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text {* \ExerciseSheet{8}{1.~6.-~2018} *}

e11|text <\Exercise{Joining 2-3-Trees}

rcise 8.1 Joining 2-3 Trees 13|

13l Implement and prove correct a function to combine two

14 2-3-trees of equal height, such that the inorder traversal of the

o e = o trecd 15 resulting tree is the concatenation of the inorder traversal of the arguments,
i inonier 1ef and the height of the result is either the height of the arguments, or
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8 h[text <\Exercise{Joining 2-3-Trees} B[ 8o (=l
; 12) % ;‘-‘21 fun join :: "'a tree23 = 'a tree23 = 'a up;" %
2|13 Implement and prove correct a function to combine two 8 2| 22l where 2
% 14 2-3-trees of equal height, such that the inorder traversal of the 7§ % 23 "join Leaf Leaf = T; Leaf" §
T 15| resulting tree is the concatenation of the inorder traversal of the arguments, 5 i || 24 i
1 and the height of the result is either the height of the arguments, or El 25 2
171  has increased by one. Use @{typ "'a up;"} to return the result, similar to | § 26/Llemma join_inorder: *é
18] (@{const [source] Tree23_Set.ins}: ; 271 fixes t1 2 :: a tree23" i
19)> (o 28) assumes "height tl = height t2" [a]
20f =3 20 assumes "bal tl" "bal t2" =||%
cz|fun join :: "'a tree23 = 'a tree23 = 'a up;" = 30) shows "inorder (tree; (join tl t2)) = (inorder tl @ inorder t2)" E1
22lwhere § 31| oops §
22 "join Leaf Leaf = T; Leaf" 2] 32. e
24 o3zlemma join_bal:
2| agl fixes t1 t2 :: "'a tree23"
zs|lemma join_inorder: 35|  assumes “"height tl = height t2"
7| fixes t1 t2 :: "'a tree23" 35 assumes “"bal t1l" "bal t2"
zal assumes "height t1 = height t2" 371 shows "bal (tree; (join t1 t2)) A height (join t1 t2) = height t2"
20| assumes "bal t1" "bal t2" 38 00ps
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a| oops cao[text <Hints: <l
< < I
[2]=] output | query | sledgehammer [ symbols | (2] =] output [ query | | symbols
|29‘1 (699/1844) (isabelle isabelle,UTF-8-sabelle) uG ‘32‘1 (836/1844) (isabelle isabelle, UTF-8-Isabelle)

debian(®|_ [|By| |T 2 | 3| 4| [@jlammich@lapnipkow10: ~/lehre/FDS/5S1...| & ex08.paf [4515abelle2017 - exostmpl.thy debianD[_ || IT 2[3] 4| @

10: ~flehre/FDS/SS1... | 2 ex08.pdf |@ Isabelle2017 - exo8tmpl.thy




4 Isabelle2017 - ex08tmpl.thy

File Edit Search Markers Folding View Utilities Magros Plugins Help

& X

4 Isabelle2017 - ex08tmplthy

Elle Edit Search Markers Folding View Utiities Magros Plugins Help

DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE @

01 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) v
a8y =1 BT B
; a|fun join "'a tree23 = 'a tree23 = 'a up;" % ; 21/fun join :: "'a tree23 = 'a tree23 = ‘'a up;" %
2|| zlwhere 2 ¢l 22where g
S "join Leaf Leaf = [ Leat" 8 |5 "join Leaf Leaf = T; Leaf" :
)| 24 g )| 24 it

25| i 25 i

zs[Lemma join_inorder: - § 2¢{lemma join_inorder: - §
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28| assumes "height t1 = height t2" (o] 2¢f assumes "height t1 = height t2" [a]

2| assumes "bal t1" "bal t2" =& 260 assumes "bal t1" "bal t2" =g

30| shows "inorder (tree; (join t1 t2)) = (inorder tl1 @ inorder t2)" El s shows "inorder (tree; (join tl t2)) = (inorder t1 @ inorder t2)" El

1| oops E 3| oops s

H L&
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z3(lemma join_bal: a3 lemma join_bal:

s fixes t1 t2 :: "'a tree23" sa| fixes t1 t2 :: "'a tree23"

| assumes "height tl = height t2" 3s{  assumes "height t1 = height t2"

s assumes "bal tl" "bal t2" 3l assumes "bal t1" "bal t2"

37| shows "bal (tree; (join t1 t2)) A height (join tl1 t2) = height t2" 371 shows "bal (tree; (join tl t2)) A height (join tl t2) = heﬂght t2"

s oops 3g oops
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28 = 2g E1

x|datatype 'a Bpl =T; "'a tree23" | Up; "'a tree23" 'a "'a tree23" § z|datatype 'a up; = T; "'a tree23" | Up; "'a tree23" 'a "'a tree23" §

30| i 30} i

a1|fun tree; :: "'a up; = 'a tree23" where a|fun tree; :: "'a up; = 'a tree23" where

2{"tree; (Ti t) = t" | 2| "tree; (T; t) = t" |

33"tree; (Upi 1 a r) = Node2 1 a r" a3|"tree; (Up; 1 a r) = Node2 1 a rEI

34 34

s|fun ins :: "'a::linorder = 'a tree23 = 'a upi" where =(fun ins :: " linorder = 'a tree23 = 'a up;" where

ag|"ins x Leaf = Up; Leaf x Leaf" | w|"ins x Leaf = Up; Leaf x Leaf" |

37/"ins x (Node2 1 a r) = 37|"ins x (Node2 1 a r) =
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108(by (simp add: delete_def inorder_del)

zo|subsection <Balancedness>
202
203
zoasubsubsection "Proofs for insert"
205
wstext{* First a standard proof that @{const ins} preserves @{const bal}. *}
207
cslinstantiation up;
oo begin

210|
1(fun height_up; a up; = nat" where
12{"height (T; t) = height t" |

13"height (Upi 1 a r) = height 1

214|
z1slinstance
216|
217(end
218|
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23 "join Leaf Leaf = T; Leaf"

26 Llemma join_inorder:

27l fixes t1 t2 "'a tree23"

28) assumes "height tl = height t2"

26 assumes "bal t1" "bal t2"

35 shows "inorder (tree; (join tl1 t2)) = (inorder t1 @ inorder t2)"
a oops

a3 lemma join_bal:

a0  fixes t1 t2 "'a tree23"

a5 assumes "height t1 = height t2"

s¢| assumes "bal t1" "bal t2

371 shows "bal (tree; (join tl t2)) A height (join tl1 t2) = height t2"
38  oops

swftext <Hints:
41| = Try to use automatic case splitting (<auto split:
42) (There will be dozens of cases).

...>) instead of explicit case splitting via Isar

430 = To find bugs in your join function, or isolate the case where your automatic| proof does not (yet) work,
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uftext ¢«\Exercise{Joining 2-3-Trees}

13 Implement and prove correct a function to combine two

14 2-3-trees of equal height, such that the inorder traversal of the

15| resulting tree is the concatenation of the inorder traversal of the arguments,
16l  and the height of the result is either the height of the arguments, or

17 has increased by one. Use @{typ "'a up;"} to return the result, similar to

18] (@{const [source] Tree23_Set.ins}:
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z/fun join a tree23 = 'a tree23 =
22|where

22| "join Leaf Leaf = T; Leaf"

2 | I

z[lemma join_inorder:

6  fixes t1 t2 "'a tree23"

27| assumes "height t1 = height t2"

28| assumes "bal t1" "bal t2"

2| shows "inorder (tree; (join tl1 t2)) = (inorder tl1 @ inorder t2)"

| oops

‘a up;"
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n|text <\Exercise{Joining 2-3-Trees}

Implement and prove correct a function to combine two

14 2-3-trees of equal height, such that the inorder traversal of the

15 resulting tree is the concatenation of the inorder traversal of the arguments,
1ef and the height of the result is either the height of the arguments, or

17| has increased by one. Use @{typ "'a upi"} to return the result, similar to

180 @{const [source] Tree23_Set.ins}:

File Browser | 4 | B
@

21| fun join a tree23 = 'a tree23 =
2z\where
"join Leaf Leaf = T; Leaf"

oin (Node2 t1 a t2) (Node2 t3 b t4) = (

a up;
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text <\Exercise{Joining 2-3-Trees}

Implement and prove correct a function to combine two

2-3-trees of equal height, such that the inorder traversal of the

resulting tree is the concatenation of the inorder traversal of the arguments,
and the height of the result is either the height of the arguments, or

has increased by one. Use @{typ "'a up;"} to return the result, similar to
@{const [source] Tree23_Set.ins}:

fun join "
where
"join Leaf Leaf = T; Leaf"

| "join (Node2 t1 a t2) (Node2 t3 b t4) = (

a tree23 = 'a tree23 = 'a up;"

)"
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text <\Exercise{Joining 2-3-Trees}

Implement and prove correct a function to combine two

2-3-trees of equal height, such that the inorder traversal of the

resulting tree is the concatenation of the inorder traversal of the arguments,
and the height of the result is either the height of the arguments, or

has increased by one. Use @{typ "'a up;"} to return the result, similar to
@{const [source] Tree23_Set.ins}:

fun join :: ™'
where

"join Leaf Leaf = T; Leaf"
| "join (Node2 t1 a t2) (Node2 t3 b t4) = (

joifl

a tree23 = 'a tree23 = 'a up;"

)
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text <\Exercise{Joining 2-3-Trees}

Implement and prove correct a function to combine two

2-3-trees of equal height, such that the inorder traversal of the

resulting tree is the concatenation of the inorder traversal of the arguments,
and the height of the result is either the height of the arguments, or

has increased by one. Use @{typ "'a up;"} to return the result, similar to
@{const [source]l Tree23_Set.ins}:

fun join a tree23 = 'a tree23 —
where
"join Leaf Leaf = T; Leaf"
| "join (Node2 t1 a t2) (Node2 t3 b t4) = (
case (join t2 t3) of
T, t23 =Jjundefined
| Upi t2' x t3' = undefined

a up;

)"
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text <\Exercise{loining 2-3-Trees}

Implement and prove correct a function to combine two

2-3-trees of equal height, such that the inorder traversal of the

resulting tree is the concatenation of the inorder traversal of the arguments,
and the height of the result is either the height of the arguments, or

has increased by one. Use @{typ "'a up;"} to return the result, similar to
@{const [source] Tree23_Set.ins}:

fun join :: "'a tree23 — 'a tree23 =
where
"join Leaf Leaf = T; Leaf"
| "join (Node2 t1 a t2) (Node2 t3 b t4) = (
case (join t2 t3) of
T; t23 = [ndefined
| Up; t2' x t3' = undefined

a up;

)

[Senoeus [=3e3s [ppiepis [uonewswnoog [ « [@]

[»]

[l
[2]=] output | query | sledgehammer [ symbols |

<
(2] =] output [ query | | symbols

|25‘15 (732/1981) (isabelle,isabelle,UTF-8-Isabelle) o UG 265MB 12:41 PM‘ ‘25‘17 (7331981) (isabelle isabelle, UTF-8-sabelle)lm o UG 165MB 12:43 PMl
cebin®|_ B 2| |[17 23] 4] @itemmich@lapnipkow1o: ~/iehre/FDs/ss1.. | 2 ex08 pe [ 1sabelle2017 - exostmpl.thy (RN EEERE  @al|_ [T Y] [T 2]3]]Eiemm ipkow10: ~flehre/FDS/SS1..| 2 ex08.pdf [ 1sabelie2017 - exoBtmpl.thy 7 O EEREEEE




4 Isabelle2017 - ex0Btmpl.thy &% i Isabelle2017 - ex08tmpl.thy
File Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utiities Magros Plugins Help

DE@Edp & 9 ¢ XOE @ DEEE B & @ DEdd @ s¢ 00 @ T REE

# ©

0 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercises/) | 0 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) -
B [text <\Exercise{Joining 2-3-Trees} [<]124 14 2-3-trees of equal height, such that the inorder traversal of the ==Y
—1| 3] o 15| resulting tree is the concatenation of the inorder traversal of the arguments, o1
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@| 14 2-3-trees of equal height, such that the inorder traversal of the e 171 has increased by one. Use @{typ "'a up;"} to return the result, similar to g
T 15| resulting tree is the concatenation of the inorder traversal of the arguments, g 18 @{const [source] Tree23_Set.ins}: g
15 and the height of the result is either the height of the arguments, or .=i 19> i
17 has increased by one. Use @{typ "'a up;"} to return the result, similar to & 29 i
18] @{const [source] Tree23_Set.ins}: § 21|fun join :: "'a tree23 = 'a tree23 = 'a up;" i
19| > Hal 23{where [a]
20) 3 23 "join Leaf Leaf = T; Leaf" &
z1/fun join "'a tree23 = 'a tree23 = 'a up;" El 22| "join (Node2 tl a t2) (Node2 t3 b t4) = ( E]
z|where E 2| case (join t2 t3) of ]
23| "join Leaf Leaf = T; Leaf" &l 26| T; t23 = T; (Node3 t1 a t23 b t4) 2]
24| "join (Nede2 t1 a t2) (Node2 t3 b t4) = ( 27| | Upi t2' x t3' = Up; (Node2 t1 a t2') x (Node2 t3' b t4)
2} case (join t2 t3) of 28 )"
26} T: t23 = undefinedl 29[| "join (Node2 tl a t2) (Node3 t3 b t4 c t5) = El
7] | Up; t2' x t3' = undefined 30
28] SIE
29 32|
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BT T2-3-trees of equal height, such that the inorder traversal of the B BT has increased by one. Use @{typ "'a up;"} to return the result, similar to [~ =
—i|15] resulting tree is the concatenation of the inorder traversal of the arguments, =l /18] @{const [source] Tree23_Set.ins}: =1
|18 and the height of the result is either the height of the arguments, or 8 HIREK 2
E 171  has increased by one. Use @{typ "'a up;"} to return the result, similar to 73 f 20| §
)18 @{const [source] Tree23_Set.ins}: & i|oa1|fun join :: "'a tree23 = 'a tree23 = 'a up;" L&
19> = 2z{where =
o o w
20} Bl 230 "join Leaf Leaf = T; Leaf" a
21| fun join "'a tree23 = 'a tree23 = 'a up;" B 24| "join (Node2 tl a t2) (Node2 t3 b t4) = ( =Ila
2|where e 2] case (join t2 t3) of "
22l "join Leaf Leaf = T; Leaf" HlE 26| T; 123 = T; (Node3 tl1 a t23 b t4) L&
22| "join (Node2 tl a t2) (Node2 t3 b t4) = ( = 27] | Up; t2' x t3' = Up; (Node2 tl1 a t2') x (Node2 t3' b t4) E1
25 case (join t2 t3) of § 2 )" §
26} T; t23 = T; (Node3 t1 a t23 b t4) 18] 20| "join (Node2 t1 a t2) (Node3 t3 b t4 c t5) = ( 1]
27 I | Upi t2' x t3' = Up; (Node2 tl a t2') x (Node2 t3' b t4) 30) case (join t2 t3) of
d )" EN T; t23 = Up; )I
20| "join (Node2 t1 a t2) (Node3 t3 b t4 c t5) = ( 32 | Up; t2' x t3' = Up;
20) 33) "
al)" 24|
32 35
33 36
el = 37| =
D D

< <
[2]=] output | query | sledgehammer [ symbols | (2] =] output [ query | | symbols
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File Browser | 4 | B
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where
"join Leaf Leaf = T; Leaf"
| "join (Node2 t1 a t2) (Node2 t3 b t4) = (
case (join t2 t3) of
T; t23 = T; (Node3 t1 a t23 b t4)
| Upi t2' x t3' = Up; (Node2 tl a t2') x (Node2 t3' b t4)
)"
| "join (Node2 t1 a t2) (Node3 t3 b t4 c t5) = (
case (join t2 t3) of
T; t23 = Up; (Node2 t1 a t23) b (Node2 t4 c t5)
| Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5)

yo
| "join (Nede3 t1 a t2 b t3) (Node2 t4 c [i5) = (
case (join t2 t3) of
T; t23 = Up; (Node2 t1 a t23) b (Node2 t4 c @)
| Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 ¢ @)
)

[SsuivouL [sis | soviepis | ueneazewnsea ] 4 @]
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[v]

22|

where
"join Leaf Leaf = T; Leaf"
| "join (Node2 t1 a t2) (Node2 t3 b t4) = (
case (join t2 t3) of
T; 123 = T; (Node3 t1 a t23 b t4)
| Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node2 t3' b t4)
)
| "join (Node2 t1 a t2) (Node3 t3 b t4 c t5) = (
case (join t2 t3) of
T; t23 = Up; (Node2 t1 a t23) b (Node2 t4 c t5)
| Upy t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5)

)
| "join (Node3 t1 a t2 b t3) [iNode2 t4 ¢ t5) = (
case (join t2 t3) of
T; t23 = Up; (Node2 t1 a t23) b (Node2 t4 c t5)
| Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5)
)
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[B]~] output | query | sledgehammer | symbols
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2> Jwhere B Mowhere [~ =
; 23| "join Leaf Leaf = T; Leaf" % ; 23 "join Leaf Leaf = T; Leaf" %
2/ z2a/| "join (Node2 tl a t2) (Node2 t3 b t4) = ( 8 2/l24/| "join (Node2 t1 a t2) (Node2 t3 b t4) = ( 2
| case (join t2 t3) of § | 2 case (join t2 t3) of §
HiEs T; t23 = T; (Node3 tl1 a t23 b t4) 5 =P T; t23 = T; (Node3 tl a t23 b t4) 5
27| | Up; t2' x t3' = Up; (Node2 t1l a t2') x (Node2 t3' b t4) El 27] | Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node2 t3' b t4) uE
= )" § 2 )" %
2| "join (Node2 tl a t2) (Node3 t3 b t4 c t5) = ( B 29| "join (Node2 tl a t2) (Node3 t3 b t4 ¢ t5) = ( B
30| case (join t2 t3) of Eg 30| case (join t2 t3) of E?
El T; t23 = Up; (Node2 t1 a t23) b (Node2 t4 c t5) & 31 Ti t23 = Upi (Node2 tl1 a t23) b (Node2 t4 c t5) S
Er | Upi t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5) 7; 32 | Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5) —;
)" g 33" g
24| "join (Node3 t1 a t2 b t3) (Node2 t4lc t5) = ( i 39| "join (Node3 t1 a t2 b t3) (Node2 t4 c t5) = ( ﬂ
3 case (join t3 t4) of 3| case (join t3 t4) of
EG T; t34 = Up; (Node2 t1 a t23) b (Node2 t4 c t5) 3| T; t34 = Up; (Node2 tl1 a t23) bI(Nodez t4 ¢ t5)
37 | Upi t3' x t4' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5) 37] | Up; t3' x t4' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5)
=) " ) "
39 39|
40| 40|
a1 41
42) I~ 42| <l
< I < Dl |
[2]=] output | query | sledgehammer [ symbols | (2] =] output [ query | | symbols |
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22

where
"join Leaf Leaf = T; Leaf"
| "join (Node2 t1 a t2) (Node2 t3 b t4) = (
case (join t2 t3) of
T; t23 = T; (Node3 t1 a t23 b t4)
| Upi t2' x t3' = Up; (Node2 tl a t2') x (Node2 t3' b t4)
)"
| "join (Node2 t1 a t2) (Node3 t3 b t4 c t5) = (
case (join t2 t3) of
T; t23 = Up; (Node2 t1 a t23) b (Node2 t4 c t5)
| Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5)

yo
| "join (Node3 t1 a t2 b t3) (Node2 t4 c t5) = (
case (join t3 t4) of
T; t34 = Up; (Node2 t1 a t2) b (Node2 t34 c t5)
| Ups t3' x t4' = Up; (fode2 t1 a t2
)

oK

[SsuivouL [sis | soviepis | ueneazewnsea ] 4 @]

141

[v]

22|

where

yu
I

)

"join Leaf Leaf = T; Leaf"
"join (Node2 t1 a t2) (Node2 t3 b t4) = (
case (join t2 t3) of
T; 123 = T; (Node3 t1 a t23 b t4)
| Upi t2' x t3' = Up; (Node2 t1 a t2') x (Node2 t3' b t4)
)
"join (Node2 t1 a t2) (Node3 t3 b t4 c t5) = (
case (join t2 t3) of
Ti t23 = Up; (Node2 t1 a t23) b (Node2 t4 c t5)
| Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5)

"join (Node3 t1 a t2 b t3) (Node2 t4 ¢ t5) = (
case (join t3 t4) of
T; t34 = Up; (Node2 t1 a t2) b (Node2 t34 c t5)
| Up; t3' x t4' = Up: (NodEZ tl a t2') x (Node3 t3' b t4 ¢ t5)
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8 Tofwhere BT | Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node2 t3' b t4) T=[|Ed
; 23| "join Leaf Leaf = T; Leaf" % ; 20 )" %
2/ z2a/| "join (Node2 tl a t2) (Node2 t3 b t4) = ( 8 2ll2g/| "join (Node2 tl a t2) (Node3 t3 b t4 c t5) = ( 2
| case (join t2 t3) of § | 3 case (join t2 t3) of §
Z 26 T; t23 = T; (Node3 tl1 a t23 b t4) & = 31 T; t23 = Up: (Node2 tl1 a t23) b (Node2 t4 c t5) ) 5
27| | Up; t2' x t3' = Up; (Node2 t1l a t2') x (Node2 t3' b t4) =5 32 | Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5) El
= )" § EED I B %
2| "join (Node2 tl a t2) (Node3 t3 b t4 c t5) = ( B 34| "join (Node3 tl a t2 b t3) (Node2 t4 ¢ t5) = ( B
30| case (join t2 t3) of Eg EE case (join t3 t4) of _[a]
El T; t23 = Up; (Node2 t1 a t23) b (Node2 t4 c t5) & 36| Ti t34 = Upi (Node2 tl1 a t2) b (Node2 t34 c t5) S
Er | Upi t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5) 7; 37 | Up; t3' x t4' = Up; (Node2 t1 a t2) b (Node3 t3' x t4' c t5) ;
3" 8 ag )" [ 8
34| "join (Node3 t1 a t2 b t3) (Node2 t4 c t5) = ( i 3| "join (Node3 t1 a t2 b t3) (Node3 t4 c t5 d t6) = ( ﬂ
3 case (join t3 t4) of 40) case (join t3 t4u of
EG T; t34 = Up; (Node2 t1 a t2) b (Node2 t34 c t5) 41 T; t34 = Up; (Node2 tl1 a t2) b (Node2 t34 c t5)
37 | Upi t3' x t4' = Up; (Node2 t1 a t2) b (Node3 b t4 c t5) 43] | Upi t3' x t4' = Up; (Node2 t1 a t2) b (Node3 t3' x t4' c t5)
=) " ag) "
39| 44|
40| 45
41 46|
2] = 47, =
< D < Dl |
[B] =] output | query [ sledgehammer [ symbols | (2] =] output [ query | | symbols |
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) 27 | Upi t2' x t3' = Up; (Node2 t1 a t2') x (Node2 t3' b t4)
= )"
% 209/ "join (Node2 t1 a t2) (Node3 t3 b t4 c t5) = (
E 30| case (join t2 t3) of
e T; t23 = Up; (Node2 t1 a t23) b (Node2 t4 c t5)
3] | Upi t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5)
=) "
3| "join (Node3 tl1 a t2 b t3) (Node2 t4 c t5) = (
ES case (join t3 t4) of
36| T; t34 = Up; (Node2 t1 a t2) b (Node2 t34 c t5)
7] | Up; t3' x t4' = Up; (Node2 t1 a t2) b (Node3 t3' x t4' c t5)
E:
x[| "join (Node3 t1 a t2 b t3) (Node3 t4 ¢ t5 d t6) = (
o) case (join t3 t4) of
a1 T, t34 = Up; ([fode2 t1 a t2)] b (Node2 t34 c t5)
42} | Up; t3' x t4' = Up; (Node2 t1 a t2) b (Node3 t3' x t4' c t5)
ag) "

[
[SsioouL [swis |sviopis | Uoneasewnsea ] 4 @]

141

[v]

30| case (join t2 t3) of

il T; t23 = Up; (Node2 tl1 a t23) b (Node2 t4 c t5)

32 | Up; t2' x t3' = Up; (Node2 t1 a t2') x (Node3 t3' b t4 c t5)
33"

39| "join (Node3 t1 a t2 b t3) (Node2 t4 c t5) = (

35| case (join t3 t4) of

36| T; t34 = Up; (Node2 tl1 a t2) b (Node2 t34 c t5)

37| | Up; t3' x t4' = Up; (Node2 t1 a t2) b (Node3 t3' x t4' c t5)
)"

3g| "join (Node3 t1 a t2 b t3) (Node3 t4 c t5 d t6) = (

40) case (join t3 t4) of

a1 T; t34 = Up; (Node2 t1 a t2) b (Node3 t34 c t5 d t6)

43| | Up; t3' x t4' = Up; (Node3 t1 a t2 b t3') x (Node3 t4' c t5 d t6)
a3) "

al| "join _ _ =

45|

46|

47|

sg{Lemma join_inorder:
49| fixes t1 t2 :: "'a tree23"
so] assumes "height tl = height t2"

D
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a)"

4| “"join _ _ = T; Leaf"

a
]
E3
2
&
@

sg|Llemma join_inorder:

4| fixes t1 t2 "'a tree23"

sof assumes "height tl = height t2"

si| assumes "bal t1" "bal t2[]

s2] shows "inorder (tree; (join tl1 t2)) = (inorder tl @ inorder t2)"
si quickcheck

s  oops

se{ Lemma join_bal:

[SeosuL [ ow3s [pprepis [uomeweunsea | « [@]

Ll

af| “"join _ _ = T; Leaf"

File Browser | 4 | B
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sg|Lemma join_inorder:

s | fixes tl1 t2 :: "'a tree23[]]

so] assumes "height tl = height t2"

s assumes "bal t1l" "bal t2"

szl shows "inorder (tree; (join tl t2)) = (inorder tl @ inorder t2)"
53 quickcheck

s4f  oops

sgLemma join_bal:
57  fixes t1 t2

"'a tree23"

bk 21 lemiales anm

[Sstoa s [=1e3s [ontepis [uomemwnoa [ €| @)

[»]

Proof state [v] Auto update

v|[roo% |+

update | search |

proof (prove)
goal (1 subgoal):

1. inorder (tree; (join tl t2)) = inorder tl @ inorder t2

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

DN

Testing conjecture with Quickcheck-exhaustive...

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |
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2f| "join _ _ = T; Leaf"

File Browser | 4 | B
=
&

sg[Llemma join_inorder:

1| fixes t1 t2 "hat tree23"
so)f assumes "height t1 = height
s1| assumes "bal t1" "bal t2"
571 shows "inorder (treE1 (join
s3  quickcheck

s oops

2

t1 t2)) = (inorder t1 @ inorder t2)"

ss{Lemma join_bal:
55| fixes t1 t2 "'a tree23"

[T SR S N T

[SsiioouL [s15 | sbrepis | Ueneasewnsoa ] 4 @]

]

[v]

sglemma join_inorder:

49|  fixes t1 t2 :: "nat tree23"

so| assumes "height tl = height t2"

s1 assumes “"bal t1" "bal t2"

s3] shows "inorder (tree; (join tl1 t2)) = (inarder t1 @ inorder t2)"

s | oops

se{lemma join_bal:

571 fixes t1 t2 :: "'a tree23"

sff assumes "height t1 = height t2"
so|f assumes "bal t1" "bal t2"
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proof (prove)
goal (1 subgoal):

1. inorder (tree; (join tl1 t2)) = inorder t1 @ inorder t2

proof (prove)
goal (1 subgoal):
1. inorder (tree; (join t1 t2)) = inorder tl1 @ inorder t2
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s1| assumes "bal t1" "bal t2"

ss|f shows "inorder (tree; (join tl t2)) = (inorder tl @ inorder t2)"
s3l apply (induction t1 t2 rule: join.induct)

s apply (auto splf]

a
]
E3
2
&
@

sg|Lemma join_bal:

4]

[v]

sif assumes "bal t1" "bal t2"

s?l shows "inorder (tree; (join tl1 t2)) = (inorder tl @ inorder t2)"
apply (induction t1 t2 rule: join.induct)

sl apply (auto split: uzpf]
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sglemma join_bal:

{1

Iv]

proof (prove)
goal (8 subgoals):

1. Atl a t2 t3 b t4.
inorder (tree; (join t2 t3)) = inorder t2 @ inorder t3 —
inorder

(tree;
(case join t2 t3 of T; t23 = T, (t1, a, t23, b, t4)
| Ups t2' x t3' = Up; (t1, a, t2') x (t3', b, t4))) =
inorder t1 @ a # inorder t2 @ inorder t3 @ b # inorder t4
? 2. Atl a t2 t3 b t4 c t5.
<

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+
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DN

proof (prove)
goal (8 subgoals):
1. Atl a t2 t3 b t4.
inorder (tree; (join t2 t3)) =
inorder
(tree;
(case join t2 t3 of T; t23 = T; {t1, a, t23, b, t4)
| Upy t2' x t3' = Up; (t1, a, t2') x (t3', b, t4))) =
inorder t1 @ a # inorder t2 @ inorder t3 @ b # inorder t4
? 2, Atla t2 t3 b t4 c t5.
<

inorder t2 @ inorder t3 —
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BT "assumes "bal t1" "bal t2" [<]124 si| assumes "bal t1" "bal t2" ==Y
; s2l shows "inorder (tree; (join tl1 t2)) = (inorder tl @ inorder t2)" % szl shows "inorder (tree; (join tl1 t2)) = (inorder tl1 @ inorder t2)" %
2/ls3l apply (induction tl1 t2 rule: join.induct) 2 s3) apply (induction t1 t2 rule: join.induct) a
% sq| | apply (auto split: upl.splitsn § s4  apply (auto split:lup).splits) §
]| s B 55 El

5 S
56| |S==) 56 =]

57| § 57| é

ss{Llemma join_bal: H se{Llemma join_bal: F

”.- . . — D ,? ”.- . - B D L?

I Proof state 7] Auto update | Update | Search: <] [Loo% "\% 7l Proof state [¢]Auto update | Update | Search: ~|[200% |v\%
proof (prove) :g proof (prove) :g
goal (4 subgoals): 5] goal (4 subgoals): H
1. False 1. False
2. False 2. False
3. False 3. False
4. False 4, False
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a
]
E3
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1. At2 t3.
inorder (tree; (join t2 t3)) = inorder t2 @ inorder t3 —
(vx1. join t2 t3 = T; x1 — inorder x1 = inorder t2 @ inorder t3) A
(¥x21 x22 x23.
join t2 t3 = Up; x21 x22 x23 — inorder x21 @ x22 # inorder x23 = inorder t2 @ inorder t3)

7 Bl BTy fixes t1 t2 :: "nat tree23" [~ =
sg[Lemma join_inorder: % ; sof assumes "height t1 = height t2" %
a9 fixes tl t2 "nat tree23" 2 2|51 assumes “bal t1" "bal t2" 2
so| assumes "height l = height t2" § % sz shows "inorder (reei (join t1 t2)) = (inorder tl @ inorder t2)" §
sif assumes "bal tl1" "bal t2" & i|s3l apply (induction t1 t2 rule: join.induct) =
s3] shows "inorder (tree; (join tl1 t2)) = (inorder tl @ inorder t2)" i sq apply (simp_all split: up;j.splits) = i
ssf apply (induction tl1 t2 rule: join.induct) § 55| %
sif apply (simp_all split: up;.splits) :i 56| E
1 I 7y q I 7y

[ Proof state [] Auto update | Update | Search: | ¥||100% | % [¥] Proof state [#] Auto update | Update |Search: [ v|[100% |w %

proof (prove) :g proof (prove) :g
goal (8 subgoals): E goal (1 subgoal): E

2. At2 t3,

inorder (tree; (join t2 t3)) = inorder t2 @ inorder t3 —

(vx1. join t2 t3 = T; x1 — inorder x1 = inorder t2 @ inorder t3) A I L
[l D D

1. inorder (tree; (join t1 t2)) = inorder tl1 @ inorder t2
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0 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercisesf)

49| Fixes t1 t2 "nat tree23"

sof assumes "height tl = height t2"

assumes "bal t1" "bal t2"

"inorder (tree; (join tl1 t2)) = (inorder tl @ inorder t2)"
ssf apply (induction t1 t2 rule: join.induct)

sf apply (simp_all split: up;.splits)
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45|  Fixes t1 t2 "nat tree23"
so| assumes "height tl = height t2"
51| assumes “"bal t1" "bal t2"

s3] showa "inorder (tree; (join tl1 t2)) = (inorder t1 @ inorder t2)"
s3 using assms

sq) apply (induction t1 t2 rule: join.induct)

ssf apply (auto split: up;.splits)

sff done

[+

I Proof state 7] Auto update | Update | Search:

Proof state [¢] Auto update

Update | Search:

~|[200%

proof (prove)
goal (1 subgoal):

1. inorder (tree; (join tl1 t2)) = inorder tl @ inorder t2

[SiioouL [s3%15 |sviepis | toneasswnsoa ] 4 @]

DN

<
(B~ | output | query | sledgehammer | symbols

proof (prove)
goal (1 subgoal):
1. inorder (tree; (join tl t2)) = inorder tl @ inorder t2
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sofLlemma join_bal:

so| fixes t1 t2 "'a tree23"

gl assumes "height tl = height t2"

62l assumes "bal tl" "bal t2"

6| shows "bal (tree; (join tl t2)) A height (join tl t2) = height t2"

a
]
E3
2
&
@

s4l oops

65}

ss[text <Hints:

67| = Try to use automatic case splitting (<auto split: ...>) instead of explicit case splitting via Isar
e (There will be dozens of cases). -
. Ta fimd h i inin fiussks iealata dh b i £ .  Laend)

1| i

[SsosuL [ ow3s | prepis [uomeweunsea | « [@]

L
1 0]

sf{ done

so|Lemma join_bal:

sof fixes tl1 t2 "'a tree23"

6| assumes "height tl = height t2"

62 assumes "bal t1l" "bal t2"

63 shows Ibal (tree; (join tl t2)) A height (join t1 t2)
64 using assms

65 apply (induction tl t2 rule: join.induct)

65 apply (auto split: up;.splits)

67 ~done
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proof (prove)
goal (1 subgoal):
1. bal (tree; (join tl t2)) A height (join tl t2) = height t2
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se| = done

sof Lemma join_bal:

s fixes t1 t2 "'a tree23"

6 assumes "height tl = height t2"

s2| assumes "bal t1" "bal t2"

s shows "bal (tree; (join t1 t2)) A heightl(join t1 t2)
s using assms

ss| apply (induction t1 t2 rule: join.induct)

e8| apply (auto split: up;.splits)

67|  done
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= height t2"

[SsuoouL [swis |sbiopis | Ueneasewnsoa ] 4 @]

sg done

so|Lemma join_bal:

sof fixes tl t2 :: "'a tree23"

61 assumes "height tl = height t2"

62 assumes "bal t1" "bal t2"

ss| shows "bal (tree; (cin t1 t2) A height (join t1 t2) = height t2"
sa| using assms

ss apply (induction t1 %2 rule: join.induct)

sl apply (auto split: up;.splits)

67 = done
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proof (prove)
goal (1 subgoal):
1. bal (tree; (join t1 t2)) A height (join tl t2) = height t2

DN

proof (prove)
goal (1 subgoal):
1. bal (tree; (join tl t2)) A height (join t1 t2) = height t2
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sofLlemma join_bal:
so| fixes t1 t2 :: "'a tree23"

gl assumes "height tl = height t2"

62l assumes "bal tl" "bal t2"

6| shows "bal (tree; (join 1 1t2)) A height (join tl t2) = height t2"
64l using assms

es| apply (induction t1 t2 rule: join.induct)

s| apply (auto split: up;.splits)

a
]
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67| done

&8}

so|text <Hints:
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Ll

so|Lemma join_bal:
fixes t1 t2 :: "'a tree23"

61 assumes "height t1 = height t2"

62 assumes "bal tl" "bal t2"

63 shows "bal (tree; (join tl t2)) A height (join tl t2) = height tZH
64 using assms

65 apply (induction tl t2 rule: join.induct)

65 apply (auto split: up;.splits)
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67 = done
&g

s text <Hints:
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proof (prove)
goal (1 subgoal):
1. bal (tree; (join t1 t2)) A height (join tl t2) = height t2

DN

proof (prove)
goal (1 subgoal):
1. bal (tree; (join t1 t2)) A height (join tl1 t2) = height t2

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[63.28 (1891/2856)

(isabelle,isabelle, UTF-8-Isabelle) i ro UG

debian(D| _ || &) |T2 3 | 4 | |@lammich@lapnipkow10: ~/\ehreJrDsfssl...|cu,,exnu.pdf

|m Isabelle2017 - ex08tmpl.thy

89/1225M8 1:12 PM

[63.69 (1932/2856)

(isabelle,isabelle UTF-8-sabelle) imro UG

deion®|_ [T 2| [[7] 2] 3] 4] memmich@lapnipkow10: ~fishreFDs/s51.. | 2lexon pdf

|5 1sabelie2017 - exostmpLthy

32/1225MB 1:13 PM|



4 Isabelle2017 - ex0Btmpl.thy
File Edit Search Markers Folding View Utilities Magros Plugins Help

DE@Edp & 9 ¢ XOE @ DEEE B & @

i Isabelle2017 - ex08tmpl.thy
Elle Edit Search Markers Folding View Utiities Magros Plugins Help

I@AD & 4¢ X080 6® (HED B & © ¢

01 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercises/)

0 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercisesf)

sof Lemma join_bal:

fixes tl1 t2 :: "'a tree23"

g assumes "height tl = height t2"

62| assumes "bal tl1" "bal t2"

63| shows "bal (tree; (join tl1 t2)) A height (join t1 t2) = height t2"
& using assms]|

ss| apply (induction t1 t2 rule: join.induct)

ss| apply (auto split: up;.splits)

67|  done
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so[text <Hints:
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so|Lemma join_bal:

fixes t1 t2 :: "'a tree23"

6] assumes "height tl = height t2"

assumes "bal t1" "bal t2"

shows "bal (tree; (join tl1 t2)) A height (join tl t2) = height t2"
using assms

apply (induction tl1 t2 rule: join.induct)

apply (auto split: up;.splits)

done

sg|text

- T

<Hints:
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proof (prove)
goal (1 subgoal):
1. bal (tree; (join t1 t2)) A height (join tl t2) = height t2

DN

proof (prove)
goal (9 subgoals):
1. [height {} = height {); bal (); bal {)] = bal (tree; (join () {))) A height (join () (}) = height ()
2. Atl a t2 t3 b t4.
[[height t2 = height t3; bal t2; bal t3]
== bal (tree; (join t2 t3)) A height (join t2 t3) = height t3;
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8T B Feglemma join_bal: [~ =

; sofLlemma join_bal: % ; sof fixes tl €2 :: "'a tree23" %

2|le0] fixes tl t2 "'a tree23" 8 2|/g| assumes "height tl1 = height t2" 2

2la| assumes "height tl = height t2" § 2/|sf assumes "bal t1" "bal t2" §

Z| assumes "bal t1" "bal t2" & Z|ls3 shows "bal (tree; (join tl t2)) A height (join tl t2) = height t2" Py
6| shows "bal (tree; (join tl t2)) A height (join tl1 t2) = height t2" Ell 64 using assms 5]
64l using assms § 65 apply (induction tl t2 rule: join.induct) %
ss| apply (induction tl1 t2 rule: join.induct) 3 65 apply (auto split: upi.splits) (* Takeslroughly 30sec*) &
eel apply (auto split: up;.splits) iy 67 | done i?
7] | done & 6dl ot
69 El sotext <Hints: e
soltext <Hints: B 70, = Try to use automatic case splitting (cauto split: ...>) instead of explicit case splitting via Isar HE
== " dm . Sm mema sl Sdddea A VG mhmn sl idddea Toaw ¥ _ £Ta P17 b L ] A — 8

4]

[}

<

[»]

[ Proof state 7] Auto update | Update | Search: | ~|[roo% |+ [7IProof state [¢]Auto update | Update | search: | ~| oo [+]
proof (prove) - proof (prove) =]
goal (9 subgoals): H goal:

1. [height {) = height {); bal {); bal (}] = bal (tree; (join {} {))) A height (join () ()) = height {) No subgoals!
2. Atl a t2 t3 b t4.
[[height t2 = height t3; bal t2; bal t3]
— bal (tree; (join t2 t3)) A height (join t2 t3) = height t3; = =i
D] D]

<
(o]~ output | query | sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[66.1 (1992/2856) (isabelle, isabelle, UTF-8-Isabelle) im0 UG

74/1225MB 1114 PM

66,43 (2034/2881) (isabelle,isabelle,UTF-8-sabelle) 1m0 UG
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01 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercises/) | 0 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) |
BT fixes t1 t2 "'a tree23" [<]124 go] fTixes t1 t2 :: "'a tree23" ==Y
; 6 assumes "height tl = height t2" % 6] assumes "height tl = height t2" %
2|/e2l assumes "bal tl" "bal t2" 2 62 assumes "bal t1" "bal t2" a
% 63] shows "bal (tree; (join tl1 t2)) A height (join t1 t2) = height t2" § 63 shows "bal (tree; (join tl1 t2)) A height (join t1 t2) = height t2" §
Z |eg using assms 2 s using assms o

ss| apply (induction t1 t2 rule: join.induct) i es| apply (induction t1 t2 rule: join.induct) i
s apply (auto splitf]: up;.splits) H s apply (auto split![] up;.splits) g
67|  done Ha s7  done Hla
68} ) 68| e
soltext <Hints: 3 so[text <Hints: S
70| = Try to use automatic case splitting (<auto split: ...») instead of explicit case splitting via Isar El 70 = Try to use automatic case splitting (cauto split: ...>) instead of explicit case splitting via Isar El
7 (There will be dozens of cases). (& 71 (There will be dozens of cases). s
il Ta find b q A~ A 44 ok b q £ + Lok IIM =& | i 23] . dAm oo Amdm ddrdiflen e el 4.7'. Amrer_nfem_prrnm_rmn AALmrrmed_Almermmreh (oo E) ....ru‘," 15 |

¥ Proof state ] auto update | Update |search [ ~|[loow |v] WlProot state 7l auto update | Update | search: | | [roo |+]

proof (prove) = proof (prove) =

goal: goal:
No subgoals! No subgoals!

< D | q b1

(B[~ | output | Query | Sledgehammer | symbols (2]~ [ output | query | | symbals
|55‘20 (2011/2857) lisabelle isabelle, UTF-8-Isabelle) 1m0 UG 225MB 1:15 PM‘ ‘55‘21 (2012/2857) (isabelle isabelle UTF-8-Isabelle) /i o 225MB 1:16 PM|
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[ ex08tmpl.thy (~/lehre/FOS/SS18/public/exercises/) I 01 ex08tmpl.thy (~/lehre/FDS/SS18/public/exercises/) 7
8 Trtext « Bl B Erdtext « =
; 771 \Exercise{Bounding the Size of 2-3-Trees} % ; 771 \Exercise{Bounding the Size of 2-3-Trees} %
2|7 2 2|79 2
% 79 Show that for 2-3-trees, we have: § % 79 Show that for 2-3-trees, we have: §
|| sof @{text [fisplay] < logs ( s(t) + 1) < h(t) < log, (s(t) + 1)>} na:;' HIE: @{text [display] < logs ( s(f) + 1) < h(t) < log, (s(t) + 1)>} g’,

&1 = 81| 21

82 Hint: It helps to first raise the two sides of the § 82 Hint: It helps to first raise the two sides of the %

83 inequation to the 2nd/3rd power. B 83 inequation to the 2nd/3rd power. B

84 Use sledgehammer and find-theorems to search for the appropriate lemmas. (o 84 Use sledgehammer and find-theorems to search for the appropriate lemmas. [o]

sl > H & 8s(> Hl&E

6| = 86| e

g7llemma height_bound_upper: "bal t — height t < log 2 (size t + 1)" 8 g7|Llemma height_bound_upper: "bal t — height t < log 2 (size t + 1)" 8

3 2

4] [}

4] [+

] Proof state /] Auto update | Update | Search: | v [roon [+

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

DN

<
(o]~ output | query | sledgehammer [ symbols |

T
(2]~ [ output | query [

| symbols |

[s0,

13 (2458/2857) (isabelle, isabelle, UTF-8-Isabelle) im0 UG

[80,34 (2479/2857)

(isabelle,isabelle,UTF-8-Isabelle) Lm0 UG 25MB 1:17 PM]
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01 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) |
Bl dtext « [<]124 82 Hint: It helps to first raise the two sides of the ==Y
; 771 \Exercise{Bounding the Size of 2-3-Trees} % 83 inequation to the 2nd/3rd power. %
2| 7¢| 2 84 Use sledgehammer and find-theorems to search for the appropriate lemmas. a
% 79 Show that for 2-3-trees, we have: § 85> §
Z || gl @{text [display] ¢ logs ( s(t) + 1 ) < h(t) < log; (s(t) + 1)>} B g6 g
a1l i g7|Llemma height_bound_upper: "bal t — height t < log 2 (size t + 1)" i
&) Hint: It helps to first raise the two sides of the H =[] oops g
&3 inequation to the 2nd/3rd power. H 89| F
& Use sledgehammer End find-theorems to search for the appropriate lemmas. (o] ooLlemma height_bound_lower: "bal t = log 3 (size t + 1) < height t" [a]
&> Hla a| oops S
& =E 52| (=]
g7[Lemma height_bound_upper: "bal t = height t < log 2 (size t + 1)" % a3l (*<*) H|&
ST o [T i
¥ Praof state ] Auto update | Update | search | ] [roow [+] WlProot state 7l auto update | Update | search: | | [roo% [+]
=] proof (prove) ]

goal (1 subgoal):
1. bal t — real (height t) < log 2 (real (size t + 1))

] D] il D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals
|54‘24 (2634/2857) lisabelle,isabelle, UTF-8-Isabelle) ! o UG 25MB 1:17 PM‘ ’E‘l (2758/2857) (isabelle isabelle UTF-8-/sabelle)/mr o UG SMEB 1:19 PM|
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[ ex08tmpl.thy (~/lehre/FOS/SS18/public/exercises/) I 01 ex08tmpl.thy (~/lehre/FDS/SS18/public/exercises/) 7
a 3] [x] [
85| > — 86| t—F—
= Lemma height_bound_upper: =
gl % ) gl [l Sy PP g
2o g7{Llemma height_bound_upper: a 2| egl | assumes "bal t 8
s 3 - -
@l gg assumes "bal t" § 5| ggl shows "height t < log 2 (size t + 1)" §
@ . - = @ =
| g9 shows "height t < log 2 (size t + 1)" E i o glproof - 4
] - - 5
so|proof - 12| a| from assms have "2"height < size t + 1" sorry 2]
gl from assms have "2"height t < size t + 1" sorry § g2| then show ?thesis %
g2| then show ?thesis B 93| using le_log2_of_power by blast B
93] using e_log2_of_power by blast (o g2 qed [o]
94 L& 95 L 5
o5| = gs|Llemma height_bound_lower: "bal t — log 3 (size t + 1) < height t" e
gs|Llemma height_bound_lower: "bal t — log 3 (size t + 1) < height t" mE 97| | oops |l
e 3 <l
] — @ =
[¥]Proof state ] Auto update | Update ‘Search‘ (¥l Proof state [#]Auto update | Update |Search:| =[ji00% |+
[=I proof (prove) [=]
T using this:
bal t
goal (1 subgoal):
= 1. 2 ~ height t < size t + 1 =i
D] D

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

|93.11 (2855/2983) null parsing complete, 0 error(s)
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<

L} gl from assms have "2"height t < size t + 1" =)&) ] o by (induction t) auto ==
; 92 by (induction t) auto % ; o3| then show ?thesis %
2|0 o3 then show ?7thesis 2 2|t o using le_log2_of_power by blast a
8| o using le_log2_of_power by blast g & || oslged B
|| os(qed “5:»" i ssl %"
96| = g7|Lemma height_bound_lower: 2]
c7|lemma height_bound_lower: "bal t — log 3 (size tJ+ 1) < height t" H g | assumes "bal t" g

os| oops H ool shows "log 3 (size t + 1) < height t* F

99| (o] 100] @ OOpS [a]

100] (*<*) & 101 S
101/end H= 102 (¥<*) wiE]
Tmz (*>%) ] 103lend ]

B P s

‘
Cl

Dl |

Proof state Auto update

update | search: |

v [oow [+

Proof state [v] Auto update

update | search |

| [roo |+]

proof (prove)
goal (1 subgoal):
1. bal t = log 3 (real (size t + 1)) < real (height t)

DN

theorem height_bound_upper:
bal 7t — real (height 7t) < log 2 (real (size 7t + 1))

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[87.45 (2954/3006)

lisabelle,isabelle, UTF-8-Isabelle) ! o UG

303MB 1:22 PM

[96.1 (2915/3024)

(isabelle isabelle UTF-8-/sabelle)/mr o UG
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<

[

8 os|qed B[ BI5G[ [ from assms have "2"height t < size t + 1" (=l
; 9| % ; o2} by (induction t) auto %
2| g7{thm log_of_power_le[where b=3, simplified] 2 2o g3l | then show ?thesis 2
514 ogllemma height_bound_lower: § 2|1 o using le_log2_of_power by blast §
Z| oo assumes "bal t" 5 z|| olqed g
1000 shows "log 3 (size t + 1) < height t" Ell o) 5]
10| oops H s7thm flog_of_pover_le H
102] B 5 B
msﬂ*<*) (o go|Lemmas log3_of_power_le = log_of_power_lelwhere b=3, simplified] [a]
104/ end 3 100 L] 3

105[ (*>%) El 101/Llemma height_bound_lower: =[5
108 8 102 | assumes "bal t" 8

2 - L. n1 2 (ms - ERY I bk 4 e

[»]

IProof state [#]Auto update | Update | Search: [7IProof state [¢]Auto update | Update | search: ~| oo [+]
[tfm < 3 ~ ?n; @ < Tm] = log 3 (real ?m) < real ?n =] [real ?m < th ~ ?n; 1 < ?h; 0 < ?m] — log ?b (real ?m) < real 7n 2]
[l D 1l D
[2 ]~ [ output | query [ sledgehammer [ symbols | [B ]+ [output [ query [ sledgehammer [ symbals |
[103,1 (3051/2067) (isabelle isabelle, UTF-8-Isabelle) im0 UG /1304MB 1:29 PM [97.5 (2920/3111) null parsing complete, 0 error(s) (isabelle,isabelle, UTF-8-sabelle) l/mr o UG 302MB 1:30 PM|
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01 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercises/) - 0 exo8tmpl.thy (~/lehre/FDS/SS18/public/exercisesf) -

B/ then show ?thesis [<]124 Bl proof - ==Y
; o using le_log2_of_power by blast = ; 10  from assms have "size t + 1 < 3~height t" =
£l o qed 2 2] 104 by (induction t) auto 2
3| o § |cws| | then show ?thesis]] B
T g7|lemmas log3_of_power_le = log_of_power_le[where b=3, simplified] 8 || 106} using log_of_power_le g
98] i 107| i

ool Lemma height_bound_lower: § 108 using log3_of_power_le §

100 assumes "bal t" H 100|qed F
101/ shows "log 3 (size t + 1) < height t" (o] 110 |y

g Dl | il

E 1

¥ Praof state ] Auto update | Update | search | | [roo [+] g [l Proof state [l Auto update | Update | search: | = [roo% [+ g

theorem log3_of_power_le: [tm < 3 ~ ?n; @ < ?m| — log 3 (real ?m) < real 7n BIE proof (prove) 214 |

D]

T using this:
size t + 1 < 3 " height t

goal (1 subgoal):
1. log 3 (real (size t + 1)) < real (height t)

Dl |

{1
(8]~ [output | query | | symbals

<
(B~ | output | query | sledgehammer | symbols

[98.1 (2981/3230)

lisabelle,isabelle, UTF-8-Isabelle) ! o UG

7MB 1:33 PM
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[ ex08tmpl.thy (~/lehre/FOS/SS18/public/exercises/) v 01 ex08tmpl.thy (~/lehre/FDS/SS18/public/exercises/) v
a —B8 [x] [
96| |—{— 96| | ==
= | sjLlemmas log3_of_power_le = log_of_power_lel[where b=3, simplified] % =| srlLemmas log3_of_power_le = log_of_power_lelwhere b=3, simplified] %
% og| 8 g o8} 2
@5 solemma height_bound_lower: ] s sgllemma height_bound_lower: 3
||| assumes "bal t" & ic||100] assumes "bal t" Py
1u1| shows "log 3 (size t + 1) < height t" 12| 101  shows "log 3 (size t + 1) < height t" =R
102proof - H 102proof - H
103y from assms have "size t + 1 < 3”height t" 7? 103y from assms have "size t + 1 < 3"height t" §
104 by (induction t) auto Ny 104 by (induction t) auto [a]
T o s e | 105 then show ?thesis g
= 10| using log3_of_power_le by fastforce e
IProof state [#]Auto update | Update | Search: <o [+]|2 worjaed]] ]
theorem log3_of_power_le: [?m < 3 ~ ?n; 0 < ?m| = log 3 (real ?m) < real ?n :E 1089 ﬂ

109 (*<*) B

e110)end =

« [r]
[ Proof state [#]Auto update | Update |search:[ =[[100% |+
theorem height_bound_lower: =
bal 7t — log 3 (real (size ?t + 1)) < real (height 7t)
D < D

[l
[2 ]~ [ output | query [ sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[101.1 (3026/3224)
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9T e by (induction t) auto B B o temma height_bound_lower: ==Y
; g3) then show ?thesis % ; 100] | assumes "bal t" %
2|+ o using le_log2_of_power by blast 2 HisL! shows "log 3 (size t + 1) < height t" a
&l oslqed § & cnogproof - §,
/| o & i o103f  from assms have "size t + 1 < 3”height t" g

g7|Lemmas log3_of_power_le = log_of_power_le[where b=3, simplified] i 104 by (induction t) auto i
o3 H 105 then show ?thesis g
sollemja height_bound_lower: H 108]- - S
100f assumes "bal t" (o] 107] apply (fastforce+) [4]-- [

101/ shows "log 3 (size t + 1) < height t" & 108 using log3_of_power_le by fastforce &

1wz{proof - El 100{qed E]

103y from assms have "size t + 1 < 3~height t" 7% 110 §

104 by (induction t) auto 2] 1 (*<*) 18]

15| then show 7thesis H 112lend r

106] using log3_of_power_le by fastforce = Tns (*>%*) 7

[ [ Il
] Proof state /] Auto update | Update | Search: | ~|[Loow |- [¢] Proof state [¥] Auto update | Update |Search:
proof (prove) = proof (prove)
goal (1 subgoal): T using this:
1. log 3 (real (size t + 1)) < real (height t) size t + 1 < 3 ~ height t L
M: Dl |

il
(B~ | output | query | sledgehammer [ symbols |

{1
(8]~ [output | query | | symbals |

[100.4 (3011/3225)
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104 by (induction t) auto

cws|  then show ?thesis]]

108| apply (fastforce+) [4]

107| using log3_of_power_le by fastforce
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