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gtext {* \ExerciseSheet{9}{8.~6.~2018} *}

9

10/text <\Exercise{Indicate Unchanged by Option}

12 Write an insert function for red-black trees that either inserts the element
13l  and returns a new tree, or returns None if the element was already in the tree
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gtext {* \ExerciseSheet{9}{8.~6.~2018} *}

9

1otext <\Exercise{Indicate Unchanged by Option}

12l Write an insert function for red-black trees that either inserts the element
13 and returns a new tree, or returns None if the element was already in the tree

[Sau0syL [ 23235 [piepis [ usneuswnooa [ ¢ [@]

15) 15|

1g(fun ins' :: "'ai:linerder = 'a rbt = 'a rbt option" 1g{fun ins' :: " linorder = 'a rbt = 'a rbt option"

17|where B 17lwhere T

1g("ins' _ _ = undefined" 1g{"ins' _ _ = undefined"

19) 19|

zo[Lemma "invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t' zolemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'

2| serry 2] sorry
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[B]~] output | query | sledgehammer | symbols (2]~ ] output [ query | | symbols
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E gtext {* \ExerciseSheet{9}{8.~6.~2018} *} _§ f gtext {* \ExerciseSheet{9}{8.~6.~2018} *} _§
T 9 5 | 9 S

1g[text <\Exercise{Indicate Unchanged by Option} El 1oftext «\Exercise{Indicate Unchanged by Option} El

11 § 11§ é

12 Write an insert function for red-black trees that either inserts the element B 12l Write an insert function for red-black trees that either inserts the element B

13l  and returns a new tree, or returns None if the element was already in the tree (o 130 and returns a new tree, or returns None if the element was already in the tree [o]

14> 3 14> H

15} = 15| E1

16/ fun ins' "'a::linorder = 'a rbt = 'a rbt option" 3 16 fun ins' :: " :linorder = 'a rbt = 'a rbt option" s

yfwhere 2] 17jwhere =53]

1g|"ins' _ _ = undefined" 1g"ins' _ _ = undefined"

19) 19|

zo/lemma "inve t — case ins' x t of None = ins x t = t | Some t' = ijs x t = t°' 2o/lemma “inve t — case ins' x t of None = ins x t = t | SorrE t' = ins x t = t'

| | CE 2| sorry
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ez3lend o3lend
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[2]=] output | query | sledgehammer [ symbols | (2] =] output [ query | | symbols |
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text {* \ExerciseSheet{9}{8.~6.~2018} *}
text <\Exercise{Indicate Unchanged by Option}

Write an insert function for red-black trees that either inserts the element
and returns a new tree, or returns None if the element was already in the tree

fun ins' :: "'a::linorder = 'a rbt = 'a rbt option"
where
"ins' _ _ = undefined"

lemma "invc t — case ins' x t of None = ins x t =It | Some t' = ins x t = t'
sorry
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text {* \ExerciseSheet{9}{8.~6.~2018} *}
text <\Exercise{Indicate Unchanged by Option}

Write an insert function for red-black trees that either inserts the element
and returns a new tree, or returns None if the element was already in the tree

linorder = 'a rbt = 'a rbt option"
ins' _ _ = undefined"

lemma "invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t'
sorry
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[B]~] output | query | sledgehammer | symbols
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(2]~ ] output [ query |

| symbols
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E sf (¥=>%) :% E 13 and returns a new tree, or returns None if the element was already in the tree :%
E 6) E E 14| > E
2| 7 2 2|15 2
% gtext {* \ExerciseSheet{9}{8.~6.~2018} *} _§ % 1gfun ins' :: " linorder = 'a rbt = 'a rbt option" §
|| o & i ||17where it
1g[text <\Exercise{Indicate Unchanged by Option} El 16["ins' x Leaf = Someﬁ Leaf x Leaf" | El
1 H 19"ins' x (Bl ar) = g
12l Write an insert function for red-black trees that either inserts the element ; 20  (case cmp x a of —§
13 and returns a new tree, or returns None if the element was already in the tree (o 21 LT = baliL (ins' x 1) a r | [o]
3, & 22) GT = baliR 1 a (ins' x r) | 5
19) = 23 EQ =B lar)"| El
16/ fun ins' "'a::linorder = 'a rbt = 'a rbt option" 3 24"ins x (R1 ar) = S
17lwhere 13 25  (case cmp x a of 1]
1gl"ins' x tll= Some (ins x t)" 26| LT = R (ins' x 1) a r | =
19 27| GT = R 1 a (ins' x r) |
zo/lemma "inve t — case ins' x t of None = ihs x t = t | Some t' = ins x t = t°' 28] EQ =R 1l1ar)"
2| by auto 29
2| (*¥<*) ag/lemma "inve t = case ins' x t of None = ins x t =t | Some t' = ins x t = t'
ez3lend a| by auto |
20| (¥5%) 32 (*<*) [
) ezsend <l
< D < Dl |
[B] =] output | query [ sledgehammer [ symbols | (2] =] output [ query | | symbols |
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) v
L} 13 and returns a new tree, or returns None if the element was already in the tree [<]124 =} 13  and returns a new tree, or returns None if the element was already in the tree ==
; 1> < ' up =
2l|13 2 £l13 2
E 15/ fun ins’ ''a::linorder = 'a rbt = ‘'a rbt option" § f 1gfun ins' :: " :linorder = 'a rbt = 'a rbt option" g
Z || 17]where 8 Z|[17)where g

18|"ins' x Leaf = Some (R Leaf x Leaf)" | i 1g"ins' x Leaf = Some (R Leaf x Leaf)" | i
1g"ins' x (Bl ar) = § 19"ins' x (B 1 ar) = §
x| (case cmp x a of 75 20  (case cmp x a of 75
21 LT = EaliL (ins' x 1) a r | ol 21 LT = baliL ( X 'I.m ar | fo]
2] GT = baliR 1 a (ins' x r) | & 23] GT = baliR 1 a (ins' x r) | S
2 EQ == Blar)"| El 23 EQ = Blar)"| E]
24"ins x (R1 ar) = ] 24"ins x (R 1 ar) = ]
| (case cmp x a of e 25| (case cmp x a of 2]

25} LT = R (ins' x 1) a r | = 26| LT = R (ins' x 1) a r | =

27} GT = R 1 a (ins' x r) | 27| GT = R 1 a (ins' x r) |

29 EQ=R1l1ar" 28] EQ=R1larn"

29 29|

sofLemma "invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t'" soflemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'

2| by auto a| by auto |

32 (*<*) 32| (*<¥) ml

ozslend = e3slend =i

4] Dl ] 4] Dl ]

[B]~] output | query | sledgehammer | symbols (2]~ ] output [ query | | symbols
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BT Tand returns a new tree, or returns None if the element was already in the tree 1= BT Tand returns a new tree, or returns None if the element was already in the tree [~ =
é 1> é ' 1> %
2| 1] 2 £ ||| 15| a
% 16/fun ins® :: "'a::linorder = 'a rbt = ‘a rbt option” ] % 16/ fun ins' :: " linorder = 'a rbt = 'a rbt option" 3
|| 17lwhere 5 i || 17/where i

1g("ins' x Leaf = Some (R Leaf x Leaf)" | Il 18"ins' x Leaf = Some (R Leaf x Leaf)" | 2

19"ins' x (Bl ar) = § 1g"ins' x (B 1 ar) = é

2| (case cmp x a of B 20  (case cmp x a of &

21 LT = HaliL (ins' x 1) a r | = 2] LT = balflL (ins' x 1) ar | ]

2 GT = bhaliR 1 a (ins' x r) | & 22) GT = baliR 1 a (ins' x r) | S

23 EQ=Blar"| = 23 EQ=B1lar"| =]

24"ins x (R 1 a r) = § 24"ins x (R1 a r) = §

|  (case cmp x a of i 25  (case cmp x a of i

26} LT = R (ins' x 1) a r | 26| LT = R (ins' x 1) a r | =

27] GT = R 1 a (ins' x r) | 27| GT = R 1 a (ins' x r) |

20l EQ = R1ar)" 2g| EQ =R 1l1ar)"

29 29|

zo[Llemma "invc t = case ins' x t of None = ins x t =t | Some t' = ins x t = t'" so|lemma "invc t = case ins' x t of None = ins x t = t | Some t' = ins x t = t'

a| by auto a| by auto |

3 (¥<*) 32 (*<*) 1

eozlend e3send =
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[2]=] output | query | sledgehammer [ symbols | (2] =] output [ query | | symbols |
|2Lll (479/775) (isabelle,isabelle,UTF-8-sabelle) im0 UG 67/1269MB 12:27 PM‘ ‘21‘14 (482/775) (isabelle,isabelle, UTF. 1l oUG B81/1269MB 12:28 PM|
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0 ex09tmpl.thy (~/lehrefFDS/SS18/public/exercises/) vl ® ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) -l
=] 13 and returns a new tree, or returns None if the element was already in the tree =] ] 12l Write an insert function for red-black trees that either inserts the element ==
—L14]> = —il13l and returns a new tree, or returns None if the element was already in the tree o1
H T
HIE 2 2 lg> 2
2 ins ' i 9 i ' ion" 3 2 3
@ |16 fun ins a::linorder = 'a rbt = 'a rbt option S & || 15] ]
o e = o . 2
| |ijwhere]] g | |1gterm map_option g
. g 5
18|"ins' x Leaf = Some (R Leaf x Leaf)" | =4 17] =|2]
1g"ins' x (Bl ar) = § 18 fun ins' :: "'a::linorder = 'a rbt = 'a rbt option" §
x| (case cmp x a of § wwherﬂ *5
21 LT = baliL (ins' x 1) a r | (o] 20"ins' x Leaf = Some (R Leaf x Leaf)" | [a]
2] GT = baliR 1 a (ins' x r) | & 2|"ins' x (B 1 ar) = S
2 EQ == Blar)"| El 2 (case cmp x a of e
24"ins x (R1 ar) = ] 23| LT = baliL (ins' x 1) a r | =&
@ ~la
| (case cmp x a of ] | D] =
= Lr=>REe"sWar | WlProot state 7l auto update | Update | search: | | [roo% [+]
7] GT = R 1a (ins' x r) | T tion" =
p map_option =]
# EQ=Rlar) (e , , . , o
. H ('a = 'b) = 'a option = 'b option
sofLemma "invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t'"
a| by auto
32 (*<*)
d L
ozslend 5
41 Dl {1 D
|8~ [ output [ query [ sledgehammer | symbols (8]~ [ output [ query | | symbals
|17‘5 (390/775) (isabelle,isabelle, UTF-8-Isabelle) /m o UG 117/126GMB 12:28 PM‘ ‘19‘5 (406/792) (isabelle isabelle, UTF-8-Isabelle) 1m0 UG 9/1269MB 12:29 PMl
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B ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) x| B ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
8 Tifterm map_option 15 B Tdterm map_option [~ =
= [17] =] =117 o]
] . . . H . . -
2lc1gfun ins' :: "'a::linorder = 'a rbt = 'a rbt option" 8 2e1gfun ins' :: " :linorder = 'a rbt = 'a rbt option" 2
S i e
& || 1glwhere § & |1gwhere §
@ - = @ . =
& | z2o|"ins' x Leaf = Some (R Leaf x Leaf)" | 8 i| 2"ins' x Leaf = Some (R Leaf x Leaf)" | 4
B ] . His
21("ins' x (B 1 ar) = = 2"ins' x (B 1 ar) = =4
27l  (case cmp x a of § 22l  (case cmp x a of L §
EE LT = HaliL (ins' x 1) a r | 5 23 LT = (casfaliL (ins' x 1) a r | H
2 GT = bhaliR 1 a (ins' x r) | (o 24 GT = baliR 1 a (ins' x r) | il
P EQ = Blar"| & 25| EQ=B1lar"| S
#"ins x (R 1 ar) = E d"ins x (R1 ar) = = (3
271  (case cmp x a of 3 271  (case cmp x a of 7§
4] & 1] o
Proof state uto update | Update |Search: | ~||too% | Auto update | Update | Search: | ~|[1o0% [+
Type unification failed: Clash of types "_ option" and "(_, _) tree" = Type unification failed: Clash of types “_ option" and "(_, _) tree" =
Type error in application: incompatible operand type Type error in application: incompatible operand type I
Operator: baliL :: (7?7'a, color) tree = ?7'a = (77'a, color) tree = (7?'a, color) tree Operator: baliL :: (?7'a, color) tree = 7?'a = (7?7'a, color) tree = (77'a, color) tree
Operand: ins' x 1 :: ('a, color) tree option Operand: ins' x 1 :: ('a, color) tree option H
<« D < T» ]
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|23‘11 (496/792) (isabelle isabelle,UTF-8-sabelle) im0 UG 2/1269MB 12:30 PM‘ ‘23‘15 (500/796) (isabelle,isabelle, UTF. bells
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AT dterm map_option =1 C 1gfun ins' :: "'a::linorder = 'a rbt = 'a rbt option" ==Y
; 17} % ; 1g\where %
2 IEIHJ.". ins' ''a::linorder = 'a rbt = ‘'a rbt option" E 2/l20"ins' x Leaf = Some (R Leaf x Leaf)" | E
% 1olwhere g % 2l"ins' x (B 1 ar) = B
T z20|"ins' x Leaf = Some (R Leaf x Leaf)" | 53 Z|[22 (case cmp x a of 53
a|"ins' x (B 1l ar) = i 23] LT = (case ins' x 1 of None = None | Some 1' = Some (baliL 1' a r)) | ,i

2|  (case cmp x a of § 24| GT = (case ins' x r of None = None | Some r' = Some (baliR 1 a r')) | §
23| LT = (case ins' x 1 of None = None | Some 1' = Some aliL 1' a r‘)u | § 29| EQ = B 1 a r" | Ei
24} GT = baliR 1 a (ins' x r) | (o] 26"ins x (R1 ar) = [a]

= EQ = Blar)"| & 2711 (case cmp x a of HE
2"ins x (R 1 ar) = El 2 LT = R (ins' x 1) a r | E1
27| (case cmp x a of % 29| GT = R 1 a (ins' x r) | T%

< a i H

[»]

Proof state Auto update

update | search: |

WlProot state 7l auto update | Update | search: |

| [roo |+]

Type unification failed: Clash of types option" and "

_, _) tree"

Type error in application: incompatible operand type

Type unification failed: Clash of types “(_, _) tree" and "_ option"

Type error in application: incompatible operand type

Operator: baliR 1 a :: ('a, color) tree = ('a, color) tree Operator: case_cons (case_elem GT (case ins' x r of None = None | Some r' = Some (baliR 1 a r'))) ::
Operand: ins' x r ('a, color) tree option (emp_val = ('a, color) tree option) = cmp_val = ('a, color) tree option | |
i1 “7 r:n ranmd. = me [ = lam EN_(R 1 AN = mal mn sl i T ar)  +e “‘L
|8~ [output | query [ sledgehammer | symbols | (8]~ [output | query | | symbals |
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1 p= EQ = None)" | 1= BTd"ins x (R1ar) = (=l

; 2"ins x (R 1 ar) = % ; 271 (case cmp x a of %

2llz7| (case cmp x a of 8 2| 28 LT = (case ins' x 1 of None = None | Some 1' = Some (R 1' a r)) | 3

% 2} LT = (case ins' x 1 of None = None | Some 1' = Some (R 1' a r)) | § % 29| GT = (case ins' x r of None = None | Some r' = Some (R1 a r')) | §

|| GT = (case ins' x r of None = None | Some r' = Some (R1 a r')) | 5 i | L3g EQ = None)" g

k' EQ = None)" Il Ell 2

Ell § szlemma “invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t'' é

sz{lemma "inve t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'" B 33 BB

e (2| 34| (¥<*) =[]

a4 (¥<*) & 35 end HE

end El 36l (*>*) El

o H I 3

B B

¥ Praof state ] Auto update | Update | search |

WlProot state 7l auto update | Update | search: |

Type unification failed: Clash of types option" and

_» _) tree"

Type error in application: incompatible operand type

Type unification failed: Clash of types “_ option" and "(_, _) tree"

Type error in application: incompatible operand type

Operator: op = (ins x (R 1 a r)) :: ('a, color) tree = bool Operator: op = (ins x (R 1 a r)) :: ('a, color) tree = bool
Operand: Operand:
case cmp x a of LT = case ins' x 1 of None = None | Some 1' = Some (R 1' a r) case cmp x a of LT = case ins' x 1 of None = None | Some 1' = Some (R 1' a r)
| GT = case ins' x r of None = None | Some r' = Some (R 1l a r') | EQ = None :: o | GT = case ins' x r of None = None | Some r' = Some (R 1 a r') | EQ = None :: ‘ ‘Z
<« D « >
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|3L1 (249/945) (isabelle,isabelle,UTF-8-sabelle) im0 UG 74/1247MB 12:34 PM‘ ‘31‘1 (849/945) (isabelleisabelle, UTF-8-1sabelle)/imro UG  29/1247MB 12:35 PM|

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex0stmpl.thy:

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.

Isabelle2017 - ex09tmpl.thy




4 Isabelle2017 - ex09tmpl.thy === 3 Isabelle2017 - ex09tmpl.thy &%
Eile Edit Search Markers Folding View Utilities Magros Plugins Help Eile Edit Search Markers Folding Wiew LUtilities Macros Plugins Help
DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE @

0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) v
=] 24| LT = (case ins' x 1 of None = None | Some 1' = Some (R 1' a r)) | =)&) ] 25| EQ = None)" | [ ]1E]
; 20| GT = (case ins' x r of None = None | Some r' = Some (R 1 a r')) | % ; 26("ins' x (R 1 a r) = %
2| 20 EQ = None)" 2 2(l271 (case cmp x a of a
% a g % 28 LT = (case ins' x 1 of None = None | Some 1' = Some (R 1' a r)) | B
T zz|lemma "inve t — case ins' x t of Nonhe = ins x t =t | Some t' = ins x t = t'" 53 || 29] GT = (case ins' x r of None = None | Some r' = Some (R 1 a r')) | 53

3| El 30| EQ = None)" El
of (*<*) H 3 g
,; sz{lemma "invc t = case ins' x t of None = ins x t = t | Some t' = ins x t = t'" i
|0 33| e
37| 1B 34 (*¥<*) o
B end IS
1 DL_lE ag| (F>%) g
[ Proof state [] Auto update | Update | Search: | <] [roow [+ & 37| 7&
proof (prove) = < D -
goall(l subgeal) : P . . . . [#] Proof state [#] Auto update | Update |Search: [ ~|[oo% |w
1. inve t = case ins' x t of None = ins x t = t | Some t' = ins x t = t
proof (prove) ]
goal (1 subgoal):
1. inve t = case ins' x t of None = ins x t = t | Some t' = ins x t = t'
] D] il D]

(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols
|33‘1 (929/946) (isabelle isabelle,UTF-8-Isabelle) /im0 UG #1247MB 12:36 PM ‘33‘1 (928/946) lisabelle isabelle, UTF. bell nroUG 1/1247MB 12:36 PM|
ceanO|_ B ] [[T2]3]4]m 0: ~[lehre/FDS/SSL... 7 - ex09tmpl.thy IEWENEERD — @aC [ Y [[12]:]s 10: ~/lehrefFDS/: Isabelle2017 - ex09tmpl.thy N LT J2:3e:ss)
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M ex09tmpl.thy (~/lehre/FOS/SS18/public/exercises/) v 01 ex0gtmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
= EQ = None)" | Bl BT EQ = None)" [~ =
; "ins' x (R 1 ar) = % ; kil %
2[|27] (case cmp x a of 8 2oz lemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'! 2
% 2} LT = (case ins' x 1 of None = None | Some 1' = Some (R 1' a r)) | § % 33 apply (induction x t rule: ins'.induct) §
| 2o GT = (case ins' x r of None = None | Some r' = Some (R1 a r')) | & ic|lss apply Euto Py

k' EQ = None)" ) 35 2

Eil § 38| (*<*) %

sz{lemma "invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t'" ; a7lend ;§

- BE gl (*>*) I

b g

i 15 A i

| (*<*) =2 E

é" [¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |w 5
2] proof (prove) &l
Al goal (4 subgoals):
1. Ax L ar. =
¥IProof state ¥l Auto update | Update | Search: [case ins' x r of None = ins x r = r | Some xa = ins x r = xa; inve 1; inve r; a < x|
proof (prove) 1= == case case ins' x r of None = None | Some r' = Some (baliR 1 a r') of [
goal (1 subgoal): None = ins x (B 1 ar) =Blar | Some xa = ins x (B1 ar) = xa
1. invc t = case ins' x t of None = ins x t =t | Some t' = ins x t = t' 2. Ax Lar.
[case ins' x 1 of None = ins x 1 = 1 | Some xa = ins x 1 = xa; inve 1; invc r; x < af
= == case case ins' x 1 of None = None | Some 1' = Some (baliL 1' a r) of =
< D <1 D

(8]~ [output | query [ siedgenammer | symbols | [B] > [output [ query | sledgehammer [ symbols |

|33‘3 (931/949) (isabelle isabelle,UTF-8-sabelle) im0 UG 11247MB 12:38 PM ‘34‘9 (979/1001) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 7MB 12:39 PMl

debian(D| _ || &) |T2 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...I@Isahelle2017—exﬂg(mpl.thy(mudiﬁsd)

EMENEERE] w0 (% Q] [T 2]3]4]memmichglapnipkowio: ~fehrerosss1.
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31.

azlemma "inve t — case ins'

x t of Nohe = ins x t =

t | Some t' = ins x t = t'!

4 Isabelle2017 - ex09tmpl.thy (modified) & x i Isabelle2017 - ex08tmpL.thy (modified) &%
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DEde ¢ 9¢ X @ CRHERE B & @ DEdd @ s¢ 00 @ T REE
™ ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) ™ ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf)
L} 29| LT = (case ins' x 1 of None = None | Some 1' = Some (R 1' a r)) | |~ 29| GT = (case ins' x r of None = None | Some r' = Some (R 1 a r')) | e
—| 29| GT = (case ins' x r of None = None | Some r' = Seme (R1 a r')) | 30| EQ = None)"
]
2| EQ = None)" a1
o
2

s2{lemma "inve t — case ins' x t of Nohe = ins x t =
s3]  apply (induction x t rule: ins'.induct)

aal apply (auto split: option.split)

35|

36| (¥<*)

~land

t | Some t' = ins x t = t'"

4]

33 apply (induction x t rule: ins'.induct)
34  apply (auto option.split
35

3g (*¥<*)

a7lend

A FENETSY
q

[

IProof state [#]Auto update | Update | Search:

0auL [21835 [0S [ueneaawnoca | « @)

proof (prove)
goal (3 subgoals):

proof (prove)
goal (4 subgoals):

[Seu0syL 23235 [3apiepis [usneruswnooa [ ¢ [@]

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

1. Ax. inve () = case ins' x () of None = ins x () = () | Seme xa = ins x () = xa 1. Ax L ar.
2, Ax Lar. B T [ins x r = r; invc 1; inve r; ins' x 1 = None; ins' x r = None; a < x| = baliRlar=Blar
[[cmp x a = LT; invc 1] = case ins' x 1 of None = ins x 1 = 1 | Some xa = ins x 1 = xa; 2. Axlar T
[emp x a = GT; invc r] = case ins' x r of None = ins x r = r | Some xa = ins x r = xa; || T [ins x 1 = 1; inve 1; inve r; ins' x 1 = None; ins' x r = None; x < a] = baliL 1 ar=B1lar
inve (B 1 a r)] 3. Ax L ar x2.
— case ins' x (B 1 ar) of None = ins x (Bl ar) =B lar | Some xa= ins x (B 1 ar) =xa T [ins x 1 = 1; invc 1; invc r; ins' x 1 = None; ins' x r = Some x2; x < a] = baliL 1ar=Blar ||
o 3. Axlar, | e 4 Axlarx2 =
il | { [v]
|8~ [output | query [ sledgehammer | symbols | (2]~ [ output | query | | symbols |
|31‘1 (850M1023) (isabelle,isabelle,UTF-8-Isabelle) im0 UG 24/1265MB 12:40 PM‘ ‘34‘34 (1004/1023) lisabelle isabelle, UTF. bell nroUG 9/1269MB 12:41 PM|
ceanO|_ B ] [[T2]3]4]m 0: ~/lehre/FDS/SS: 7 - ex03tmpl.thy (modified) IEMENEEER @l (%2 [[72]3]4]@emmi 10: ~flehre/FDS/: Isabelle2017 - ex08tmpl.thy (modified) ] L Jo2:eice]
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RBT.thy ($/SABELLE_HOME/sre/HOL/Data_Structures/)

™ ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

BTfun baliL :: "'a rbt = 'a = 'a rbt = 'a rbt" where
t 17["baliL (R (R t1 al t2) a2 t3) a3 t4 = R (B tl al t2) a2 (B t3
§ 1g"balil (R t1 al (R t2 a2 t3)) a3 t4 = R (B tl al t2) a2 (B t3
% 19 "baliL t1 a t2 = B t1 a t2"
“'arbt = 'a= 'arbt= 'arbt" where
al (R (R t2 a2 t3) a3 t4) =R (B tl1 al t2) a2 (B t3
al (R t2 a2 (R t3 a3 t4)) =R (B tl1 al t2) a2 (B t3

a t2 =B tl a t2"

30 EQ = None)"
314

File Browser | 4 | B

33l  apply (induction x t rule: ins'.induct)
34  apply (auto option.split]]

35|

38| (*<*)

arjend

29) GT = (case ins' x r of None = None | Some r' = Some (R 1 a r'))

sz{lemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'

el ()
«

I

Proof state

[v] Auto update | Update |Search: [ ~| oo |«

3
a3 t4)" | =
a3 t4)" | L2

3

EH

i
a3 t4)" | H
a3 t4)" | B

=

Fl

g

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

[Setioaur [=135 [ontepis [uomeswnoa [ ¢ | @)

consts proof (prove)
baliR :: "('a, color) tree = 'a = ('a, color) tree = ('a, color) tree" goal (4 subgoals):
Found termination order: "{}" T 1. Ax Lar.
[ins x r = r; inve 1; inve r; ins' x 1 = None; ins' x r = Nohe; a < x] — baliRl ar =B lar
T 2. Ax Lar T
[[insxl:'L; inve 1; inve r; ins' x 1 = None; ins' x r = None; x<a]]:>baliL'Lar=B'Lar
T 3. Ax 1 ar x2.
[[ins x 1 =1; inve 1; inve r; ins' x 1 = None; inhs' x r = Some x2; x < a]] — baliL 1 ar=B1lar L
=] e 4 Axlarx2 <
<« D] 1l Dl
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

[215 (48511.835) null parsing complete, 0 error(s)

(isabelle,isabelle, UTF-g4sabelle) im0 UG 4/1269MB 12142 PM

[34,34 (L004/1023) null parsing complete, 0 error(s)

(isabelle isabelle, UTF- belle) 110 UG  2/1269MB 12:42 PM|

debian(D| _ || &) |T2 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...IﬁIsahellezul?—RBT.thy

deban®|_ | 4| [T 2] 3] 4] mmlemmich@lspnipkow10: ~fiehre/FDs/sS1..
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RBT.thy ($ISABELLE_HOME/src/HOL/Data_Structures/) - ® ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) i
L} 16| fun balilL :: "'a rbt = 'a = 'a rbt = 'a rbt" where =) 30) EQ = None)" ==
Tily|"baliL (R (R t1 al t2) a2 t3) a3 t4 = R (B t1 al t2) a2 (B t3 a3 t4)" | = a =
2/|1g"baliL (R t1 al (R t2 a2 t3)) a3 t4 = R (B tl1 al t2) a2 (B t3 a3 t4)" | 75 3zllemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'! E
% 19|"baliL t1 a t2 = B t1 a t2" f§ 33 apply (induction x t rule: ins'.induct) §
E]| 2 g 3 apply (auto split: option.split) 5
2| fun EaliR :: "'arbt = 'a = 'arbt = 'arbt" where i EE i
al (R (R t2 a2 t3) a3 t4) =R (B tl1 al t2) a2 (B t3 a3 t4)" | § 3g (*¥<*) 7§
al (R t2 a2 (R t3 a3 t4)) =R (B t1 al t2) a2 (B t3 a3 t4)" | § z7lend i
at2=Btlat2 | o] 3 (*>%) [l
By D ] i
B ES
] Proof state /] Auto update | Update | Search: | ] [roo% [~]|8 [¥] Proof state [ Auto update | Update | Search: | | poow [+]|8
consts BIE proof (prove) [~
baliR :: "('a, color) tree = 'a = ('a, color) tree = ('a, color) tree" goal (4 subgoals):
Found termination order: "{}" 1. Ax L ar.
T [ins x r = r; invc 1; inve r; ins' x 1 = None; ins' x r = None; a < x| = baliRlar=Blar
2. Ax Lar T
T [ins x 1 = 1; invc 1; invc r; ins' x 1 = None; ins' x r = None; x < a] = baliL 1ar=Blar
3. Ax 1 ar x2
T [ins x 1 = 1; invc 1; invc r; ins' x 1 = None; ins' x r = Some x2; x < a] = baliL 1ar=Blar ||
= e 4. Ax1larx2 =
< [v] { [v]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols |
'mlIESS) null parsing complete, 0 error(s) (isabelle isabelle,UTF-8-Isabelle) /im0 UG 3/1269MB 12:43 PM ‘35‘1 (1006/1023) (isabelle,isabelle, UTF- bell nroUG /1269MB 12:44 PM|
aewian(O|_ |7y 2 |T2 34| @ 0: ~/Jlehre/FDs/ss1...[ g 7 _RBT.thy aean0|_ [y |Tz|3|4|u i 10: ~flehre/FDS/5S1... [ £} Isabelle2017 - ex09tmpl.thy (modified)
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

(0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

8T Bl L} a "invc t = case ins' x t of None = ins x t =t | Seme t' = ins x t = t'" [~ =
; s2[lemma "invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t'" % ; 33 apply (induction x t rule: ins'.induct) %
23 apply (induction x t rule: ins'.induct) 8 2 34 apply (auto split: option.split) 2
|34 apply (auto split: option.split) § L] apply (smt RBT_Set.color.simps(2) baliR.elims EaliR.simpsM) color.distinct(1) invc.elims(2) tree.inject) §
% 35) E—’v % 36| E‘)'
35 Il F7*<*) 2
a7] (¥<*) | |& 3gnd H
aglend ; ag/*>*) | i
39| (¥>*) (o 40 [o]
arl 2 =3
al D] |2 1 L D] 8
e 3
[ Proof state [v] Auto update | Update |Search: [ v||100% | g [¥] Proof state [#] Auto update | Update |Search: [ v|[100% |w g
Sledgehammering. .. [=IL&] proof (prove) &
Proof found. .. goal (4 subgoals):
"cvcd": Try this: apply (smt RBT_Set.color.simps(2) baliR.elims baliR.simps(4) color.distinct(l) invc.elims( T 1. Ax Lar.
[ins x r = r; inve 1; inve r; ins' x 1 = None; ins' x r = Nohe; a < x] — baliRl ar =B lar
T 2. Ax Lar
[[insxl:'L; inve 1; inve r; ins' x 1 = None; ins' x r = None; x<a]]:>baliL'La r=Blar
T 3. Ax 1 a r x2.
[[insxl = 1; inve 1; inve r; ins' x 1 = Nonhe; ins' x r = Some x2; x<a]] — baliL 1 ar=B1lar
= e 4 Axlarx2 =i
< Il I D] 1l D
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|35‘15(10201103E) (isabelle isabelle,UTF-8-sabelle) im0 UG 1269MB 12:44 PM‘ ‘35‘49 (1054/1131) (isabelle,isabelle, UTF. bells nroUG 269MB 12:45 PM|

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex0stmpl.thy:

deban®|_ | W] [T 2] 3] 4] @mlammich@lzpnipkon1o:

~flehre/FDS/551... [ Isabelle2017 - ex09tmpl.thy
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0 ex09tmpl.thy (~/lehrefFDS/SS18/public/exercises/) vl 0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) -l
a ~B8 [3] [>]
=[E = el (1 x) =
—ozmf{lemma "inve t — case ins' x t of None = ins x t =t | Some t' = ins x t = t' =l —|t=s| then show ?case by auto o1
g X . PR g ] g
¢||= | apply [(induction x t rule: ins'.induct)f] g ¢ |oglnext £
E 34|  apply (auto split: option.split) El f 37| (2x1ar) £
)| i Tlosg then show ?case] g
8 . . N g
36| (¥<*) = 39 apply (auto split: option.split) =
szlend H 4 g
| (¥>*) & afnext z
=% Eheas 2
39 (o a2 C (3x1ar) fo]
q i 3 43 then show ?case sorry S
El a|ged = 3
¥ Proof state ] Auto update | Update | Search: 3 < 8
¥ (prove) Bt
proot (prove H— WlProot state 7l auto update | Update | search: | | [roos [+]"
goal (3 subgoals): £ ) =
. A : : roo rove &l
1. Ax. inve () = case ins' x () of None = ins x () = () | Seme xa = ins x () = xa P P
2. Axlar _ goal (4 subgoals):
' ! _ . s . _ . _ 1. [ins x r = r; inve 1; dnve r; ins' x 1 = None; ins' x r = None; a < x] = baliR L ar =B 1l a r
[[cmp x a = LT; invc 1] = case ins' x 1 of None = ins x 1 = 1 | Some xa = ins x 1 = xa; . . . . A X
_ X R : _ : _ 2, [ins x 1 = 1; dinve 1; dinvc r; ins' x 1 = None; ins' x r = None; x < a] — bhaliL Lar =B lar
[cmp x a = GT; invc r] — case ins' x r of None = ins x r = r | Some xa = ins x r = xa; . . . A P ;
inve (B 1 a r)] H 3. Ax2. [ins x 1 = 1; inve 1; dinve r; ins' x 1 = None; ins' x r = Some x2; x < a] = baliL L ar =B l a r
S, . . 4, Ax2, [ins x r = r; invc 1; dnvc r; ins' x 1 = Some x2; ins' x r = None; a < x] —> baliR Lar=B 1 a r
— case ins' x (Bl ar) of None = ins x (Bl ar) =Blar | Somexa= ins x (B1 ar) = xa A [ 1
3. Ax Lar. = =
T | L I

il
|8~ [output | query [ sledgehammer | symbols |

{1
(8]~ [output | query | | symbals

[33.42 (970/1023) (isabelle,isabelle,UTF--Isabelle) 1m0 UG

269MB 12:45 PM|

[38.18 (1049/1182) (isabelle isabelle, UTF-8-Isabelle) i o UG 0/1268MB 12:46 PM|

devian(O|_ |y 2'_”?2 34| @ 0: ~/lehre/FDS/SS1.. 7 - ex09tmpl.thy WY . EEEE mn@|_ |%,|£|4||Tz|3|4 10: ~flehre/FDS}! Isabelle2017 - ex09tmpl.thy I . R
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[ ex09tmpl.thy (~/lehre/FOS/SS18/public/exercises/) v 01 ex0gtmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
’E | then show ?case by auto Bl B Ts | show ?case [~ =
; slnext % ; 39 proof (cases "x<a") %
2|| =7 (2x1ar) 8 21| 40 case True 3
% s then show ?:asel § % 41 with 2 show ?thesis §
T 39 apply (auto split: option.splits) 5 i)l 42 apply (auto split: option.splitsu 5

49 apply (cases "(1,a,r)" rule: baliR.cases; simp) Ell 43 apply (cases "(1,a,r)" rule: baliL.cases; simp) 15]

il apply (cases "(1,a,r)" rule: baliL.cases; simp) 7% r %

1) apply (cases "(1,a,r)" rule: baliL.cases; simp) & 4| =g

a3 apply (cases "(1,a,r)" rule: baliR.cases; simp) Ny 48| oops =e]

44} done 3 47| apply (cases "(1,a,r)" rule: baliR.cases; simp) 3

ss{next :; 49| apply (cases "(1,a,r)" rule: balilL.cases; simp) 7;

4l |8 41 I
3 2

proof (prove)
using this:

] Proof state /] Auto update | Update | Search: | v [roon [+

[¥] Proof state [ Auto update | Update | Search: | | [oo% |+
proof (prove) =]
goal (1 subgoal):

« [emp x a = LT; inve 1] = case ins' x 1 of None = ins x 1 =1 | Some a = ins x 1 = a 1. [x < a; ins' x 1 = None; inve 1; invc r; ins x 1 = 1] = baliL 1 ar =B 1 a r
« [emp x a = GT; invc r| = case ins' x r of None = ins x r = r | Some a = ins x r = a r
- inve (B 1 ar)
goal (1 subgoal): Il ||
1 coen Gne! v (B 1 o ) af Mana o dne v (BT - w) = BT o v | Cama h v G;me v (BT o ) = h 1> A
< D] <1 D
[2 ]~ [ output | query [ sledgehammer [ symbols | [B ]+ [output [ query [ sledgehammer [ symbals |
|3E‘IE (1049/1409) (isabelle,isabelle,UTF-8-sabelle) im0 UG 'OMB 12:48 PM‘ ‘42‘39 (1143/1533) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 1270MB 12:51 PMl
cebin®|_ B 9| |77 23] 4] mitammich@iapnipkowso: ~/iehre/os/ss1 . [ isabelle2017 - exostmplthy EVEE B «o0|_ % Q] [T 2]3]4]@lenmichalspnipkow10: ~fiehre/Fs/s51... [ Isabelle2017 - exootmplthy LT i
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) v
E | then show ?case by auto [<]124 BT g next ==Y
t slnext = t 37l case (2 x 1 ar) =
z g T g
% 3| case (2 x 1 ar) 2 % 3 2
Glozg  then show ?case g 5log  have auxl: “[inve 1; finve r] = baliR L ar =B 1 a r" B
T | 39) appuy (auto split: option.splits) DSS i [ Lag] by (cases "(1,a,r)" rule: baliR.cases; simp) f;i

19 = a1 =

a| proof (cases "x<a") _§ 42|  have aux2: "[invc 1; inve r| = baliL T a r=B 1 a r" §

12} case True F§ 43| by (cases "(1,a,r)" rule: balilL.cases; simp) .75

a3 with 2 show ?thesis (o 4g [a]

a4 (auto split: option.splits) & 4s|  from 2 show ?case &

45} (cases "(1,a,r)" rule: balil.cases; simp) El ag] by (auto split: optien.splits simp: auxl aux2) = El

[ 8 | bl 8

@ 5

IProof state [#]Auto update | Update | Search: . [7IProof state [¢]Auto update | Update | search: ~| oo [+ =

proof (prove) = =]

goal (4 subgoals):

1. [ins x r = r; dinvc 1; dinvc r; ins' x 1 = None; ins' x r = None; a < x] — baliR 1 a r=B 1 a r

2. [ins x 1 = 1; dinvc 1; dinvc r; ins' x 1 = None; ins' x r = None; x < a] — baliL 1 ar =B 1 a r

3. Ax2. [ins x 1 = 1; dnvc 1; dinvc r; ins' x 1 = None; ins' x r = Some x2; x < a] = baliL Lar =B lar

4. Ax2. [ins x r = r; dnvec 1; dinvc r; ins' x 1 = Some x2; ins' x r = None; a < x] = baliR L ar =B Ll ar

< 1] H»\: q ML

(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols
[39.8 (1057/1577) (isabelle.isabelle.UTF-8-sabelle) /0 UG_97/126BMB_12:53 PM [39.24 (1056/1805) null parsing complete. 0 error(s) lisabelle isabelle, UTF- belle) o UG 8MB 12:55 PM|

debian(0| _ |Ty| = |T234|!|

0: ~/lehre/FDS/SSL....

7 - ex0Ot;

Lthy

4 Isabelle2017 - ex09tmpl.thy
Fle Edit Search Markers Folding View Utilities Magros Plugins Help

O&@3db & 9 XP0 @& rC
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G Isabelle2017 - ex09tmpl.thy
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DEd@E & 9¢ XHAE 8@ -

i 10: ~/lehre/FDS/:

Isabelle2017 - ex09tmpl.thy

& & @

0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

(0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

[v]

Iv]

8 Tanext B B L agnext [~ =
~lm case (2x 1 ar) % “Hla7| case 2 x 1 ar) %
§ 39 2 § 38 2
% x| have auxl: “[invc 1; invc r] = [HaliRlar =8B 1 a r" ] % 3 have auxl: “[invc 1] invc r] = baliR Lar =B 1 a r" 3
| 4 by (cases "(1,a,r)" rule: baliR.cases; simp) na:;' i | 40| by (cases "(1,a,r)" rule: baliR.cases; simp) g’,
4 = 4] 21

42| have aux2: "[invc 1; invc r] — baliL L a r =B 1 a r" H 42 have aux2: "[invc 1; invc r] — baliL L a r =B 1 a r" =&

a3 by (cases "(1,a,r)" rule: balilL.cases; simp) _§ 43 by (cases "(1,a,r)" rule: baliL.cases; simp) . §

44 @ 44 «

45|  from 2 show ?case 3 4 from 2 show ?case 3

1g] by (auto split: option.splits simp: auxl aux2) == 48| by (auto split: option.splits simp: auxl aux2) = El

g g

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

47

«

D

proof (prove)
goal (1 subgoal):

1. [inve 1; dinve r] = baliR 1 a r =B 1 a r

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

<

DN

[
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[39.34 (1086/1805) null parsing complete, 0 error(s)

(isabelle,isabelle, UTF-8-sabelle) 1 1 ¢

G 111/1222MB 1256 PM

[39.22 (1054/1805)

(isabelle isabelle, UTF- bell UG | 65/1222MB 12:56 PM|

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex0stmpl.thy:

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) v
=] 271  (case cmp x a of =18 =} 29| GT = (case ins' x r of None = None | Some r' = Some (R 1 a r')) | (=l
; 28} LT = (case ins' x 1 of None = None | Some 1' = Some (R 1' a r)) | % ; 30| EQ = None)" %
2| 2 GT = (case ins' x r of None = None | Some r' = Some (R 1 a r')) | 2 EAEN a
% e EQ = None)™" g % sZlemma [simp]l: "[inve r] — baliR Lar =B 1 a r" B
N g T 33 by (cases “(l,a,r)" rule: baliR.cases; simp) g

sllemma [simp]l: "[inve r] = baliR 1 ar =B 1 a r" i 34 i
33| by (cases "(1,a,r)" rule: baliR.cases; simp) § sslemma [simp]l: "[inve 1] = baliL Tar =B 1 a r" §
34 § 35 by (cases "(1,a,r)" rule: balilL.cases; simp) i
s|lemma [simp]l: "[inve 1] = baliL T ar =B 1 a r" (o 37| [a]
3| by (cases "(1,a,r)" rule: baliL.cases; simp) & EEIETIITIE "invc t = case ins' x t of None = ins x t =t | Some t' = ins x t = t'" S
7 El 39 (induction x t rule: ins'.induct) (auto split: option.split) [T=]
aaﬂemma "inve t = case ins' x t of None = ins x t =t | Some t' = ins x t = t' Eg 40 s
) (induction x t rule: ins'.induct) (auto split: option.split) 2] a1l (*<*) (18]
40 az{end
af (r<*) 1 a3l (%) ,
caglend 44 =l
[l < ]
IProof state [#]Auto update | Update | Search: [7IProof state [¢]Auto update | Update | search: | ~| oo [+]
proof (prove) theorem inve 7t = case ins' ?x ?t of None = ins ?x 7t = ?t | Some t' = ins 7x 7t = t' 1]
goal (1 subgoal):
q il D]

(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols
|35‘1 (1045/1206) (isabelle isabelle,UTF-8-Isabelle) /im0 UG 72MB 12:59 PM‘ ‘35‘2(104511205) (isabelle isabelle UTF-8-Isabelle)mr o UG 72MB 1:00 PM|
ween®[_ [ 2] [T 2[3]4]m 0: ~/lehre/FDS/SS1.. 7 - ex09tmpl.thy 1L LT oo R e I e S I | Y N 10: ~flehre/FDS/: Isabelle2017 - ex08tmpl.thy LU _LJs:00:27]
7 Isabelle2017 - ex09tmpl.thy _ &8 X G Isabelle2017 - ex09tmpl.thy _&X
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
DEd@E & 9 ¢ XDE @@ C DEd@E & 9¢ XHAE 8@ - & & @

[ ex09tmpl.thy (~/lehre/FOS/SS18/public/exercises/) v 01 ex0gtmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
8T GT = (case ins' x r of None = None | Some r' = Some (R1 a r')) | B 875 [~ =
; k' EQ = None)" % ; ssllemma [simpl: "[invc 1] — baliL Lar =B 1 a r" %
2| a1 8 2|lsg by (cases "(l,a,r)" rule: balilL.cases; simp) 2
% sllemma [simpl: “[invc r] — baliR lLar =8B 1a r" ] % 7] 3
i izl by (cases "(1,a,r)" rule: baliR.cases; simp) & i josglemma "invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t' A ins x t # t" 5

3 El s by (induction x t rule: ins'.induct) [auto split: option.split)]] El

ss/lemma [simpl: “[invc 1] — baliL Lar =B 1 a r" H 40) H

3 by (cases "(1,a,r)" rule: balilL.cases; simp) B a1 (*<*) B

Y (o 42/end e

zg/lemma "invc t —> case ins' x t of None = ins x t = t | Some t' dlins x t=t' & 43| (*¥>*) =% S

39] by (induction x t rule: ins'.induct) (auto split: option.split) ; 44 _;

9 g 1 2l

a1 (¥<*) Bkl 3]

slend [¥] Proof state [¥] Auto update \&Isearch: \#M

| (%) theorem invc 7t — case ins' ?x ?t of None = ins ?x 7t = 7t | Some t' = ins 7x 7t = t' A ins ?x 7t # 7t 2

4]

Dl |

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

proof (prove)
goal (1 subgoal):

«

[

Failed to finish proofa: L
goal (4 subgoals):
1. Ax L ar.
[[invc 1; inve r; ins' x 1 = None; ins' x r = Some (ihs x r); a < x;
ins x r # r|
= False =

< DN

baliR 1 a (ihs x r) =B 1 a r;

|
(o]~ output | query | sledgehammer [ symbols |

(2]~ [ output | query [ | symbols |

[38.64 (1108/1206) (isabell

belle, UTF-8-Isabelle) i ¢

uG 2MB 1:01 PM

39,66 (1202/1220) (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 148ME 1:02 PM|

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex0stmpl.thy:

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.
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RBT.thy ($ISABELLE_HOME/src/HOL/Data_Structures/) - 0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) i
BT dfun baliL "'a rbt = 'a = 'arbt = 'a rbt" where [<]124 34 ==Y
; 17]"balil (R (R t1 al t2) a2 t3) a3 t4 = R (B tl al t2) a2 (B t3 a3 t4)" | % 3s|lemma [simp]: "[[inv: 'L]] — baliL 1 ar=B 1 ar" %
2/|1g"baliL (R t1 al (R t2 a2 t3)) a3 t4 = R (B tl1 al t2) a2 (B t3 a3 t4)" | § 35 by (cases "(1,a,r)" rule: balilL.cases; simp) E
5llidbaliL t1 2 t2 = B t1 a 2" 3 ar 3
)| 2 =& sglemma “invc t — case ins' x t of None = ins x t =t | Some t' = ins x t = t' A inhs x t # t" g
21| fun EaliR :: "'a rbt = 'a = 'arbt = 'a rbt" where i 35| by (induction x t rule: ins'.induct) mauto split: optian.splitm i
al (R (R t2 a2 t3) a3 t4) =R (B tl1 al t2) a2 (B t3 a3 t4)" | § 40| §
al (R t2 a2 (R t3 a3 t4)) =R (B t1 al t2) a2 (B t3 a3 t4)" | é a1 (*¥<*) i
at2=Btl at2" (o] 4zl end [Ta]
i T.ﬁ (*>%) -
2¢| fun paint "color = 'a rbt = ‘'a rbt" where El 4 =
£ ——— Dl |8 q D1 )8
] Proof state ] Auta update | Update | Search: | ~|[oow [+ [¥] Proof state [¢] Auto update | Update | Search: | w|foo% [+
consts = theorem inve 7t = case ins' ?x ?t of None = ins ?x 7t = ?t | Some t' = ins ?x 7t = t' A ins ?x 7t # 7t |4
baliR :: "('a, color) tree = 'a = ('a, color) tree = ('a, color) tree" Failed to finish proofa: L
Found termination order: "{}" goal (4 subgoals): [
1. Ax Lar.
[inve 1; invc r; ins' x 1 = None; ins' x r = Some (ins x r); a < x; baliR 1 a (ins x r) =B 1 a r;
ins x r # r|
= — False =
q ol | qT D[]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols

21,5 (485/1835) null parsing complete, 0 error(s) (isabelle, isabelle, UTF-B-Isabelle) (i o UG 148ME 1:03 PM [39,66 (1202/1220) null parsing complete. 0 error(s) (isabelle.isabelle, UTF-B-sabelle) 1/ 0 UG 148MB 1:03 PM|
ceanO|_ B ] |[T2]3]4]al 0: ~/lehre/FDS/SS: 7 -RBT.thy IEMENEEE a0 B2 [[12]::a 10: ~flehrefFD5/551... [y Isabelle2017 - ex08tmpl.thy I . R
7 Isabelle2017 - ex09tmpl.thy _ &8 X G Isabelle2017 - ex09tmpl.thy _&X
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help

DEd@E & 9 ¢ XDE @@ C @ DEd@E & 9¢ XHE @ NOERD B & @

[ ex09tmpl.thy (~/lehre/FOS/SS18/public/exercises/) I 01 ex0gtmpl.thy (~/lehre/FDS/SS18/public/exercises/) 7
Py = BTs by (cases "(1,a,r)" rule: balil.cases; simp) [~ =
—os{lemma [simpl: “[invc 1] = baliL Lar=B1la r" = —| | 37] =1
3 . . @ - - - -
2|lsgl by (cases "(1,a,r)" rule: baliL.cases; simp) 8 2|osglemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'! 2
2 = . . - - - . .
a| |3 Fl s(l3g by (induction x t rule: ins'.induct) (auto split: option.split) 3

3 g

@ . . - . . = @ =
T ozflemma "invc t — case ins' x t of None = ins x t = t | Some t' ﬁlms xt=1"Aidns x t # t" 2 i || agf 4
: . : : : : : s - - - 5

3| by (induction x t rule: ins'.induct) (auto split: option.split) 12| a|lemma “inve t = dins x t = t — ins' x t = NoneE. =R
40) g 42| g

= [

a1 (*<*) 2 43 o
L =

az{end 2 44 (*<¥) ]

a3 (¥>*) =& 45/end =&

24 L ag] (F>%) -

Ad -3 =2

Cll [¥] 3 | [v] 3

proof (prove)
goal (1 subgoal):

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

1. inve t —> case ins' x t of None = ins x t =t | Some t' = ins x t = t' A dihs x t # t

47

D

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+
proof (prove) ]
goal (1 subgoal):

1. [inve t; ins x t =

t] = ins' x t = None

DN

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

belle,

47 (1236/1255) (isabelle,isabelle, UTF-8-sabelle) \/mr o UG 18/1126MB 1:05

[38.64 (1108/1220) (i

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex0stmpl.thy:

belle,UTF-8-Isabelle) i o UG 148MB 1:04 PM

[a1,

deban®|_ | 4| [T 2] 3] 4] mmlemmich@lspnipkow10: ~fiehre/FDs/sS1..

PM|

Isabelle2017 - ex09tmpl.thy
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf)

3 by (cases "(1,a,r)" rule: balilL.cases; simp)

lemma "inve t — case ins' x t of None = ins x t =

File Browser | 4 | B
Pt
8

aflemma "inve t = ins x t =t = ins' x t =
2| apply (induction x t rule: ins'.induct)
43| apply (auto split: uptianlsp'lit)

None"

ag| (¥ <*)

t | Some t' = ins x t = t'"
3] by (induction x t rule: ins'.induct) (auto split: option.split)

4]

vl |

35 by (cases "(1,a,r)" rule: balil.cases; simp)

aglemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t
3gl by (induction x t rule: ins'.induct) (auto split: option.split)

aillemma "inve t = ins x t E t = ins' x t = None"
42| apply (induction x t rule: ins'.induct)
a3 apply (auto split: option.split)

48| (*<*)

=t

4

D

] Proof state /] Auto update | Update | Search: | v [roon [+

[SsiivoUL | 3315 | sviopis | Ueneazewnsoa | 4 @]

[Sau0syL [ 23235 [piepis [usneruswnooa [ ¢ [@)

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

proof (prove)
goal (6 subgoals):
1. Ax 1L ar x2.

proof (prove)
goal (6 subgoals):
1. Ax T ar x2.

<

Proof state

Proof state [v] Auto update

update | search |

[ins x r = r — False; baliR 1 a (ins x r) =B 1 a r; invc 1; invc r; ins' x 1 = None; [ins x r = r = False; baliR 1 a (ins x r) =B 1 a r; invc 1; invc r; ins' x 1 = None;
ins' x r = Some x2; a < x| ins' x r = Some x2; a < x|
— False — False
?Z.Axlarxz. = ?2./\xlarx2. =
[l D] ] D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols
|ﬂ3‘25 (1306/1332) lisabelle isabelle, UTF-8-Isabelle) I o UG 1126MB 1:06 PM‘ ‘41‘25 (1214/1332) (isabelle,isabelle UTF-8-Isabelle) mr o 126MB 1:08 PM|
ceanO|_ B ] [[T2]3]4]m 0: ~/lehre/FDs/s51... [ 4 7 - ex09tmpl.thy weoan®|_ [T 9] [T 2] 2] 4] mammi 10: ~flehre/FDS/SSL...
b Isabelle2017 - RBT.thy -5 X & Isabelle2017 - ex09tmpl.thy (modified) - X
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
D&EdME @ 9¢ X0 @@ no@E * & @ ODEdE & a¢ K00 a@ -

RBT.thy ($ISABELLE_HOME/src/HOL/Data_Structures/) I B ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) 7
BTfun baliL :: "'a rbt = 'a = 'a rbt = 'a rbt" where 1= Ll [~ =
; 17["baliL (R (R t1 al t2) a2 t3) a3 t4 = R (B tl al t2) a2 (B t3 a3 t4)" | % ; sg{lemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t = t' %
2/1g"balil (R t1l al (R t2 a2 t3)) a3 t4 = R (B t1 al t2) a2 (B t3 a3 t4)" | | |8 2ll3g by (induction x t rule: ins'.induct) (auto split: option.split) 2
&llid"baliL t1 a t2 = B t1 a t2" -2 (5] 3
= N 2| alemma “size (baliR 1 x r) =sif - ;.

“'arbt = 'a= 'arbt= 'arbt" where Il a2- - 2
al (R (R t2 a2 t3) a3 t4) = R (B tl al t2) a2 (B t3 a3 t4)" | § s3lemma “invc t — ins' x t = Some t' — size t < size t'" %
al (R t2 a2 (R t3 a3 t4)) =R (B tl al t2) a2 (B t3 a3 t4)" | B 43l apply (induction x t rule: ins'.induct) B
at2 =B tl a t2" My 45/ apply (auto split: option.splits if_splits) [o]

M g
El el
g E

consts
baliR :: "('a,
Found termination order:

color) tree = 'a = ('a, color) tree = ('a,

gy

[v] Auto update | Update |Search: [ ~| oo |«

color) tree"

DN

Inner syntax error: unexpected end of inputo
Failed to parse prop

DN

[l
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

(isabelle isabelle, UTF-8-Isabelle) (im0 UG 104MB 1:09 PM

[41,31 (1220/1388)

(isabelle,:

belle,UTF-8-lsabelle) [ o UG 1084MB 1:10 PM|

|25 (48511 835) null parsing complete, 0 error(s)
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) v
L} sg/lemma [simp]: "size (baliL 1 x r) = size 1 + size r + 1" =18 ] sqlemma [simp]: "size (baliL 1 x r) = size 1 + size r + 1" ==
; 15|  apply (cases "(1,x,r)" rule: balilL.cases) by auto é ; 451 apply (cases "(1,x,r)" rule: baliL.cases) by auto é
BIE: 2 2|49 2
E g{lemma "inve t — ins' x t = Some t' —> size t < size t' § E 47lemma “inve t — ins' x t = Some t' — size t < size t'" §
T 48] apply (induction x t rule: ins'.induct) B T||4g apply (induction x t rule: ins'.induct) g
45| | apply (auto Eplit: option.splits if_splits) i 4] apply (auto split: option.splits if_splits) i
el § 56| é
HI% s
51§ =] !} 51 =] r;x(
sl (*<*) =y s3f (*<*) i pry
— - & —— o
Cll [¥] @ il [v] °
[ Proof state [] Auto update | Update | Search: | | [oow |« g [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+ g
proof (prove) :E theorem size (baliL ?1 ?x ?r) = size ?1 + size ?r + 1 :ﬁ
goal (8 subgoals): |
1. Ax 1 a r x2.
[x2 = baliR 1 a x2 = size r < size x2; ins' x 1 = None; invc 1; invec r; ins' x r = Some x2; a < x;
t' = baliR 1 a x2]
= size r < size x2
2. Ax 1 ar x2.
[x2 = baliL x2 a r = size 1 < size x2; invc 1; inve r; ins' x 1 = Some x2; ins' x r = None; x < a;
t' = baliL x2 a r] = =
< N Dl | q Dl |
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols
|ﬂ9‘15(152111571) lisabelle isabelle, UTF-8-Isabelle) im0 UG 59/1029MB 1:12 PM ‘46‘1 (14081571) (isabelle,isabelle UTF-B-Isabelle) im0 UG 72/1029MB 1:12 PM|
ween®[_ [ 2] [T 2[3]4]m 0: ~/lehre/FDS/SS1.. 7 - ex09tmpl.thy I EEEE eonC| [T D] ([xz]:]s 10: ~flehre/FDS/: Isabelle2017 - ex08tmpl.thy LL L Jos2:4]
4 Isabelle2017 - ex09tmpl.thy. _ &8 X 4 Isabelle2017 - ex09tmpl.thy _&X
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
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[ ex09tmpl.thy (~/lehre/FOS/SS18/public/exercises/) v 01 ex0gtmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
85 temma [simpl: “[invc r] — baliR Lar =B 1 a r" Bl Balemna [simpl: "size (baliR 1 x r) = size | + size r + 1" [~ =
; 33| by (cases "(1,a,r)" rule: baliR.cases; simp) % ; 42| apply (cases "(1,x,r)" rule: baliR.cases) by auto %
21|34 2 2|43 2
% ss|lemma [simpl: “[invc 1] — baliL Lar =8B 1ar" ] % alemma [simpl: "size (baliL 1 x r) = size 1 + size r + 1" 3
i s by (cases "(1,a,r)" rule: balilL.cases; simp) & ic|l4sf apply (cases "(1,x,r)" rule: baliL.cases) by auto 5
37) i 46| i
sg|lemma "invc t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'" § 47Eemma "inve t — ins' x t = Some t' — size t < size t'" %
3| by (induction x t rule: ins'.induct) (auto split: option.split) 7? ag) apply (induction x t arbitrary: t' rule: ins'.induct) §
49 (o ag) apply (auto split: option.splits if_splits) [o]
allemma [simpl: "size (baliR 1 x r) = size 1 + size r + 1" B3 so|  done 3
42. apply (cases "(1,x,r)" rule: baliR.cases) by auto = 51 (=]
o e sz (*<*) |8
sglemma [simp]: “size (baliL 1 x r) = size 1 + size r + 1" i d ﬂ
as|  apply (cases "(1,x,r)" rule: balilL.cases) by auto = T54(*>*) =
Cll Dl ] | Dl ]
[ Proof state [] Auto update | Update | Search: | | [oow |« [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
theorem inve ?t — case ins' ?x 7t of None = ins ?x ?t = ?t | Some t' = ins 7x 7t = t' = theorem [inve ?t; ins' ?x ?t = Some ?t'] —> size ?t < size ?t' =
D D

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[421 a24711591) (isabelle, isabelle, UTF-8-Isabelle) im0 UG 82/1011MB 1:13 PM

[47.1 (14101 501) (isabelle,isabelle, UTF-g4sabelle) 1m0 UG 51/1011ME L:14 PM|

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex0stmpl.thy:

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercisesf)

51§

solemma "inve t = ins' x t = Some t' — t # t'"

ssf apply (induction x t arbitrary: t' rule: ins'.induct)
s apply [(puto split: option.splits if_splits)f
ssl__done

4]

s3  apply (induction x t arbitrary: t' rule: ins'.induct)
sdf apply (auto split: option.splits if_splits)
ss| done

Elgp =l Ll apply (induction x t arbitrary: t' rule: ins'.induct) =l
t g7/lemma "inve t — ins' x t = Some t' — size t < size t' t 49| apply (auto split: option.splits if_splits)

g 48| apply (induction x t arbitrary: t' rule: ins'.induct) % sg| done

E 29| apply (auto split: option.splits if_splits) E 51

ic|lsq| done ir|oszflemma "inve t — ins' x t = Some t' — t # "'

»

[SsusaUL [s3%15 | sviepis | Ueneasewnsoa ] 4 @]

[sati0541 2335 [3piepis [usneruswnooa [ ¢ [@)

IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~|[200%
proof (prove) = proof (prove) (=]
goal (4 subgoals): goal (4 subgoals):

1. Ax 1 ar x2. = 1. Ax T ar x2. r
[At'. x2 =t = r # t'; ins' x 1 = None; invc 1; invc r; ins' x r = Some Xx2; a < X; [At'. x2 = t' = r # t'; ins' x 1 = None; invc 1; invc r; ins' x r = Some x2; a < X;
B1lar=hbaliR 1 a x2| I'l Blar=>haliR1lax2] [
— False — False
2. Ax 1 ar x2. 2, Ax 1 ar x2
[At'. x2 = t" = 1 # t'; inve 1; invc r; ins' x 1 = Some x2; ins' x r = None; x < a; [At'. x2 =t'" = 1 # t'; invc 1; invc r; ins' x 1 = Some x2; ins' x r = None; x < a;
B1lar=haliL x2 a r| = B 1lar =haliL x2 a r] =
» < »
(B~ | output | query | sledgehammer [ symbols | - \n|v||cutput|Query| | symbols | -
|54‘ﬂ5 (1721/1748) lisabelle,isabelle, UTF-8-lsabelle) /o UG . 41/995MB 1:15 PM‘ ‘52‘42 (1616/1748) (isabelle,isabelle UTF-8-Isabelle) /o UG 54/995MB 1:16 PM|
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

(0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

39) (induction x t rule: ins'.induct) (auto split: option.split)
40|

g|lemma [simp]l: “size (baliR 1 x r) = size 1 + size r + 1"

12l apply (cases "(1,x,r)" rule: baliR.cases) by auto

e

4]

[v]

sl using X1[of t x] X2[of t x1 by (auto split: option.split)

s7[ (*<*)
d

8T =l BTy apply (auto split: option.splits if_splits) =]
t s|Lemma [simpl: "[inve 1] = baliL Tar =B 1 a r" t so| | done

§ 3 by (cases "(1,a,r)" rule: baliL.cases; simp) § Bl

g 37) E 52|

Z 3sﬂemma "inve t — case ins' x t of None = ins x t =t | Some t' = ins x t = t'" % osilemma "inve t — case ins' x t of None = ins x t = t | Some t' = ins x t = t'|A t;ét'ﬂ

[T

CH|

Iv]

proof (prove)
goal (1 subgoal):
1. invc t = case ins' x t of None = ins x t =t | Some t' = ins x t = t*

] Proof state /] Auto update | Update | Search: | v [roon [+

[SsosuL [ow3s [pbiepis | wmeweunsea | « [@]

DN

proof (prove)
goal (1 subgoal):
1. inve t = case ins' x t of None = ins x t =t | Some t' = ins x t = t" A t # t*

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

[Ssti050s [=3e35 [ontepis [uomemwnoa [ ¢ | @)

DN

[l
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[38.1 (1045/1594) (isabelle isabelle, UTF-8-Isabelle) (im0 UG

995MB 1:16 PM

[53.84 (1667/1747) (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG

80/964M8 1:17 PM|

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex0stmpl.thy:

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.
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0 ex09tmpl.thy (~/lehre/FDS/SS18/public/exercises/) S |0 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/) b4
Bl lemma X2: "inve t —> ins' x t = Some t' —» size t < size t'" Bl BT ==Y
—il4g apply (induction x t arbitrary: t' rule: ins'.induct) o —o gtext <\Exercise{Joining 2-3-Trees} o
] b
249 apply (auto split: option.splits if_splits) 2 2/ g 2
3 3
a|lsg| = done § o 1u| Write a join function for 2-3-trees: The function shall take two = §
@ = o . 2
Z|| s it Z|l11] 2-3-trees <1> and <r> and an element <x>, and return a new 2-3-tree with &
s s
52 = 12 the inorder-traversal <1 x r» El
siflemma "inve t = case ins' x t of None = ins x t =t | Some t' = ins x t = t'|A t#t'" § 13 §
s using X1[of t x] X2[of t x] by (auto split: option.split) § 14  Write two functions, one for the height of <1> being greater, the i
59| (o] 15| other for the height of <r> being greater. [
56} f.% 16[ > %
57| (F<*) = 17] El
o S H
S 18| S
{sg (*>%) =18 19 2]
60| L aoftext <<height r> greater: | |
J ok e Wi aemn o4 e e an AR -
[¥] Proof state  [v] Auto UndatE\ Update \Search‘\ 'HIOO% \'\ [¥] Proof state [ Auto update | Update | Search: | ~|[oo% [+
theorem invc ?t = case ins' ?x ?t of None = ins ?x ?t = ?t | Some t' = ins ?x 7t = t' A ?t # t' = 2]
DN I

CHl
|8~ [output | query [ sledgenammer | symbols

{1
(2]~ [ output | query | | symbals

|55‘1 (1728/1747) null parsing complete, 0 error(s) lisabelle isabelle, UTF-8-Isabelle) 1m0 UG L26/949MB 1:19 PM‘ ‘10‘1 (12321538) (isabelle,isabelle UTF-8-/sabelle) /o UG 130/939MB 1:20 PM|
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0 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v 0 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
BT the inorder-traversal <1 x r» . Bl BT TWrite two functions, one for the height of <1: being greater, the [~ =
; 13) % ; 15 other for the height of <r> being greater. %
2|14 Write two functions, one for the height of <1> being greater, the 8 2| L1gl> 2
% 15| other for the height of «<r> being greater. 73 % 17 —§
| l1g]> Bl i ||1gtext <<height 1> greater> B

17] 73 19/ fun joinR :: tree23 = 'a = 'a tree23 = 'a up;" pEl

19) H 20\where &

19) 5 21| "joinR 1 x r = undefinedf 5

aftext <<height r> greater> (o 22 (o]

afun joinL :: "'a tree23 = 'a = ‘'a tree23 = 'a up;" 3 23lemma bal_joinR: "[ bal 1; bal r; height 1 > height r | — 3

22ﬂhere ; 24 bal (treej (joinR 1 x r)) A height(joinR 1 x r) = height 1" ;

22| "joinL 1 x r = undefined" 8 25 sorry 8

24) i 26 E

2s|Llemma bal_joinl "[ bal 1; bal r; height 1 < height r ]] — 27/lemma inorder_joinR: "[[ bal 1; bal r; height 1 > height r ]] — inorder (tree; (joinR 1 x r)) = inorder 1 @: | |

[l

I Dl ]

Proof state

[v] Auto update | Update |Search: [ ~| oo |«

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

consts
joinR :: "'a tree23 = 'a = 'a tree23 = 'a up;"
Found termination order: "{}"
« Dl | il Dl |
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

b

[22.1 (496n538)

debian(®|_ [|By| |T2 3| 4 | [@lammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - ex09_2tmpl.thy

UTF-B-Isabelle) i ¢

UG 54/939MB 1:23 PM

[21,27 (526/1540)

deban®|_ | | [T 2] 3] 4] @mlemmich@lzpnipkow10: ~flehre/Fss51.
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01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

0 ex09_2tmpl.thy (~/lehre/FDS/S51 &fpublic/exercises/)

14 Write two functions, one for the height of <1> being greater, the =
15| other for the height of <r> being greater.

File Browser | 4 | D
5

igftext <cheight 1> greater> i
1l fun joinR :: "'a tree23 = 'a = ‘'a tree23 = 'a up;"
2where L

a| "joinR 1 x r = (if height 1 = height r then Nadezl‘l x r else undefined)"

z[lemma bal_joinR: "[ bal 1; bal r; height 1 > height r | —
24 bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1"
= sorry

[SsiioouL [sis |sbiepis | uoeasewnsoa ] 4 @]

z[lemma inorder_jeinR: "[ bal 1; bal r; height 1 > height r | = inorder (tree; (joinR 1 x r)) = inorder 1 @ | |

Al L I D

16(>

1gtext <<height 1> greater>
19/ fun joinR :: "'a tree23 —
20where

211 "joinR 1 x r = (

23] if height 1 = height r then Up; 1 x r

‘a = 'a tree23 = 'a up;"

23 else]]
24|

25|

25| "

27

[Sau0syL [ 23535 [3piepis [ usneruswnooa [ ¢ [@)

zglemma bal_joinR: "[ bal 1; bal r; height 1 > height r | —
290 bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1"

4] [

] Proof state /] Auto update | Update | Search: | v [roon [+

Type unification failed: Clash of types "_ tree23" and "_ up;"

Type error in application: incompatible operand type

Proof state [l Auto update | Update | Search: | | [oo% |+
Inner syntax errora =]
Failed to parse prop

< [ '\: il [ '\L
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols
21,52 (551/1587) lisabelle isabelle, UTF-8-sabelle) I o UG S7/912MB 126 P  [23,8 (570/1552) (isabelle.isabelle,UTF-B4sabslle) 11 0 UG 6/912MB 1:27 PM|
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01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

16] >

1gtext <cheight 1> greater>
19 fun joinR :: "'a tree23 =
20lwhere

2 "joinR 1 x r = (

22 if height 1 = height r then Up; 1 x r m
) else cas]

‘a = 'a tree23 = 'a up;" _

a
]
E3
2
&
@

[SeosuL [ ow3s [pbrepis [uomewsunsea | « [@]

z[lemma bal_joinR: "[ bal 1; bal r; height 1 > height r | —

igtext <<height 1> greater>
fun joinR :: "'a tree23 =
20|where

21 "joinR 1 x r = (

29 if height 1 = heighfl r then Up; 1 x r

'‘a = 'a tree23 = 'a up;"

File Browser | 4 | B
o

[Sstoa s [=3e3s [ontepis [uomewswnooa [ « | B)

23 else case 1 of |
24| Node2 11 a 12 = undefined

25 | Node3 11 a 12 b 13 = undefined

26| "

27|

2glemma bal_joinR: "[ bal 1; bal r; height 1 > height r | =
200 bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1"

DN

20| bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" o 39 Sorry ||
Cll Dl ] | Dl ]
[ Proof state [] Auto update | Update | Search: | ~v|[Loo%n |- [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
Inner syntax errora <] consts =]
Failed to parse prop joinR :: "'a tree23 = 'a = 'a tree23 = ‘'a up;"
Found termination order: "{}"

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[23.13 (57411596) Input/output complete (isabelle isabelle, UTF-8-Isabelle) rm r o UG 5/912MB 1:28 P
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0 ex09_2tmpl.thy (~/lehre/FDS/S51 &fpublic/exercises/)

Found termination order: "{}"

Found termination order: "(Ap. size (fst p)) <*mlex*> {}"

e B 19/ fun joinR :: "'a tree23 = 'a = 'a tree23 = 'a up;" ==Y
; igftext <c<height 1> greater> % 20where %
2lo1glfun joinR :: "'a tree23 = 'a = ‘'a tree23 = ‘'a up;" 2 21 "joinR 1 x r = ( a
& 2|where 75 22 if height 1 = height r then Up; 1 x r §
Zal "jeirR 1 x r = ( B 2 else case 1 of [
22 if height 1 = height r then Up; 1 x r Ei 24) Node2 11 a 12 = (case joinR 12 x r of =i
=3 else case 1 of HE 5| Ti t = undefined] e
24} Node2 11 a 12 = undefinl H 24| | Up; 12' x' r' = undefined F
25 | Node3 11 a 12 b 13 = undefined (o 27| ) [a]
26} " 3 28] | Node3 11 a 12 b 13 = undefined S
27} El 29| " El
z[lemma bal_joinR: "[ bal 1; bal r; height 1 > height r | — E £l s
2 bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" e si[lemma bal_joinR: "[ bal 1; bal r; height 1 > height r | = 2]
x| sorry | 32l bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" ||
< V| C — Dl
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+
consts <] consts =]
joinR :: "'a tree23 = 'a = 'a tree23 = 'a up;" joinR :: "'a tree23 = 'a = ‘'a tree23 = 'a up;"

< DN {1 ]
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols |
|24‘30 (610/1667) lisabelle,isabelle, UTF-8-Isabelle) 1m0 UG 1/899MB 1:29 PM ‘25‘25 (650/1750) (isabelle,isabelle, UTF-8-sabelle) i o '887MB 1:31 PM|
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0 ex09_2tmpl thy (~/lehre/FDS/S518/public/exercises/)

01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

8 T fun joinR :: "'a tree23 = 'a = 'a tree23 = ‘a up;" Bl B 1 fun joinR :: "'a tree23 = 'a = 'a tree23 = 'a up;" [~ =
; 20lwhere % ; 20|where %
2ilal "jeinR 1 x r = ( 8 2zl "joinR 1 x r = ( 2
3|2 if height 1 = height r then Up; 1 x r il |82 if height 1 = height r then Ups 1 x r 3
z | else case 1 of BE HIP else case 1 of [
24 Node2 11 a 12 = (case joinR 12 x r of El 24 Node2 11 a 12 = (case joinR 12 x r of El
P T: t = [Endefined e 25| T, t = T; (Node2 11 a t) e
2] | Up; 12" x' r' = undefined B 26 | Upi 12" x' r' = undefinedl B
27} ) (o 27| ) [o]
28} | Node3 11 a 12 b 13 = undefined 3 PE | Node3 11 a 12 b 13 = undefined 3
29) " El 29 " E1
30 8 30 ]
allemma bal_joinR: "[ bal 1; bal r; height 1 > height r | — 18] a[lemma bal_joinR: "[ bal 1; bal r; height 1 > height r | — 1]
32l bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" | 32l bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" ||

[l

D <

[»]

consts
joinR :: a tree23 = 'a = 'a tree23 = 'a up;"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}"

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

consts
joinR :: a tree23 = 'a = 'a tree23 = 'a up;"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}"

47

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

D

DN

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

i

belle,

belle,UTF-8-Isabelle) i o UG 887MB 1:31 PM [26.35 (69411 759)

(isabelle,:

belle,UTF-8-sabelle) 1o UG 46/876MB 1:33 PM|

[25.17 (641/1750)
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01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

0 ex09_2tmpl.thy (~/lehre/FDS/S51 &fpublic/exercises/)

a8 if height 1 = height r then Up; 1 x r B 22 if height 1 = height r then Up; 1 x r ==Y
; 23 else case 1 of % 23 else case 1 of %
21| 24 Node2 11 a 12 = (case joinR 12 x r of § 24 Node2 11 a 12 = (case joinR 12 x r of E
% 25 Ti t = T; (Node2 11 a t) § 2] Ti t = T; (Node2 11 a t) §
) 2 | Up; 12* x' r* = T; (Node3 11 a 12' x' r') H & 26| | Upi 12' x' r' = T; (Node3 11 a 12' x' r') Hi
27} ) mEl 27, ) gEl
2] | Node3 11 a 12 b 13 = (casejoinR 13 x r of L& 28 | Node3 11 a 12 b 13 = (case joinR 13 x r of 1|8
29| T; t = undefined § 29 T,t=11al2b t i
20| | Up; 12' x' r* = undefined (o] 30 | Up; 12" x* r* él [a]
El ) 2 3 ) 5
32} )" El 33 " El
33) g 33 g
slemma bal_joinR: "[ bal 1; bal r; height 1 > height r | — e salemma bal_joinR: "[ bal 1; bal r; height 1 > height r | — 2]
x| bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" | sl  bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" ||
a (D [ D
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+
consts <] Inner syntax errora =
joinR :: "'a tree23 = 'a = 'a tree23 = 'a up;" Failed to parse prop
Found termination order: "()\p. size (fst p)) <*mlex*s> {}"
] D] il D]
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols
|ZE‘33 (752/1855) lisabelle isabelle, UTF-8-Isabelle) I o UG 365MB 1:34 PM‘ ‘30‘25 (821/1847) belle UTF-8-Isabelle) /o UG 25/855MB 1:35 PM|
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B ex09_2tmpl thy (~/lehre/FDS/S518/public/exercises/)

™ ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

Ll if height 1 = height r then Up; 1 x r
~ |z else case 1 of
£ 2 Node2 11 a 12 = (case joinR 12 x r of
&l s Ti t = T; (Node2 11 a t)
HiEs | Ups 12' x' r' = T; (Node3 11 a 12' x' r')
27| )
29 | Node3 11 a 12 b 13 = (case joinR 13 x r of
29) Tit=1lal2zb t
) | Ups 12" x' r' =]
al )
2 )"
33
slemma bal_joinR: "[ bal 1; bal r; height 1 > height r | —
| bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1"

[SeosuL [ ow3s [pmepis | uoneweunsea | « [@]

Cll

v |

23] if height 1 = height r then Up; 1 x r

[x]
~ |29 else case 1 of
2l 24 Node2 11 a 12 = (case joinR 12 x r of
&l Tt = T; (Node2 11 a t)
=P | Upi 12" x' r' = T; (Node3 11 a 12' x' r')
27| )
28 | Node3 11 a 12 b 13 = (case joinR 13 x r of
29| Tit=11al2b t
30 | Ups 12° x* r' = Ups O b [l
kil )
32 "
33

aa[lemma bal_joinR: "[ bal 1; bal r; height 1 > height r | —
35 bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1"

[Sstoa s [=1e3s [ontepis [uopeswnoa [ « | @)

4]

]

[¥] Proof state [¢] Auto update | Update

Inner syntax erroro
Failed to parse prop

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

DN

Type unification failed: Clash of types "_ = _" and "_ tree23"

Type error in application: operator not of function type

search: [ ~|foow [¥]

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
[B ]+ [output [ query [ sledgehammer [ symbals |

[30.26 (822/1848) Input/output complete

(isabelle,isabelle, UTF-8-Isabelle)iim ro UG

38/355MB 1:36 PM

[30.38 (834n1850)

(isabelle,isabelle, UTF-8-sabelle) im0 UG

4/855MB 1:36 PM
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01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 ex09_2tmpl.thy (~/lehre/FDS/S51 &fpublic/exercises/) |
a3 [<[12] 27] ) B[
; 2/a 12 b 13 = (case joinR 13 x r of % 28 | Node3 11 a 12 b 13 = (case joinR 13 x r of %
22| T; (Node3 11 a 12 b t) 2 29) T, t = T; (Node3 11 a 12 b t) a
% 20| x' r' = Up; (Node2 11 a 12) b (Node2 12' x' r') § 30) | Upi 12" x' r' = Up; (Node2 11 a 12) b (Node2 12' x' r') §
)| a g El ) it

=2 HE 32 " pEl

33| T § 33| r é

=|oinR: "[ bal 1; bal r; height 1 > height r | = inorder (tree; (joinR 1 x r)) = inorder 1 @x # inorder rEI 75 salemma inorder_joinR: "[ bal 1; bal r; height 1 > height r | = inorder (tree; (joinR 1 x r)) = inorder 1 @ 75

39| ? 35| sorry ?

3 f.% 36| %

37, El 37| El

38) g 3g| g

wmf: [ bal 1; bal r; height 1 > height r | — e sglemma bal_joinR: "[ bal 1; bal r; height 1 > height r | — 2]

aoinR 1 x r)) A height(joinR 1 x r) = height 1" | 20| bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" ||

C| [ 1 D] 7] < 1 D] ]
IProof state [#]Auto update | Update | Search: ] [roow[+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]
proof (prove) = proof (prove) 1]
goal (1 subgoal): goal (1 subgoal):
1. [bal 1; bal r; height r < height 1] = inorder (tree; (joinR 1 x r)) = inorder 1 @ x # inorder r 1. [bal 1; bal r; height r < height 1] = inorder (tree; (joinR 1 x r)) = inorder 1 @ x # inorder r
| Dl | q |
|8~ [output | query [ sledgehammer | symbols | (8]~ [output | query | | symbals |
|34‘121 (1009/1903) lisabelle isabelle, UTF-8-Isabelle) 1m0 UG 76/834MB 1:38 PM‘ ‘35‘1 (1018/1803) (isabelle,isabelle,UTF-8-Isabelle) im0 UG 9/834MB 1:38 PMl
devian(O|_ |y 2'_”?2 34| @ 0: ~flehre/FDs/ssl...[ & 7 - ex09_2tmpl.thy dean(|_ |%|E|_||T2|3|4|u i 10: ~flehre/FDS/SSL... | £} Isabelle2017 - ex09_2tmpL.thy.
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Fle Edit Search Markers Folding View Utilities Magros Plugins Help Ele Edit Search Markers Folding View Utilities Macros Plugins Help
DEd@E & 9 ¢ XDE @@ C @ DEd@E & 9¢ XHAE 8@ -

1 ex09_2tmpl thy (~/lehre/FDS/S518/public/exercises/) | 01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/) |
8T B BT " I
; sldeclare joinR.simps[simp dell] % ; 33 %
21| = 8 ¢ 3gdeclare joinR.simps[simp dell] 3
% 35. § % 39| §
T og7flemma inorder_joinR: "[ bal 1; bal r; height 1 > height r | = inorder (tree; (joinR 1 x r)) = inorder 1 @ na:;' i | 3¢ 7%

38| apply (induction 1 x r rule: joinR.induct) = s7lemma inorder_joinR: "[ bal 1; bal r; height 1 > height r | = inorder (tree; (joinR 1 x r)) = inorder 1 @ |_|Z
39| apply (auto split!: tree23.split) - 3g) apply (induction 1 x r rule: joinR.induct) e
40) B 3l apply (auto splitl!: tree23.split) B
2 = 4| apply (subst joinR.simps]] ]
42) % 414 %
sg[Lemma bal_joinR: "[ bal 1; bal r; height 1 > height r | — El 4 El
2| bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1" BE 4 s
Al careu - & clamma a1l dadimD. T a1l 1. kAl k. kadiakt 1 haisht v 1 =] &
a] 1 I D= 4] Il I Dl =
[ Proof state [] Auto update | Update | Search: | ~||too% | [¥] Proof state [¢] Auto update | Update | Search: | ~|[1o0% |+
= else case 1 of =l
(11, a, 12) =
case joinR 12 x r of T; t = T; (11, a, t)
| Ups 12" x' r' = T; (11, a, 12', x', r"} L
| {11, a, 12, b, 13) = =
= case joinR 13 x r of Ty t = T; (11, a, 12, b, 1) =
< D < >

I |v‘| output | Query [ sledgehammer [ symbols | . \I:I|v|| output | query [ sledgehammer [ symbols | .

|3E‘1 (920/2008) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 8/797MB 1:42 PM‘ ‘40‘27 (1149/2036) (isabelle isabelle,UTF-8-sabelle) im0 UG 789MB 1:43 PMl
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01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

™ ex09_2tmpl.thy (~/lehre/FDS/551&/public/exercises/)

s apply (induction 1 x r rule: joinR.induct)
3| apply (auto split!: tree23.split)

2| apply (subst joinR.simps)

| apply (auto split!: tree23.split up).split)l

File Browser | 4 | B

z7[Lemma inorder_joinR: "[ bal 1; bal r; height 1 > height r | —> inorder (tree; (joinR 1 x r)) = inorder 1 @ |*|

T . .. . . —— ‘

36|

38 apply (induction 1 x r rule: joinR.induct)

3g] apply (subst joinR.simps)

40 | apply (fastforcelsplit!: tree23.split up;.split)
a4 | apply fastforce

a2 apply fastforce

a3 | apply fastforce

37/lemma inorder_joinR: "[[ bal 1; bal r; height 1 > height r ]] — inhorder (tree; (joinR 1 x r)) = inorder 1 @

I [»]

[¥] Proof state [ Auto update | Update | Search: | | oo |«

[Ax21a x22a x23a.
[Suc (max (height x21a) (height x23a)) # height r; x21 = x2la A x22 = x22a A x23 = x23a;
bal x23a; height r < height x23a]
— inorder (tree; (joinR x23a x r)) = inorder x23a @ x # inorder r;

Ax31 x33 x35.
|]Suc (max (height x31) (max (height x33) (height x35))) # height r; False; bal x35;
height r < height x35]
— inhorder (tree; (joinR x35 x r)) = inorder x35 @ x # inorder r;

bal r; height r < Suc (height x23); Suc (height x23) # height r; bal x21; bal x23;

height x21 = height x23; joinR x23 x r = T; x1]
o e s

[SiivouL [s3%15 | svropis | Ueneazownsoa ] 4 @]

proof (prove)
goal:
No subgoals!

[] Proof state [] Auto update | Update | Search: [ ~|[1o0% |

[Sau0syL [23235 [3obiepis [usneruswnooa [ ¢ [@)

a -l hd| Al
< [v] {1 [v]
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols
|ﬂl‘ﬂ7 (1197/2083) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 56/771MB 1:45 PM| ‘40‘19 (1133/2129) (isabelle,isabelle, UTF-B-Isabelle) /1 0 UG 52/756MB 1:47 PM|
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B ex09_2tmpl thy (~/lehre/FDS/S518/public/exercises/)

01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

s apply (induction 1 x r rule: joinR.induct)

39| apply (subst joinR.simps)

w0 apply (fastforce split!: tree23.split up;.split)
41. apply fastforce

42| apply fastforce

43| apply fastforce

42| apply fastforce

45| done

a
]
E3
2
&
@

4]

[}

BT | Nede3 11 a 12 b 13 = (case joinR 13 x r of =]
|29 Tit= Ti (Node3 11 a 12 b t)
§ 30| | Upi 12" x' r' = Up; (Node2 11 a 12) b (Node2 12" x' r')
% 31. ) E
i | |37 "

33

ag/declare joinR.simps[simp del]

35|

[«]

<

[SeosuL [ o35 | oprtepis [uomewsunsea | « [@]

[Sst0aus [=1e3s [ontepis [uomeswnoa [ € | B)

[ Proof state 7] Auto update | Update | Search: | ~|[roo% |+ [7IProof state [¢]Auto update | Update | search: ~| oo [+]
proof (prove) = proof (prove) =
goal: goal:

No subgoals! No subgoals!
D D

<
(o]~ output | query | sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

(isabelle,isabelle, UTF-8-sabelle) im0 UG

[a11 a167/2129) (isabelle, isabelle, UTF-8-Isabelle) im0 UG

55/756MB_1:47 PM

[31.1 (875/2057)
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01 ex09_2tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

=

hwostmpl.thy (~flehre/FDS/Ss18/public/exercises/)

apply (induction 1 x r rule: joinR.induct)
apply (subst joinR.simps)

apply (fastforce split!: tree23.split up;.split)
done

File Browser | 4 | B
=
8

sllemma bal_joinR: "[ bal 1; bal r; height 1 > height r | —
bal (tree; (joinR 1 x r)) A height(joinR 1 x r) = height 1"
sorry

altext <<height r»> greater:
fun joinL "'a tree23 =
where

"jpinl 1 x r = undefined"

‘a =

‘a tree23 = 'a up;"

[SsivouL [s3%15 | soviepis | ueneazewnsoa ] 4 @]

Cll

s| (*>*)

)

7ltext <\NumHomework{Balanced Tree to RBT}{15.~6.~2018}

E

of A tree is balanced, if its minimum height and its height differ by at most 1.
fun min_height "('a,'b) tree = nat" where

"min_height Leaf = 0" |
"min_height (Node _ 1 _

r) = min (min_height 1) (min_height r) + 1"

definition "balanced t = height t - min_height t < 1"

1gftext <The following function paints a balanced tree to form a valid red-black tr
with the same structure. The task of this homework is to prove this!

BDKl

[Sau0syL [ 23535 [piepis [usneruswnooa [ ¢ [@)

ee

Cll

Iv]

theorem
inorder_joinR:
[bal ?1; bal ?r; height ?r < height ?1]

— inorder (tree; (joinR ?1 ?x ?r)) = inorder ?1 @ ?x # inorder ?r

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

|

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

Dl |

CHl
|8~ [output | query [ sledgehammer | symbols |

il
(8]~ [output | query |

| symbols

la2.1 @174/2057)

lisabelle isabelle, UTF-8-Isabelle) 1m0 UG

756MB 1:47 PM

/3360)

(isabelle,isabelle,UTF-8-Isabelle) im0 UG

3/749MB 1:48 PM|
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0 hwogtmpl.thy (~/lehre/FDS/SS18/public/exercises/) I 0 hwogtmpl.thy (~flehre/FOS/SS18/public/exercises/) 7
87 = B 5 fun mk_rbt "('a,unit) tree = 'a rbt" where [~ =
; 22{fun mk_rbt "('a,unit) tree = 'a rbt" where % ; 23| | "mk_rbt Leaf = Leaf" %
21| 23 "mk_rbt Leaf = Leaf" 8 2| 24| "mk_rbt (Node _ 1 a r) = (let 2
5| 2] "mk_rbt (Node _ 1ar) = (let 2 1A | vemcrbt U HE
T|| o 1'=mk_rbt 1; 5 || 2 r'=mk_rbt r P

2 rt=mk_rbt r 5 z | in =
27 in H e if min_height 1 > min_height r then H
28] if min_height 1 > min_height r then B 29| B (paint Red 1') a r' B
29| B (paint Red 1') a r' (o Ee else if min_height 1 < min_height r then [a]
30| else if min_height 1 < min_height r then & Bl B 1' a [lpaint Red r') S
a1 B 1' a (paint Red r') = ) else e
32. else 8 3 B1l'ar' g
EE B1'ar: 2] . )" 3]
E E=
35 i EG ||
-~ hd| i EPRVF 3 hd|
< [v] | ]
IProof state [#]Auto update | Update | Search: ] [roow[+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]
consts = consts =
mk_rbt "('a, unit) tree = ('a, color) tree" mk_rbt "('a, unit) tree = ('a, color) tree"
Found termination order: "size <*mlex*> {}" = Found termination order: "size <*mlex*> {}" =i
< D 1l D

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

|32‘1 (248/3360) (isabelle,isabelle, UTF-8-Isabelle)/imro UG 62/743MB  1:49 PM‘ ‘31‘14 ( 60) (isabelle isabelle, UTF-8-sabelle) im0 UG 40/743MB 1:50 PMl

debian(®|_ [|By| |T2 3| 4 | [@jlammich@lapnipkow10: ~/lehre/FDs/551... [ Isabelle2017 - hwootmpl.thy

deban®|_ | 4| [T 2] 3] 4] mmlemmich@lspnipkow10: ~fiehre/FDs/sS1..

Isabelle2017 - hwoatmpl.thy




4 Isabelle2017 - hw09tmpl.thy === 4 1sabelle2017 - hwoStmpl.thy &%
File Edit Search Markers Folding View Utilities Magros Plugins Help File Edit Search Markers Faolding Wiew Utilities Macros Plugins Help
DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE @

) hwostmpl.thy (~/lehre/FDS/SS18/public/exercises/) - T hwostmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
8T "mk_rbt Leaf = Leaf" Bl BT sorry ==Y
; 2| "mk_rbt (Node _ 1 a r) = (let = ; s =
gl = r=mk_rbt 1; g ¢lo sgtext « g
% 26| r'=mk_rbt r j% % sf  \subsection*{The Easy Parts} §
T| 271 in e i|| sg 2

28 if min_height 1 > min_height r then i ssf  Show that <mk_rbt: does not change the inorder-traversal i
29| B (paint fed 1*) a r* H s3> &
20 else if min_height 1 < min_height r then § ss{Lemma mk_rbt_inorder: "inorder (mk_rbt t) = inorder t* ,i
31 B 1' a (paint Red r') (o] so| sorry [a]
E2 else 3 60 S
33| B1l1'ar' El siltext <Show that the color of the root node is always black:> El
E E s2[Lemma mk_rbt_color: "color (mk_rbt t) = Black" ]
5| &l & | sorry El
36| 64)
s7|text < || ss|text < ||
el AN SIENPLTY (W e | hd el AP Y Ak FMadl i PmvinT ave P n 1 Adl
Cll [¥] | [v]
[ Proof state [v] Auto update | Update |Search: [ | [Loo% | [¥] Proof state [#] Auto update | Update |Search: [ v|[oo% |+
consts =1 proof (prove) 2]
mk_rbt :: "('a, unit) tree = ('a, color) tree" goal (1 subgoal):
Found termination order: "size <*mlex*> {}" = 1. inorder (mk_rbt t) = inorder t =i
D] D]

il
(B~ | output | query | sledgehammer [ symbols |

{1
(2]~ [ output | query |

| symbols |
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0 hwogtmpl.thy (~/lehre/FDS/SS18/public/exercises/) v 0 hwogtmpl.thy (~flehre/FOS/SS18/public/exercises/) v
8T Bl BT sorry [~ =
; 2{fun mk_rbt :: "('a,unit) tree = ‘'a rbt" where % ; &3} %
2l 23| "mk_rbt Leaf = Leaf" 2 2l satext « 2
% 2] "mk_rbt (Node _ 1 a r) = (let z§ % es| | \subsection*{The Hard Part (3 Bonus Points)} §
T|| o 1'=mk_rbt 1; & || o it

26| r'=mk_rbt r i 871 | For {\bf three bonus points}, show that the returned tree satisfies the color invariant. i
271 in § E: %
2sl if min_height 1 > min_height r then ; gl Warning: This requires careful case splitting, via a clever combination of §
29| B (paint Red 1') a r' (o gnl automation and manual proof (Isar, aux-lemmas), in order to deal with the [a]
30| else if min_height 1 < min_height r then & al multiple cases without a combinatorial explosion of the proofs. 3
al B 1' a (paint Red r') El o> =I5
32 else 8 e &
33 B1l'ar' 18] osfLemma mk_rbt_invc: "balanced t — inve (mk_rbt t)" 1]
El § os|  sorry
35 o8| L
— [ IO T4 I
IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~| oo [+]
consts = =
mk_rbt :: "('a, unit) tree = ('a, color) tree"
Found termination order: "size <*mlex*> {}" = =i
D] D]

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |
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Ey

89|

a1
92|
o3
94
5|
6|

Esl

For {\bf three bonus points}, show that the returnhed tree satisfies the color

Warning: This requires careful case splitting, via a clever combination of
automation and manual proof (Isar, aux-lemmas), in order to deal with the
multiple cases without a combinatorial explosion of the proofs.

lemma mk_rbt_invc: "balanced t = invc (mk_rbt t)"
sorry

invariant.

[SsioouL [s3%15 |sobiopis | uoneazownsoa | 4 @]

[v]

120| | sorry

ng/lemma mk_rbt'_refine_aux: "mk_rbt' t = (mk_rbt t, min_height t)"

1zsllemma mk_rbt'_refine: "fst (mk_rbt' t) = mk_rbt t"

BT sorry B 8T B
; 83| ; 114

2]o gqltext < 2lens|/fun mk_rbt' :: "('a,unit) tree = 'a rbt x nat" -- <Returns the RBT and the min-height of the argument>

g gs| \subsection*{The Hard Part (3 Bonus Points)} £ 116where 7

| o |7 "mk_rbt' _ = undefined"

w_wn
[

[+]

[Sau0syL [ 23535 [3piepis [ usneruswnooa [ ¢ [@)

[«TT

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

DN

proof (prove)
goal (1 subgoal):
1. fst (mk_rbt' t)

= mk_rbt t

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols |
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