie' = 'a trie" El 129 El
114where H 130/fun ins' :: "'a::linorder list = 'a trie' = 'a trie'" H
ns|  "trie'_a Leaf' = Leaf" B 1a1jwhere B
16| "trie'_a (Node' b t) = Node b (map_option trie'_a E lookup t) o (o 132. "ins' _ _ = undefined" [o]
117] H 133 L 5
118 g 134 ) ) . ) Eg
119 ] 135/ fun delete' :: " :linorder list = 'a trie' = ‘'a trie'" s
_le ' na 1 ) + . T Py laanln 3 O N . 2
< Dl 1= 4 D=
[¥]Proof state ] Auto update | Update \Search‘ 'HIOO% \'\ [¥] Proof state [ Auto update | Update | Search: | v|[100% |+
consts consts sl
trie'_a i1 "'a trie' = 'a trie" isin' :: "'a trie' = 'a list = bool™
Unfinished subgoals: Found termination order: "(Ap. length (snd p)) <*mlex*> {}"
(a, 1, <):
1. At a x. Some a = lookup t x — size a < Suc (size_tree23 (Ax. Suc (size (snd x))) t)
(a, 1, <=): = =
[l DN 1l D
[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|115‘53 (3156/3690) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 125MB 1:36 PM‘ ‘132.1 (3638/4007) (isabelle isabelle, UTF-8-sabelle) im0 UG J2MB 1:38 PMl
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0 ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl | ex10_tmpl.thy (~/lehre/FDS/SS18/public/exercises/) vl
=] 134 | ns' (k#ks) Leaf' = Node' False (update k (ins' ks Leaf') empty23)" =)&) ] 1439] "delete' _ _ = undefined" =]
; 15| | "ins' (k#ks) (Node' b m) = ( - ; ] =
% 138| case lookup m k of § % 145| Lemma.- E
E 137| None = Node' b (update k (ins' ks Leaf') m) § E 146 assumes "trie'_inv t" §
T |139 | Some t = Node' b (update k (ins' ks t) m))" DSS Z||147] shows "trie'_a (ins' xs t) =.I %Z

159 = 14| "trie'_inv (ins' xs t)" 15]

L4o| § 149|- - é

1a|fun delete’ :: "'a::linorder list = 'a trie' = ‘'a trie'" § 150]- - i

mzwherel (o] 1silemma ins'_correct: “"trie'_inv t [a]

1230 "delete' _ _ = undefined" & 1530 = (isin' (ins' xs t) ks «—— xs=ks Vv isin' t ks) A trie'_inv (ins' xs t)" S

144 El 153 El

|| g 154 g
illommn dnnl cnneand. Udediat o 4 [Smdnt {dmml we &\ L~ womlen Vi dodnt + LoV 4 dedat Son oot o VBT - K 5
| Il Y [l Dl =
¥ Praof state ] Auto update | Update | search | ~][oow [+] [ Proof state [ Auto update | Update | search: [ ~|[100% [+
consts = Malformed command syntax =i
ins' a list = 'a trie' = ‘'a trie'
Found termination order: "(Xp. length (fst p)) <*mlex*> {}"
gl m: 41 Dl |
|8~ [ output | query | sledgehammer | symbols (8]~ [output | query | | symbols
|142‘5 (4018/4299) lisabelle,isabelle, UTF-8-Isabelle) 1m0 UG 12MB 1:41 PM‘ ‘147.32 (4111/4394) (isabelle,isabelle,UTF-8-Isabelle) im0 UG 19MB 1:43 PMl
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proof (prove)
goal (1 subgoal):

1. trie'_a (ins' xs t) = ex10_tmpl.ins xs (trie'_a t) &&& trie'_inv (ins' xs t)
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47

D

proof (prove)
goal (1 subgoal):

1. trie'_o (ins' xs t) = ex1O_tmpl.ins xs (trie'_a t) &&& trie'_inv (ins' xs t)
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1s3lemma ins'_correct: "trie'_inv t

<

152
153
1s4/lemma ins'_correct:

"trie'_inv t

=] 126 assumes "trie'_inv t" el =} 1471 shows "trie'_a (ins' xs t) = ins xs (trie'_o t)" ]
t 1477 shows "trie'_o (ins' xs t) = ins xs (trie'_a t)" t 14g| "trie'_inv (ins' xs t)"

§ 148| "trie'_inv (ins' xs t)" § 199] using assms apply (induction xs t rule: ins'.induct )

% 199| using assms apply (induction xs t rule: ins'.induct ) % 1s0f | apply (auto split: eption.splits intro!: ext)

T 10 apply (aute split: option.splits] 1T A |

[l
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proof (prove)
goal (2 subgoals):
1. Ak ks m x2.
[Ax2a. [x2 = x2a; trie'_inv x2a] = trie'_a (ins' ks x2a) = ex1@_tmpl.ins ks (trie'_a x2a);
Ax2a. [x2 = x2a; trie'_inv x2a] — trie'_inv (ins' ks x2a); bal m; sortedl (inorder m);
¥xeran (lookup m). trie'_inv x; lookup m k = Some x2]
= (map_option trie'_a o lookup m)(k — trie'_a (ins' ks x2)) =
ex10_tmpl.ins ks (trie'_oa x2))
2. Ak ks m x2 x.
[Ax2a. [x2 = x2a; trie'_inv x2a] — trie'_a (ins' ks x2a) =
Avaa

ex10_tmpl.ins ks (trie'_a x2a);

Tvd = vom. dwi PRV T IR *F R TPCVR E FPVSN N PNV G W S tndl (mavdan m) .

(map_option trie'_a o lookup m)(k —

[SsussuL [s3%15 | sobrepis | Uoneazewnsoa ] 4 @]

I

proof (prove)
goal (2 subgoals):
1. Ak ks m x2.
[Ax2a. [x2 = x2a; trie'_inv x2a] — trie'_a (ins' ks x2a) =
Ax2a. [x2 = x2a; trie'_inv x2a] = trie'_inv (ins' ks x2a); bal m; sortedl (inorder m);
¥xeran (lookup m). trie'_inv x; lookup m k = Some x2]
= trie'_a (ins' ks x2) = ex1O_tmpl.ins ks (trie'_a x2)
2. Ak ks m x2 x.
[Ax2a. [x2 = x2a; trie'_inv x2a] = trie'
Ax2a. [x2 = x2a; trie'_inv x2a] — trie

[UNPI L e v

_a (ins' ks x2a) =
_inv (ins' ks x2a); bal m; sortedl (inorder m);

(lanlion ml & Tmalrins m lr — Coama v v~ wmm (Taalaes mlle . . Gw;el e

ex10_tmpl.ins ks (trie'_o x2a);

ex10_tmpl.ins ks (trie'_a x2a);
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(Ax. 7f x = ?2g x) — ?f = 7g

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«
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(Ax. 7f x = 7g x) — ?f = 7g

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

ST "trie'_inv (ins' xs t)" B 5T "trie'_inv (ins' xs t)" =]
; 19 using assms apply (induction xs t rule: ins'.induct ) % ; 15| | using assms apply (induction xs t rule: ins'.induct )
2ll1se] apply (auto split: option.splits simp: ran_def introl: ext) 8 2)1s0| apply (auto split: option.splits simp: ran_def intro!: ext)
% 151 thm xtd] ] % wsil] thm ext
) l152) | done 5 iZ)|l152| | done
153 i 153
154| § 154
1s5/Lemma ins'_correct: "trie'_inv t ; 155 lemma ins'_correct: "trie'_inv t -
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Functional Data Structures
Exarcise Shoot 10

Exercise 10.1 Tiies with 2-3-trees
In this exereise, you shall d
of bool tit).

T

p o trie data structie for keps of type a fist (instead

b, we encode the map as 'a = 'h

datatype " tric = Leof | Node tool “%s — a lric

Deie and prave corvect werbers hip, insertion and deletion (without shwivking the trie)
T isin = ~'a trie = bt = oo

T i 2 st = 'a tric = 'a trie”

Lemma insrorreet: “sin (ins as () bs = (as=bs ¥ isin ¢ i)

T Bt 5 ' i = 'a b = 4 " whese

Lemma delete_correct: “isin (defete ws ) b = fas # b A dsin ¢ bs)

Noww sefine the trie data stueture to use 25tees for the map. Note: To nuke the

itradice some abbrey

abbreviation “coupty2f = Tl
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It is meant to store keys of the same length only. Thus, the Node constructor stores
inner nodes, and there are two types of leaves, LeafF if this path is not in the set, and
LeafT if it is in the set.

Define an invariant #s_trie N ¢ that states that all keys in ¢ have length N, and that there
are no superfluous nodes, i.e., no nodes of the form Node (LeafF, LeafF).

fun is_trie :: “nat = trie = bool”
Hint: The following should evaluate to true!

value “is_trie 42 LeafF”
value ‘“is_trie 2 (Node (LeafF,Node (LeafTLeafF)))”

‘Whereas these should be false

value “is_trie 42 LeafT” — Wrong key length
value rie 2 (Node (LeafT Node (LeafT LeafF')))” — Wrong key length
value “is_trie 1 (Node (LeafT Node (LeafF,LeafF)))” — Superfluous node

Define membership, insert, and delete functions, and prove them correct!

fun isin
fun ins =

“trie = bool list = bool”
“bool list = trie = trie”

& Isabelle2017 - ex10_tmpl.thy Ewmmil

= X

value “is_trie 42 LeafT” — Wrong key length
value rie 2 (Node (LeafT Node (LeafT,LeafF)))” — Wrong key length
value “is_trie 1 (Node (LeafT Node (LeafF,LeafF)))” — Superfluous node

Define membership, insert, and delete functions, and prove them correct!

fun
fun ins =

“trie = bool list = bool”
“bool list = trie = trie”
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lemma enum_cor
“set (enum t) = { zs. @

»

ntxs }” and “sorted_wrt op< (enum t)

Note that Booleans are ordered by Fulse < True, and that we imported List_lexord,
which defines a lexicographic ordering on lists, if the elements are ordered.

value “[True, True,False] < [True,True,True, Tru

Homework 10.3 Be Original!

Submission until Friday, 15. 7. 2017, 11:59am.
Develop a nice Isabelle formalization yourself!
e This homework goes in parallel to other homeworks for the rest of the lecture

period. From next sheet on, we will reduce regular homework load a bit, such that
you have a time-frame of 3 weeks with reduced regular homework load.
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This homework will yield 15 points (for minimal solutions). Additionally, up to 15
bonus points may be awarded for particularly nice/original/etc solutions.

You may develop a formalization from all areas, not only functional data structures.

. Document your solution, such that it is clear what you have formalized and what
Homework 10.3 Be Original! Y “

your main theorems state!
Submission until Friday, 13. 7. 2017, 11:59am.

Develop a nice Isabelle formalization yourself!

Set yourself a time frame and some intermediate/minimal goals. Your formaliza-
tion needs not be universal and complete after 3 weeks.

e This homework goes in parallel to other homeworks for the rest of the lecture You are welcome to discuss the realizability of your project with the tutor!

In case you should need inspiration to find a project: Sparse matrices, skew binary

period. From next sheet on, we will reduce regular homework load a bit, such that
numbers, arbitrary precision arithmetic (on lists of bits), interval data structures

you have a time-frame of 3 weeks with reduced regular homework load.
(e.g. interval lists), spatial data structures (quad-trees, oct-trees), Fibonacei heaps,
prefix tries/arrays and BWT, etc.
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e Document your solution, such that it is clear what you have formalized and what

your main theorems state!

e Set yourself a time frame and some intermediate/minimal goals. Your formaliza-
tion needs not be universal and complete after 3 weeks.

e You are welcome to discuss the realizability of your project with the tutor!

e In case you should need inspiration to find a project: Sparse matrices, skew binary
numbers, arbitrary precision arithmetic (on lists of bits), interval data structures
(e.g. interval lists), spatial data structures (quad-trees, oct-trees), Fibonacei heaps,
prefix tries/arrays and BWT, ete.
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