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Exercise 7.1 Interval Lists

Sets of natural numbers can be implemented as lists of intervals, where an interval is
simply a pair of numbers. For example the set {2, 3, §, 7, 8, 9} can be represented
by the list [(2, &), (5. 5), (7, 9)]. A typical application is the list of free blocks of
. . - . : dynamically allocated memory.
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be less than or equal to the upper bound, and the intervals should be chosen as large

Dura‘“on' 97'01 m|n as possible, 1.e. no two adjacent intervals should overlap or even touch each other. It
turns out to be convenient to define inv in terms of a more general function such that
the additional argument is a lower bound for the intervals in the list:
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4]

a sgltext <Define a function to add a single element to the interval list, =] L} Bl ==
; 29) and show its correctness> % ; s{fun add :: "nat = intervals = intervals" %
2|l so 2 ¢|| s | vhere H
&l s 3l el s vadd i (1= [(i,1)]" 2
2 s2{fun add :: "nat = intervals = intervals" 53 z ss|| "add i ((a,b)#ivs) = ( 53
s3 | where £l s | if i+l < a then (i,1)#(a,b)#ivs HE
sef  "add i []1 = [(i,i)]" l§ 57. else if i+l = a then (i,b)#ivs i§
ss|| "add i ((a,b)#ivs) = ( § E else if i<b then (a,b)#ivs i
s6| if i+l < a then (i,i)#(a,b)#ivs (o] e else if i=b+1 then case ivs of [a]
57, else if i+l = a then (i,b)#ivs & 60| [1 = [(a,1)] S
E: else if i<b then (a,b)#ivs El 81 | (c,d)#ivs' = if i + 1 = c then (a,d)#ivs' else (a,i)#(c,d)#ivs’ El
59| else if i=h+1 then case.|] E 62} else (a,b)#add i ivs ]
60| 2] s )" 18]
61 64)
62 )"

ss|Llemma add_correct:

[«]

[

[»]

[v]

IProof state [#]Auto update | Update | Search: <] [roox | [7IProof state [¢]Auto update | Update | search: ~| oo [+]

Inner syntax errora = consts 12
Failed to parse prop add :: "nat = (nat x nat) list = (nat x nat) list"

o Found termination order: "(Ap. size_list (Ap. size (snd p)) (snd p)) <*mlex*> {}" -

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols |

[58.28 1778/4152)
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4MB 12:36 PM

0: —/\ehreJrDs/Ssl...lﬁ Isabelle2017 - tut07.thy (modified)

w0l [0 | |3[731]

4 Isabelle2017 - tut07.thy
Fle Edit Search Markers Folding View Utilities Magros Plugins Help

OEdo & ¢ XEHE & C

[/2315abelle2017 - tut07.thy (modified)

[57.1 (168414274)

(isabelle isabelle, UTF-B-Isabelle) /1

debian®|_ || 1|z 3|a u\ammich@lapmpkowm:~MemafFD5/ss1...|s|saneuezu17—tum?.my

7 - tut07.thy

& Isabelle2017 - tuto7.thy
Ele Edit Search Markers Folding View Utilities Macros Plugins Help

DEd@E & 9¢ XHAE 8@ -

O tut07.thy (~/lehre/FDS/SS18/public/exercises/) v O tuto7.thy (~/lehre/FDS/SS18/public/exercises/) v
8T Bl B =
; s2{fun add :: "nat = intervals = intervals" % ; soffun add :: "nat = intervals = intervals" %
2|| s3 | where 2 ¢|| s3 | where 2
S s vadd i [1=[(i,1)]" 2 8] s vadd i 11 = [(4,8)1" g
2 ss(| "add i ((a,b)#ivs) = ( z = ss|| "add i ((a,b)#ivs) = ( it

s if i+l < a then (i,i)#(a,b)#ivs HE s | if i+l < a then (i,i)#(a,b)#ivs Hi3|
57 else if i+l = a then (i,b)#ivs =& 57 else if i+l = a then (i,b)#ivs g
58| else if i<b then (a,b)#ivs ; 58 else if i<b then (a,b)#ivs §
59 else if i=b+l then case| ivsfof = = else if izb+l then cfse ivs of (2]
e [1 = [(ai)] 5 B [1 = [(a,i)] 5
61 | (c,d)#ivs' = if 1 + 1 = c then (a,d)#ivs' else (a,i)#(c,d)#ivs' E 61 | (c,d)#ivs' = if i + 1 = c then (a,d)#ivs' else (a,i)#(c,d)#ivs’ El
62| else (a,b)#add i ivs § 62} else (a,b)#add i ivs §
= 2] s )" 3]
&4 &4)
es|lemma add_correct: o es|Llemma add_correct: I
| I ol | a E— ol |
[ Proof state [] Auto update | Update | Search: | | [oow |« [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
consts <] consts =
add "nat = (hat x nat) list = (nat x nhat) list" add "nat = (hat x nat) list = (hat x nat) list"
Found termination order: "(A\p. size_list (Ap. size (snd p)) (snd p)) <*mlex*> {}" <l Found termination order: "(Ap. size_list (Ap. size (snd p)) (shd p)) <*mlex*s {}" -
D D

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |
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<

8] B CH - B
; s2fun add :: "nat = intervals = intervals" % ; s2{ fun merge_aux where %
2|l s where 2 2|| 53 | "merge_aux a b [] = [(a,b)]" g
Sl sy Madd i [] = [(i,i)]1" § £ 5| "merge_aux a b ((c,d)#ivs) =j §
E| ] "add i ((a,b)#ivs) = ( B |2 s 5
56 if i+l < a then (i,i)#(a,b)#ivs 73 E: '73
571 else if i+l = a then (i,b)#ivs & 57 H &
e else if i<b then (a,b)#ivs]| H 5§ F
Sof else if i=b+l then case ivs of (o] sofun add :: "nat = intervals = intervals" [a]
50 [1= [(a i)l 2 oo | where 2
61 | (c,d)#ivs' = if i + 1 = c then (a,d)#ivs' else (a,i)#(c,d)#ivs' El g “Madd i []1 = [(i,i)1" El
62| else (a,b)#add i ivs E 52| “"add i ((a,b)#ivs) = ( g
& )" 2] e | if i+l < a then (i,1)#(a,b)#ivs 2]
54 6l else if i+l = a then (i,b)#ivs
ss|Lemma add_correct:

65 else if i<b then (a,b)#ivs

[«]

[

[»]

IProof state [#]Auto update | Update | Search:

v|[roo% |+

WlProot state 7l auto update | Update | search: |

consts
add

it "nat = (nat x nat) list = (nat x nat) list"
Found termination order: "(Ap. size_list (Ap. size (snd p)) (snd p)) <*mlex*> {}"

41

[v]

Inner syntax error: unexpected end of inputo
Failed to parse prop

il
(B~ | output | query | sledgehammer [ symbols |

il
(8]~ [output | query | | symbals
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47

D

24 Bl B s fun merge_aux where [~ =
; s2| fun merge_aux where % ; s3]  "merge_aux a b [1 = [(a,b)]" %
2l s3 "merge_aux a b [1 = [(a,b)]1" 8 2|l 5o || "merge_aux a b ((c,d)#ivs) = (if b+l=c then (a,d)#ivs else (a,b)#(c,d)#ivs)" 2
Sl 5| "merge_aux a b ((c,d)#ivs) =" ] || o 3
Z | o 5 &b sef{fun add :: "nat = intervals = intervals" g
S| mE si| | where 2]
57 Ha s | Madd i [1 = [(1,i)]" g
selll z so || "add i ((a,b)#ivs) = ( 3
so| fun add "nat = intervals = intervals" (2| 60) if i+l < a then (i,i)#(a,b)#ivs [o]
50| where 3 61 else if i+l = a then (i,b)#ivs 3
g "add i [] = [(i,i)]" = &) else if i<b then (a,b)#ivsl e
&2| “"add i ((a,b)#ivs) = ( g &3 else if i=b+l then merge_aux a i ivs 8
& if i+l < a then (i,i)#(a,b)#ivs 2] o else (a,b)#add i ivs 3]
&4 else if i+l = a then (i,b)#ivs s )"
5| else if i<b then (a,b)#ivs I 66} —
[ : - | K1l - i
[ Proof state [] Auto update | Update | Search: | | [oow |« [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
Inner syntax error: unexpected end of inputa = consts =l
Failed to parse prop add "nat = (hat x nat) list = (hat x nat) list"

Found termination order: "(Ap. size_list (Ap. size (snd p)) (snd p)) <*mlex*> {}"

<

DN

<
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [

| symbols |
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0 tut07.thy (~/lehre/FDS/SS18/public/exercises/) - 0 tut07 thy (~/lehre/FDS/SS18/public/exercises/) -

L} s3l "merge_aux a b [] = [(a,b)]" =} so|| "add i ((a,b)#ivs) = ( e
t sq| "merge_aux a b ((c,d)#ivs) = (if b+l=c then (a,d)#ivs else (a,b)#(c,d)#ivs)" t 60| if i+l < a then (i,1)#(a,b)#ivs
¢l s Bl g | else if i+l = a then (i,b)#ivs
g sg/fun add :: "nat = intervals = intervals" H 62 else if i<b then (a,b)#ivs
= 571  where = 63 else if i=b+1 then merge_aux a i ivs

sef "add i [] = [(i,1i)]" H 64 else (a,b)#add i ivs

sof| "add i ((a,b)#ivs) = ( s )"

60| if i+l < a then (i,i)#(a,b)#ivs

61 else if i+l = a then (i,b)#ivs
62| else if i<b then (a,b)#ivs
63 else if i=b+1 then merge_aux a i ivs

else (a,b)#add i ivs

54.

65 )"

s7lemma add_correct:

[SsioouL [ a5 |sbiepis | Ueneazewnsea] 4 @]

4]

s7[Llemma add_correct:

el | assumes “inv fs"

ss| shows "inv (add x is)" "set_of (add x is) = insert x (set_of is)"
70|  oops

[Sau0syL [ 23535 [piepis [usneruswnooa [ ¢ [@)

7otext <Hints:
73| | » Sketch the different cases (position of element relative to the first interval of the list)

[«]

< [v] [ ]
IProof state [#]Auto update | Update | Search: <] [roox | [7IProof state [¢]Auto update | Update | search: | ~| oo [+]
consts = proof (prove) 1]
add :: "nat = (nat x nat) list = (nat x nat) list" goal (1 subgoal):
Found termination order: "(Ap. size_list (Ap. size (snd p)) (snd p)) <*mlex*> {}" o 1. tut07.inv (add x is) &&& set_of (add x is) = insert x (set_of is) -

[v]

il
(B~ | output | query | sledgehammer [ symbols |

{1
(2]~ [ output | query |

| symbols |

[64.1 (1922/4318)

(isabelle isabelle,UTF-8-Isabelle) 1m0 UG
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87| "add i ((a,b)#ivs) = ( S22 BT "add 1 ((a,b)#ivs) = ( B[
T @ if il < a then (i,i)#(a,b)#ivs = D e| | if i+ < a then (i,i)#(a,bl#ivs =
2ll g else if i+l = a then (i,b)#ivs 8 2l el else if i+l = a then (i,b)#ivs 2
|l @  else if i<h then (a,b)#ivs 2 |8|| & | else if i<b then (a,b)#ivs :
T 63 else if i=b+l then merge_aux a i ivs & T 63 else if i=b+l then merge_aux a i ivs Py

64 else (a,b)#add i ivs ) 64 else (a,b)#add i ivs 2
65 | )" Il § s | )" B %
66| H& 65 g
7|Lemma add_correct:[] = =B i
63 assumes "inv is" 3 e 5
s shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" = 6d|- e
70 oops 8 7o[Lemma add_correct: 8
7 2] 71| | assumes "inv is" 3]
72text <Hints: 72l  shows "inv (add x is)" "set_of (add x is) = {x} U set_of is"
73 = Sketch the different cases (position of element relative to the first interval of the 1list) - 73  oops o

- S | @ b

[ Proof state [] Auto update | Update | Search: | | [oow |« [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+

proof (prove) |~ proof (prove) 1~
goal (1 subgoal): goal (1 subgoal):

1. tut@7.inv (add x is) &&& set_of (add x is) = {x} U set_of is = 1. tutd7.inv (add x is) &&& set_of (add x is) = {x} U set_of is =

D D

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |
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75|  shows "inv (add x is)" "set_of (add x is) = {x} U set_of is"
76| oops

77
sg[text <Hints:

80 on paper first

79 = Sketch the different cases (position of element relative to the first interval of the 1list)

@ = In one case, you will also need information about the second interval of the list.
82 Do this case split via an auxiliary function! Otherwise, you may end up with

a recursion equation of tl

[SsuoouL [ a5 |sobrepis | Uoneasewnsea ] 4 @]

< ]

73| Lemma add_correct:
74| | assumes "inv is"
75|  shows "inv (add x is)"

76| | oops
77|

7e[text <Hints:

79| | w Sketch the different
&) on paper first

"set_of (add x is) = {x} U set_of is"

cases (position of element relative to the first interval of the list)

L} 70/lemma add_pres_inv: "inv is —> inv (addlx is)" |~ ] 6| 1=
: 71 t &9)

§ 72 § 7o|Llemma add_pres_inv: "inv is — inv (add x is)"

&b 73llemma add_correct: |

z 74/ assumes "inv is" z 72

[
[sau0sy1 [23535 [3piepis [usneruswnooa [ ¢ [@)

[

[»]

proof (prove)
goal (1 subgoal):
1. inv is — inv (add x is)

[¥] Proof state [ Auto update | Update | Search: | | oo |«

D]

proof (prove)
goal (1 subgoal):
1. inv is = inv (add x

is)

[] Proof state [] Auto update | Update | Search: [ ~|[1o0% |

]

<
(B~ | output | query | sledgehammer | symbols

<1
(2]~ [ output | query |

| symbols
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70/Lemma add_pres_inv: "inv is —> inv (add x is)"
71| unfolding inv_def]]

72|
73|
74/Lemma add_correct:

75|  assumes "inv is"

76 shows "inv (add x is)" "set_of (add x is) = {x} U set_of is"

[SsiosuL [ ow3s [pbiepis | uomeweunsea | « [@]

[H|

7o|Lemma add_pres_inv: iinv
71| unfolding inv_def.

72flemma add_correct:
75|  assumes "inv is"

is — inv (add x is)"

76|  shows "inv (add x is)" "set_of (add x is) = {x} U set_of is"

85| else if i<b then (a,b)#ivs =] BT s else if i<b then (a,b)#ivs =
~ | & else if i=b+l then merge_aux a i ivs = o else if i=b+l then merge_aux a i ivs
¢l e else (a,b)#add i ivs ¢l o | else (a,b)#add i ivs
% &7 )" % & )"
T e | e
69| = 69) =

[5108 0L [=3e35 [ontepis [ uomemwnoa [ « | @)

[T|

[+

Proof state [¥] Auto update

Update | search

Proof state [¢] Auto update

Update | Search:

o 7]

proof (prove)
goal (1 subgoal):
1. inv' 0 is = inv' 0 (add x is)

47

«

D

proof (prove)
goal (1 subgoal):
1. inv is = inv (add x

is)

<

DN

[
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols

[71.20 (2042/4406)
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BT g else if i<b then (a,b)#ivs [=] BT e else if i<b then (a,b)#ivs []
t &5 else if i=b+1 then merge_aux a i ivs t &5 else if i=b+1 then merge_aux a i ivs
¢l wf  else (a,b)#add i ivs 2w else (a,b)#add i ivs
slbel | )" =lie )"
T e T e

69| | 69 (|

so|Lemma add_pres_inv: "n<x = inv' n is = inv' n (add x is)El
7| unfolding inv_def
72|
73
74{lemma add_correct:
75| assumes "inv is"
76| shows "inv (add x is)" "set_of (add x is) = {x} U set_of is"

[SsuoouL [ a5 |sobieis | usneasswnsea ] 4 @]

<

7o[Lemma add_pres_inv:
7| unfolding inv_def

"n<x = inv' n is = inv'ln (add x is)"

7alemma add_correct:
75| | assumes "inv is"
76| shows "inv (add x is)"

"set_of (add x is) = {x} U set_of is"

[sau0sy1 [ 23535 [3piepis [ usneruswnooa [ ¢ [@)

[

[»]

proof (prove)
goal (1 subgoal):
1. [n < x; inv' n is] = inv' n (add x is)

[¥] Proof state [ Auto update | Update | Search: | | oo |«

D]

proof (prove)
goal (1 subgoal):
1. [n < x; inv' n is] —

inv' n (add x is)

[] Proof state [] Auto update | Update | Search: [ ~|[1o0% |

]

<
(B~ | output | query | sledgehammer | symbols

<1
(2]~ [ output | query |

| symbols

[70.58 (2034/4417)

(isabelle isabelle,UTF-8-Isabelle) 1m0 UG 2
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874 else if i<b then (a,b)#ivs =12 BT e else if i<b then (a,b)#ivs =I1E
; 65| else if i=b+l then merge_aux a i ivs % ; 65) else if i=b+l then merge_aux a i ivs %
2|/ o5 else (a,b)#add i ivs 2 £l e else (a,b)#add i ivs 2
i &7 )" § f & )" §
G “64 || 8l %—)v

69 == 69 =2
7o/Llemma add_pres_inv: "n<x —> inv' n ivs — inv' n (add x ivs)" _*§ 70/Lemma add_pres_inv: "n<x — inv' n ivs — inv' n (add x ivs)" _*§
71| unfolding inv_def]] 5 7| | apply (induction ivs[] H
72| 9 72 w
73| % 73] %
74/Lemma add_correct: El 74lLemma add_correct: e
75|  assumes "inv is" 8 75|  assumes "inv is" 8
76 shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" i 76|  shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" ﬂ

(I q |

I Proof state ] Auto update | Update | Search 7l Proof state (¢l Auto update | Update | Search: ~| 00w [+]

proof (prove) = proof (prove) 1]
goal (1 subgoal): goal (2 subgoals):

1. [n < x; inv' n ivs] = inv' n (add x ivs) 1. [n < x; inv' n [1] = inv' n (add x [])

2. Aa ivs.
| T [In < x5 inv' n ivs] = dinv' n (add x ivs); n < x; inv' n (a # ivs)] = inv' n (add x (a # ivs))

<« D 1l D

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
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0 tut07.thy (~/lehre/FDS/SS18/public/exercises/) vl 0 tut07.thy (~/lehrefFDS/SS18/public/exercises/) -l
BT g else if i<b then (a,b)#ivs =IE] BT else if i<b then (a, b)#ivs BIE]
—1| 65 else if i=b+1 then merge_aux a i ivs =l —| 9] else if i=b+1 then merge_aux a i ivs o1
@ : B @ P
21| e8| else (a,b)#add i ivs E 2]l e else (a,b)#add i ivs E
H H
i &7l )" § i & )" g
Z|| eg S || eg =
5 5
69) (= 69 =
s0/Llemma add_pres_inv: "n<x = inv' n ivs = inv' n (add x ivs)" § 7o[Lemma add_pres_inv: "n<x = inv' n ivs = inv' n (add x ivs)" §
7| apply (induction ivsu § 7| | apply (induction ivs arbitrary: nn i
2 (] 72 ol
o o
73| @ 73] T
74lemma add_correct: El 7o/lemma add_correct: =]
75|  assumes "inv is" g < : : 8
. . . . @ 5
76| shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" e L]

| ol | [7IProof state [¢]Auto update | Update | search: ~|[200%

[¥] Proof state [ Auto update | Update | Search: | | oo |«

proof (prove) 1]
goal (2 subgoals):
1. An. [n < x; dnv' n [1] = dinv' n (add x [1)

proof (prove)
goal (2 subgoals): 2. Aa ivs n.
1. [n < x; inv' n [1] = inv' n (add x []) [An. [n < x; dinv' n dvs] = dinv' n (add x ivs); n < x; inv' n (a # ivs)]

T 2. Aa ivs. = inv' n (add x (a # ivs))
[[n < x; inv' n ivs] = dinv' n (add x ivs); n < x; inv' n (a # ivs)] = inv' n (add x (a # ivs))

[«1

D]

[l < »
‘Elv‘lnutpu(IQusrylS\Edgehammerlsymbu\sl \n|v||cutput|Query| | symbols | -
|71‘23 (2058/4423) (isabelle isabelle,UTF-8-Isabelle) 1m0 UG Lf1327MB 12:55 PM‘ ‘71‘35 (2072/4436) (isabelle isabelle, UTF-8-Isabelle) 'm0 UG 1327MB 12:55 PM|
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8T e else if i=b+1 then merge_aux a i ivs B BT " [~ =
; 66| else (a,b)#add i ivs % ; 68 %
2l o7 DY 2 i 2
i 68| § f 7o[Lemma add_pres_inv: "n<x = inv' n ivs = inv' n (add x ivs)" §
|| e 2 il n| apply (induction ivs arbitrary: n) 2

70/Lemma add_pres_inv: "n<x — inv' n ivs — inv' n (add x ivs)" 2 72| | apply simpl El
71| apply (induction ivs arbitrary: n) § 73l | apply simp %
72  apply a] E 74 é
73| 9 75) w
74 & 76|Lemma add_correct: H
75|Lemma add_correct: 5 71| | assumes "inv is" =]
[H| ’ o M'é’ g o S S I o o — Mlg
B B
] Proof state /] Auto update | Update | Search: | ~|[roo% [+ [¥] Proof state [ Auto update | Update | Search: | ~| oo |+
proof (prove) =] proof (prove) !
goal (1 subgoal): goal (1 subgoal):
1. Aa b ivs n. 1. Aa ivs n.
[An. [n < Suc b; inv' n ivs] = inv' n (add (Suc b) ivs); n < a; a < b; inv' (Suc (Suc b)) ivs; [An. [n £ x; dinv' n divs] = inv' n (add x ivs); n < x; inv' n (a # ivs)]
x = Suc b] = inv' n (add x (a # ivs))
== inv' n (merge_aux a (Suc b) ivs)
<« D 1l Dl

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

|72‘1U (2083/4446) (isabelle isabelle,UTF-8-/sabelle) 1 1 327MB 12:56 PM‘ ‘72‘13 (2086/4462) (isabelle,isabelle, UTF-81sabelle)/im o UG
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76| Lemma add_correct:
77l assumes "inv is"
Lhl D

76|Lemma add_correct:
77| | assumes "inv is"

[l [»]

[4]
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™ tut07.thy (~/lehre/FDS/SS18/public/exercises/) vl B tut07.thy (~/lehre/FDS/SS18/public/exercises/) -l
a W w(E [>] f ==
~ier ) = e ) S
—1| o8 — —| &) d
2 g 4 g
2| o9 2 3| & 2
a|o 7o/lemma add_pres_inv: "n<x — inv' n ivs — inv' n (add x ivs)" § oo 7o[lemma add_pres_inv: "n<x — inv' n ivs — inv' n (add x ivs)" §
@ =4 o N . . . -
T a| apply (induction ivs arbitrary: n) [ ]2 | a| apply (induction ivs arbitrary: n) o
: g . 5
72| apply simp == 72 | apply simp 2]
7 apply clarsimp]] H 73 | apply auto] g
74 z 74} o
B =
% (] 79 ol
& b
@ ©
Ell (=
E ES
8 g
3 H

WlProot state 7l auto update | Update | search: | ]| [roose

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«
proof (prove) =]
goal (1 subgoal):

1. Aa b ivs n.
[[/\n. [[n < Suc b; inv' n ivs]] == inv' n (add (Suc b) ivs); n < a; a < b; inv' (Suc (Suc b)) ivs;

proof (prove) =
goal (1 subgoal):
1. Aa b ivs n.

[An. [n < Suc b; inv' n ivs] = dinv' n (add (Suc b) ivs); n < a; a < b; inv' (Suc (Suc b)) ivs;
X = Suc b] X = Suc b]
= inv' n (merge_aux a (Suc b) ivs) = inv' n (merge_aux a (Suc b) ivs)
qq D | T D
|8~ [output | query [ sledgehammer | symbols | (2]~ [ output | query | | symbols |
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86 else (a,b)#add i ivs =l BTe] T else (a,bi#add i ivs =]
—ter )" 4|
3 T
2| s 2| e
o @
i 69| ﬁ 69)
T o 7o|lemma add_pres_inv: "n<x = inv' n ivs = inv' n (add x ivs)" ic|o 7o/lemma add_pres_inv: "n<x — inv' n ivs — inv' n (add x ivs)"

71| apply (induction ivs arbitrary: n) 7| apply (induction ivs arbitrary: n) =

72|  apply simp
73 | apply auto]

76/Lemma add_correct:

4] [}

72. apply simp
73] | apply auto

76| Lemma add_correct:

| [+

[SsioeuL [ 93 [phrepis [ uonewaunsea | « [@]

[Ss10sus [=3e35 [ontepis [uoremwnoa [ ¢ | @)

] Proof state /] Auto update | Update | Search: | v|[oow |+
proof (prove) =]
goal (1 subgoal):

1. Aa b ivs n.
[An. [n < Suc b; inv' n ivs] = inv' n (add (Suc b) ivs); n < a; a < b; inv' (Suc (Suc b)) ivs;
x = Suc b
== inv' n (merge_aux a (Suc b) ivs)

DN

«

WProof state [ZlAuto update | Update [Searchi  ~][too% |v]
proof (prove) !
goal (1 subgoal):

1. Aa b ivs n.
[An. [n < Suec b; inv' n ivs] = inv' n (add (Suc b) ivs); n < a; a < b; inv' (Suc (Suec b)) ivs;
X = Suc b]
= inv' n (merge_aux a (Suc b) ivs)

DN

[
(o]~ output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |
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0 tut07.thy (~/lehre/FDS/SS18/public/exercises/)

0 tut07 thy (~/lehre/FDS/SS18/public/exercises/)

71| apply (induction
72| apply auto

ivs arbitrary: n)

7s|Lemma add_correct:
76 assumes "inv is"

<

2T e else (a,b)#add i ivs =] Clipr= else (a,b)#add i ivs B
—IF 7] i el ()

H T

21 g 2 g

o 5

g &9 ﬁ &9)

T o 7o[Llemma add_pres_inv: "n<x —> inv' n ivs —> inv' n (add x ivs)" [ Z o 7o|Lemma add_pres_inv: "n<x —> inv' n ivs — inv' n (add x ivs)"

7| apply (induction ivs arbitrary: n)
72| | apply auto

7s|Lemma add_correct:
76| | assumes "inv is"

[4]

i — — . ‘

»]

[SUsauL a5 |sbiopis | Uoeasewnsoa] 4 | @]

¥ Praof state ] Auto update | Update | search |

~][oow [+]

[Sau0syL [ 23535 [biepis [usneruswnooa [ ¢ [@)

WlProot state 7l auto update | Update | search: | ]| [roose

proof (prove)

goal (1 subgoal):

1. Aa b ivs n.
[An. [n < Suc b; inv' n ivs] = inv' n (add (Suc b) ivs); n < a; a < b; inv' (Suc (Suc b)) ivs;
x = Suc b]
= inv' n (merge_aux a (Suc b) ivs)

D]

consts
add :: "nat = (nat x nat) list = (nat x pat) list"

Found termination order: "(Ap. size_list (Ap. size (snd p)) (snd p)) <*mlex*> {}"

]

il
(B~ | output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query |

| symbols

[73.1 (2087/4449) (isabelle, isabelle, UTF-8-Isabelle) i -0 UG

1/1330MB 1:00 PM

[69.1 (197614448) (isabelle,isabelle, UTF-8-Isabelle) [/ o UG

4/1330MB 1:00 PM]

aqewian(0|_ || 2 1234 0: ~/lehrefFDS/SSL..| 5 Isabelle2017 - tuto7.thy Isabelle2017 - tut07.thy /ANEEEEEE a0 w2 1[2 3| 4| @lammich@lapnipkow10: ~/lehre/FDS/s51...| 4 1sabelle2017 - tuto7 thy s 7 -tut07.thy i ]13:00:23]
b Isabelle2017 - tut07.thy -5 X G Isabelle2017 - tut07 thy (modified) - X
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help

D@dE & 9 ¢ XDE @& - @ D@BdE & 9¢ XDE a8 r & & @

O tut07.thy (~/zhre/FDS/SS18/public/exercises/) x| |8 tut07.thy (~/lehre/FDS/SS18/public/exercises/) v
2T F18) BT [ else (a,b)¥add i ivs =g
51| 53 B = H
2|c s4 fun merge_aux where 2 EIG: 2
5 5
&\ | sl "merge_aux a b [1 = [(a,b)]" ] | 6ol 3
@ . - . . = @ . . - - . =
|l ss| "merge_aux a b ((c,d)#ivs) = (if b+l=c then (a,d)#ivs else (a,b)#(c,d)#ivs)" 2 i |0 7ofLemma add_pres_inv: "n<x — inv' n ivs — inv' n (add x ivs)" g

s - . . . 5
57| = = 7| apply (induction ivs arbitrary: n) ==
sg fun add :: "nat = intervals = intervals" § 72|  apply auto %

= =
sl where o 5 7 | all 5
sof| "add i [1 = [(i,i)]" (2| 74 [a]
all "add i ((a,b)#ivs) = ( 5 7 5
2 if i+l < a then (i,i)#(a,b)#ivs =] 76| Lemma add_correct: =]
- PR . PP hd ) Rk - . | §5)
| Dl S I Dl 5
2 2
] Proof state /] Auto update | Update | Search: | ~|[roo% [+ [¥] Proof state [ Auto update | Update | Search: | | oo |+

consts =] proof (prove) !

‘a = ('a x

iy

merge_aux :: "'a = 'a) list = ('a x

Found termination order:

‘a) list"

DN

goal (1 subgoal):

1. Aa b ivs n.
[An. [n < Suec b; inv' n ivs] = inv' n (add (Suc b) ivs); n < a; a < b; inv' (Suc (Suec b)) ivs;
X = Suc b]
= inv' n (merge_aux a (Suc b) ivs)

DN

<
(o]~ output | query | sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

[59.1 (1748/4449) (isabelle, isabelle, UTF-8-Isabelle) i1

UG /L330MB 1:01 PM
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72| apply auto
73  apply (casf tac ivs)
72| apply auto
75|
76
77{lemma add_correct:

<

aire] 1 =l B dtemma add_pres_inv: "n<x — inv' n ivs — inv' n (add x ivs)" =l
t 68| t alproof (induction ivs arbitrary: n)

§ 9| § 72l  case Nil

% 7o/lemma add_pres_inv: "n<x —> inv' n ivs — inv' n (add x ivs)" % 73] | then show ?case by auto

T a| apply (induction ivs arbitrary: n) [ Z o 7anext

75| case (Cons a ivs)

76| | then show ?case apply ggggl
79ed

7 | apply auto

[+]

[SUsauL a5 |sbiopis | Uoeasewnsoa] 4 | @]

¥ Praof state ] Auto update | Update | search |

~][oow [+]

[Sau0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

proof (prove)
goal (2 subgoals):
1. Aa b ivs n.
[An. [n < Suc b; inv' n ivs] = inv' n (add (Suc b) ivs); n < a; a < b; inv' (Suc (Suc b)) ivs;
x = Suc b; ivs = []]
= inv' n (merge_aux a (Suc b) ivs)
° 2. Aa b ivs n aa list.
[l

D]

Failed to apply proof methoda:
using this:
. [?n < x; inv' ?n ivsﬂ = inv' ?n (add x ivs)
«h <x
 inv' n (a # ivs)
goal (1 subgoal):
1. inv' n (add x (a2 # ivs))

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

(B~ | output | query | sledgehammer [ symbols |

{1
(8]~ [output | query | | symbals |

[73.13 (2099/4485) (isabelle, isabelle, UTF-8-Isabelle) i -0 UG

30MB 1:02 PM
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78] then show ?case Epp'l.y auto

qed

so| apply auto
81|

82

g3lemma add_correct:

<

[SsosuL [ 93 [pbepis | uomeweunsea | « [@]

IProof state [#]Auto update | Update | Search:

proof (state)
this:

« [™n
=<
« inv' n (a # ivs)

< x; inv' ?n ivs] = inv' 7n (add x ivs)
x

goal (1 subgoal):
o -

DN

] 73lproof (induction ivs arbitrary: n) = BT T then show ?case by auto =
t 74| case Nil t 7elnext

§ 75| then show ?case by auto § 771 case (Cons a ivs)

56 7gnext 24 7 | then show 7case

2| 77| case (Cons a ivs) z| apply (cases a)

&g apply auto

apply (cases ivs)
82 apply auto

&3} done

[S5u08 0L [=3e35 [ontepis [ uomemwnooa [ ¢ | @)

[+

proof (prove)
goal:
No subgoals!

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |
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75 then show ?case by auto [<]124 BIT7 " then show ?case by auto ==Y
76/next % ; 7elnext %
771 case (Cons a ivs) E 2|l 771 case (Cons a ivs) E
78 then show ?case g % 78|  then show ?case B
79| apply (cases a) B Z|| 7o apply (cases a) g
Eul apply auto 73 Ee apply (cases ivs) i
il apply (cases ivs) i a1l apply auto i
&2 apply auto H =]l | done 5
&3] done (o] s3lqed [a]
g4 qed & a4 &
&5 El &) El
86 % ss[Lemma add_correct = g

[»]

¥ Praof state ] Auto update | Update | search |

v [oow [+

WlProot state 7l auto update | Update | search: | | [roo% [+]

proof (prove)
goal (1 subgoal):

inv' (Suc (Suc b)) ivs; x = Suc b]
= inv' n (merge_aux aa (Suc b) ivs)

1. Aaa b. [An. [n < Suc b; inv' n ivs] = inv' n (add (Suc b) ivs); a = (aa, b); n < aa; aa < b;

4T

[v]

proof
goal:
No sul

(prove)

bgoals!

]

il
(B~ | output | query | sledgehammer [ symbols |

{1
(2]~ [ output | query |

| symbols
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1. Aa ivs n.
[An. [n < x; inv' n ivs] = inv' n (add x ivs); n < x; inv' n (a # ivs)]
— inv' n (add x (a # ivs))

DN

72| using assms Bl B e [~ =
73lproof (induction ivs arbitrary: n) % ; 69) %
74 case Nil 8 £)e 7ofLemma add_pres_inv: 2
75| then show ?case by auto § % 71|l "n<x = inv' n ivs = inv' n (add x ivs)" §
76Jext na:;' & o 72proef (induction ivs arbitrary: n) 7%
771 case (Cons a 1ivs) = 73 | case Nil 2]
78 then show ?case H 74| then show ?case by auto H
79| apply (cases a) B 75jnext 2
80| apply (cases ivs) (o 76 case (Cons a ivs) [o]
a1 apply auto & 771  then show ?case S
2| done El 79 apply (cases a) e
ea{qed 8 79 apply (cases ivs) g
1l T | 1l - Tl I
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+
proof (state) |~ proof (prove) [=]
goal (1 subgoal): goal (1 subgoal):

1. [n < x; inv' n ivs] = inv' n (add x ivs)

DN

<
(o]~ output | query | sledgehammer [ symbols |

T
(2]~ [ output | query [

| symbols |
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7zlproof (induction ivs arbitrary: n)
73 case Nil

74| then show ?7case by auto

7s|next

76 case (Cons a ivs)

771 then show ?case

78] apply (cases a)

<

[SsusouL [swis |soviepis | uoneasewnsea] 4 @]

& using assms
ss| unfolding inv_def

so[Lemma add_correct:

a| | assumes "inv is"

ool shows "inv (add x is)" “"set_of (add x is) = {x} U set_of is"
53|  oops

E &7 )" =i 5 g2qed B
[ &8 o 83)

H T

2/| 9 2/c ggllemma set_of_add:

H H

@ o 7o/lemma add_pres_inv I a|l| gs| assumes "inv is|

o o

E |71l "n<x = inv' n ivs = inv' n (add x ivs)" Z|| gg| shows "set_of (add x is) = {x} U set_of is"

[l

[¥]

Proof state Auto update

update | search: |

v [oow [+

proof (prove)
goal (1 subgoal):
1. [n < x; inv' n ivs] — inv' n (add x ivs)

4T

[v]

proof (prove)
T using this:
inv is

goal (1 subgoal):
1. set_of (add x is) = {x} U set_of is

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

[Sau0sy1 [ 23535 [3piepis [usneruswnooa [ ¢ [@)

Dl |

<
(B~ | output | query | sledgehammer | symbols

il
(8]~ [output | query | | symbals |
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gl unfolding inv_def
90|
g|Lemma add_correct:

<

Proof state Auto update

update | search: |

So1i0s\L | 23e5 [ mepis [Uoewewn>00 | ¢ [ ]

proof (prove)
using this:
«n<x
« inv' nis

goal (1 subgoal):
1. set_of (add x is) = {x} U set_of is

DN

[

8T qed E BT e [ case Nil B
= | e =l a|  then show ?case by auto
215 gylLemma set_of_add: 2 slnext
2| &  assumes "n<x 2| & case (Cons a ivsn
Z|| e assumes "inv' n is" Z)6 o then show ?case
g7 shows "set_of (add x is) = {x} U set_of is" o) apply (cases a)
s using assms]| ol annly (racas A -]

[»]

WlProot state 7l auto update | Update | search: |

v|[roo% |+

proof (state)

this:
« [™n < x; inv' ?n ivs] — set_of (add x ivs) = {x} U set_of ivs
«n<x
« inv' n (a # ivs)

goal (1 subgoal):

1. Aa ivs n.
[An. [n < x; inv' n ivs] = set_of (add x ivs) = {x} U set_of ivs; n < x; inv' n (a # ivs)]
— set_of (add x (a # ivs)) = {x} U set_of (a # ivs)

<

[Sstoa s [=1e3s [ontepis [uomeswnoa [ « | @)

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |
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{1

[v]

BII"o  then show ?case = BII°g then show ?case =l
t = apply (cases a) t o5 apply (cases a)
§ o8| apply (cases ivs) § o6} apply (cases ivs)
H 7| apply (auto split: if_splits) g o7 apply (auto split: if_split_asn'n
Z)| o I | done z)| o done
ol qed solqed

Iv]

theorem set_of_add:

[?n < ?x; inv' ?n ?ivs]| = set_of (add ?x ?ivs) = {?x} U set_of 7ivs

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

[SsuioouL [s3%is |sviopis [ Usneasewnsoa ] 4 @]

DN

proof (prove)
goal (10 subgoals):
1. Aaa b aaa ba list xa.
[An. n < suc b =
set_of

(if Suc (Suc b) < aaa then (Suc b, Suc b) # (aaa, ba) # list
else if Suc b + 1 = aaa then (Suc b, ba) # list
else if Suc b < ba then (aaa, ba) # list
else if Suc b = ba + 1 then merge_aux aaa (Suc b) list
else (aaa, ba) # add (Suc b) list) =
insert (Suc b) ({aaa..ba} U set_of list);
a = (aa, b); ivs = (aaa, ba) # list; n < aa; aa < b; x = Suc b; =

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

[Sau0syL [ 2335 [3piepis [usneuswnooa [ ¢ [@]

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols |
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87T then show 7case = B 575 Tthen show ?case =
—| o apply (cases a) = o apply (cases a)
2l o apply (cases ivs) 2l o apply (cases ivs)
% a7 apply (auto split: if_split_asm]] = % o7 apply (auto split: if_splits]]
T o done il o done
so|qed so|qed

]

¥ Praof state ] Auto update | Update | search |

proof (prove)
goal:
No subgoals!

[SeosuL [ ow3s [oprepis [uomeweunsea | « [@]

«

DN

proof (prove)
goal:
No subgoals!

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

[Ssuoa s [=1e3s [ontepis [uomesunsoa [ « | B)

DN

[
(o]~ output | query | sledgehammer [ symbols |

<1
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[}

proof (prove)
goal:
No subgoals!

] Proof state /] Auto update | Update | Search: | v [roon [+

[SsuoouL [e3%5 |svtopis [ Ueneazewnsoa ] 4 @]

E g4 then ?case = 5 94|  then show ?case =l
—| sl apply (cases a) | o9 apply (cases a)
¢l o | apply (cases ivs) gl o | apply (cases ivs)
H 7| apply (auto split: if_splits) g 97 apply (auto split: if_splits)
= [ done]] = sl | done
ol qed B solqed

ozlemma add_correct:

104 = assumes "inv is"

105] | shows "inv (add x is)
106)  oops

"set_of (add x is) = {x} U set_of is"

[sau0sy1 [ 23535 [piepis [usneruswnooa [ ¢ [@)

[T|

Proof state [7] Auto update | Update | Search: ~| oo [+]
proof (prove) 1]
goal:
No subgoals!
< D | T D
|8~ [output | query [ sledgenammer | symbols (8]~ [ output [ query | | symbals
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o3lemma add_correct:

104 assumes "inv is"

105 shows "inv (add x is)" "set_of (add x is) = {x} U set_of is"
106]  using add_prEs_inv assms tutO7.inv_def apply fastforce

107] sledgehammer

10|
109
uotext <Hints:

[S5osuL [ ow3s [pbwepis [uomeweunsea | « [@]

4

v |

8T o done = BT done =
—|| sglqed =} sglqed

& &

= || L0o0| = ||| 100]

o @

@101 @101

@ @

| 102 i 102

c3fLlemma add_correct:

104 assumes "inv is"

105|  shows "inv (add x is)" "set_of (add x is) = {x} U set_of is"
106) using add_pres_inv assms tut07.inv_def apply fastforce

107] | sledgehammer]]

10g|
109
ugtext <Hints:

[Sst0a 0L [=3e3s [ontepis [uomemwnoa | « | @)

[

[»]

Sledgehammering. . .
Proof found. ..
ng

[v] Proof state [v] Auto update | Update | Search: [ ~| oo |«

Sledgehammering. . .
Proof found...

[] Proof state []Auto update | Update |Search: [ ~|[oo% [+

Try this: using add_pres_inv assms tut07.inv_def apply fastforce (100 ms) = e": Try this: using add_pres_inv assms tut07.inv_def apply fastforce (100 ms) T
"z3": Try this: using add_pres_inv assms tut07.inv_def apply fastforce (56 ms) "z3": Try this: using add_pres_inv assms tut07.inv_def apply fastforce (56 ms)
"cvcd": Try this: using add_pres_inv assms tut07.inv_def apply fastforce (44 ms) ] "cvc4": Try this: using add_pres_inv assms tut07.inv_def apply fastforce (44 ms) |
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[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|105‘l5 (2666/4977) (isabelle,isabelle, UTF-8-Isabelle) /im0 UG 174MB 1:17 PM‘ ‘107.15 (2723/4977) (isabelle isabelle, UTF-8-sabelle) im0 UG 174MB 1:18 PM|

debian(D| _ || &) 1|2 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...IﬁIsabeHeanT-tutCIT.thy h; sabelle2017 - tut07.thy

debian(D| _ |y &) 1|z 3| 4| @lammich@lapnipkow10: ~flehre/fDS/S51... | 3 Isabelle2017 - tuto7.thy

|5 1sabeliez017 - tuto7.thy




4p Isabelle2017 - tut07.thy - X /iy Isabelle2017 - tut07 thy -2 X
Eile Edit Search Markers Folding View Utilities Magros Plugins Help Eile Edit Search Markers Folding Wiew LUtilities Macros Plugins Help
DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE @
0 tut07.thy (~/lehre/FDS/SS18/public/exercises/) - 0 tut07 thy (~/lehre/FDS/SS18/public/exercises/) v
BT o done [<]124 BT o done ==Y
; o0 qed é j-} oo|qed é
100f 2 100] e
E 101 é E 1ol é
@ 2 K 2
|| 102 s i 102 =
103{Llemma add_correct: i 103{Lemma add_correct: i
104 assumes "inv is" L& 104 | assumes "inv is" L&
105 shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" § 105|  shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" i
106 using add_pres_inv assms tut07.inv_def apply fastforce (o] 108 | using add_pras_inv assms tut07.inv_def apply fastforce [a]
107| f.% 107 %
108| g 108| g
109)| 2 109 £
1o/ text <Hints: :i 10/text ¢Hints: TE
1 ]| 1l T
¥ Proof state [l Auto update | Update | Search: | ~|[roon |+ [¥] Proof state [¢] Auto update | Update | Search: | ~| oo |+
Sledgehammering. .. = proof (prove) =
using this: L
« [?n < ?x; inv' ?n ?ivs] = inv' ?n (add ?x ?ivs) I
« inv is [
i « inv = inv' @ L
] D] il D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols
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O tut07.thy (~/zhre/FDS/SS18/public/exercises/) x| |0 tut07 thy (~/lehre/FDS/SS18/public/exercises/) v
a —B8 [x] [
100 == solqed (=l
E 101 § E 100] E
% 102 g g 101 g
@ (o103 Llemma add_correct: z & | 102 8
@ . - = @ =
|| 104 assumes "inv is[] 8 |o103Lemma add_correc g
. - - s - - 5
105 shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" =2 104f assumes "inv is" 2]
106 using a res_inv assms tu .inv_def a astforce z 10s]  shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" g
g add_pres_ tute7 _def apply fastf = - - g
107] B 106) using add_pres_inv assms tut07.inv_def apply fastforce B
108| (o 107 using assms set_of_add tut07.inv_def by fastforce [a]
109) & msl b
uotext <Hints: El 109 El
11| = Sketch the different cases (position of element relative to the first interval of the list) g 1oftext <Hints: g
112| on paper first miE 111 = Sketch the different cases (position of element relative to the first interval of the list) TE
« D o D
[¥] Proof state [¥] Auto update | Update | Search: | v||100% |- [ Proof state [7] Auto update | Update | Search: | ~|[1o0% |w
proof (prove) = theorem add_correct; 2]
goal (1 subgoal): « inv ?is = inv (add 7x ?is)
1. set_of (add x is) = {x} U set_of is « inv ?7is — set_of (add ?x ?7is) = {?x} U set_of ?is
< D 1l D
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|104‘19 (2588/4977) (isabelle,isabelle, UTF-8-Isabelle)/lm o UG 74MB 1:18 PM‘ ‘lUE.l (2761/5014) (isabelle isabelle, UTF-8-sabelle) im0 UG 2/1153MB 1:20 PM|

debian(D| _ || &) 1|2 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...I-ﬁIsabeHeanT-tutCIT.thy Iﬁlsahellezou—lulﬂl(hy

I = N [EBTET debian(D[ _ | Ty| 1L 1|z 3| 4| @lammich@lapnipkow10: ~flehre/fDS/S51... | 3 Isabelle2017 - tuto7.thy |5 1sabeliez017 - tuto7.thy




4 Isabelle2017 - tut07.thy - 4 1sabelle2017 - tut07.thy - Ex
File Edit Search Markers Folding View Utilities Magros Elugins Help File Edit Search Markers Folding View Utilities Magros Plugins Help
DE@Edp & 9 ¢ XOE @ DEEE B & @ DEdd @ s¢ 00 @ T REE 2
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[v]

9T o apply (cases ivs) <18 BT a "nat" =12
; 97| apply (auto split: if_splits) % ; 103 b "nat set" %
2/ o8 done 2 2100 € "nat set" g
% gsmetl § % 105 §
) | 100 g | 1ceflemma A: "{a} U b = c" Forry] it
101 i 107E i
102] H 108{Lemma B: "{a} Ub U d=c U d" g
103lemma add_correct: H 109) F
104f assumes "inv is" (o] 110 (o]
10s| shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" & 111 S
106 using add_pres_inv assms tut07.inv_def apply fastforce El 117/lemma add_correct: El
1077 using assms set_of_add tut07.inv_def by fastforce E 113  assumes "inv is" s
108] :i 114)  shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" TE

4

Proof state [¢] Auto update

Update | Search:

proof (prove)
goal (1 subgoal):
1. set_of (add x is) = {x} U set_of is

¥ Proof state [l Auto update | Update | Search: | ~| [roon [+

DN

proof (prove)
goal (1 subgoal):
1. fajubud=cud

Dl |

il
(8]~ [output | query | | symbals

<
(B~ | output | query | sledgehammer | symbols

[99.1 (2544/5014)

lisabelle,isabelle, UTF-8-Isabelle) ! o UG

3/1153MB 1:20 PM

[106.1 (2504/5131)

(isabelle,isabelle, UTF-8-Isabelle) im0 UG 116MB 1:21 PM|
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108{lemma B: "{a} Ub Ud=1c U d"
lUSI
110|
111
uzlemma add_correct:

I
[S5osuL [ ow3s [pbwepis [uomeweunsea | « [@]

<

8 100| — C 100) =
t 101/consts t 101/consts
§ 1020 a :: "nat" E 102 a "nat"
5103 b :: "nat set” 2l0d b "nat set"
Z o c iz "nat set” Z) o "nat set"
105| 109
10s{Lemma A: "{a} U b = c" sorry 106{Lemma A: "{a} U b = c" sorry
107| 107) =

egllemma B: "{a} Ub Ud=c U d"
os| apply [(simp add: A

110]
111
12{lemma add_correct:

[
[Ss108 0L [=3e35 [ontepis [uomemwnsoa [ ¢ | @)

[l

[+]

proof (prove)
goal (1 subgoal):
l.{aubud=cud

[¥] Proof state [¥] Auto update | Update | Search: | | |[Loow [«

«

DN

proof (prove)
goal (1 subgoal):
1. insert a (b U d) =c U d

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

DN

[
(o]~ output | query | sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[109.1 (2685/5131)

(isabelle,isabelle, UTF-8-Isabelle) i ro UG

1116MB 1:22 PM

[109,21 (2685/5151) Input/output complete

(isabelle,isabelle,UTF-8-sabelle) 1m0 UG 116MB 1:22 PM]
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oo | apply [(simp add: A)]
10| using A apply simp

111
112
13[lemma add_correct:
14 assumes "inv is"

[S5uoouL a5 |sviepis | Ueneazewnsea | 4 @]

{1

[v]

oo| apply (simp add: A)
110| | using A apply simp

112]
13(Llemma add_correct
114  assumes "inv is"

BT a :: "nat” el B Ta "nat" =
t 103) b :: "nat set" t 108 b "hat set"
g 104 € :: "nat set" % 104 € "hat set"
& || 108 o | | 105
£ | 106{Lemma A: "{a} U b = c" sorry || 106 Lemma A: “{a} U b = ¢c" sorry
1a7| 107
10s{lemma B: "{fa} Ub U d=cuU d" 10e{lemma B: "{a} Ub U d=c U d"

[Sau0sy1 [ 23535 [3piepis [usneruswnooa [ ¢ [@)

Clli

Iv]

proof (prove)
goal (1 subgoal):
1. insert a (b ud) =cud

¥ Proof state [l Auto update | Update | Search: | ~| [roon [+

DN

theorem A: {a} Ub = ¢

[¥] Proof state [¢] Auto update | Update | Search: | ~|[1oo% |+

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query | | symbals

[109.22 (2686/5173)

(isabelle, isabelle, UTF-8-Isabelle) \/m ro UG 69/1097MB 1:23 P

[107.1 (2633/5173)

(isabelle,isabelle, UTF-8-sabelle) |/mr o UG 72/1097MB 1:23 PM|
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109 apply (simp add: @)
10| using [J apply simp
111
112|
11zlemma add_correct:
114 assumes "inv is"

[SsmesuL [ ow3s [ppwenis [uomeweunsea | « [@]

|

|

proof (prove)
T using this:
{aYUub=c

goal (1 subgoal):

1 + TN LY LA

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

[

09| | apply (simp add: A)
110]  using A apply simp
111
112]

BT a :: "nat” = B [a "nat" =
: 103 b :: "nat set" t 103l b "nat set”
§ 104 € :: "nat set" § 104 € "nat set"
g 105| g 109
= 106)Lemma A: "{a} U b = c" sorry = 1oslLlemma A: “"{a} U b = c" sorry
107| 107)
10glemma B: “{a} Ub U d=c U d" || 1celemma B: “{a} Ub UdfcuUd"

Iv]

[Ssoeus [=3e35 [ppispis [ uonewswnoog [ « [@]

proof (prove)
goal (1 subgoal):
1. fajubud=cud

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[110.,9 (2695/5173)

(isabelle isabelle, UTF-8-Isabelle) im0 UG 097MB 1:23 PM
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0 tut07.thy (~/lehre/FDS/SS18/public/exercises/) - B tut07.thy (~/lehre/FDS/SS18/public/exercises/) -

111
112|
13slemma add_correct:
114 "inv is"

<

L} 104 € :: "nat set" 1~ ] 109] =
t 105| t 10s{Lemma A: "{a} U b = c" sorry
§ 10s{Llemma A: "{a} U b = c" sorry § 107]
5| 107 &loiflemma B: "{a} Ub Ud=c U d"
% iceflemma B: "{a} Ub Ud=c U d" | 10| | using A apply simp
100 apply (simp add: A) 11|
1o Esing A apply simp 111

12[lemma add_correct:

113 | assumes "inv is"

114 | shows "inv (add x is)" "set_of (add x is) = {x} U set_of is"
15| using add_pres_inv assms tut07.inv_def apply fastforce

[l

[¥]

¥ Praof state ] Auto update | Update | search |

[SusouL [sis |sviepis | Ueneasewnsea] 4 @]

~][oow [+]

[Sati0syL 23235 [3biepis | ueneruswnooa [ ¢ [@)

proof (prove)
T using this:
{a} Ub=c

goal (1 subgoal):
1. inserta (b U d) =cud

DN

proof (prove)
goal:
No subgoals!

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

Dl |

<
(B~ | output | query | sledgehammer | symbols

il
(8]~ [output | query | | symbals

(isabelle,isabelle, UTF-8-Isabelle) im0 UG J8OMB 1:26 PM|

|110‘3 (2689/5173) lisabelle,isabelle, UTF-8-Isabelle) ! o UG 0B8OMB 1:26 PM ‘110.1 (2686/5151) Input/output complete
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12llemma add_correct:
«

111 on paper first
<
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M tut07.thy (~/lehre/FDS/SS18/public/exercises/) v O tuto7.thy (~/lehre/FDS/SS18/public/exercises/) -
BT a :: "nat” B BTy [~ =
; 103 b :: "nat set" % ; 107/lemma add_correct: %
2lloa € :: "nat set" 2 £|l103 assumes "inv is" 2
% msl § % 104  shows “inv (add x is)" "set_of (add x is) = {x} U set_of is" §
| 1c6{lemma A: "{a} U b = c" sorry & ic||105) using add_pres_inv assms tut07.inv_def apply fastforce 5

107| El 106) using assms set_of_add tut@7.inv_def by fastforce 15]
10 lemma B: “{a} Ub U d=c U d" H 107] RE
109] using A apply simp B 109) B
110 (o 109/text <Hints: [a]
111 3 1100 = Sketch the different cases (position of element relative to the first interval of the list) =S

S El

g 8

IProof state [#]Auto update | Update | Search:

[7IProof state [¢]Auto update | Update | search:

~| oo [+

proof (prove)
goal:
No subgoals!

DN

theorem add_correct:
« inv ?7is = inv (add ?x ?is)
« inv ?7is — set_of (add ?x ?is) = {?x} U set_of ?is

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

[105.1 (2603/5151)

dlﬁan@_ | 1|2 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...l-ﬁIsabeHeanT-tutﬂT.thy(modiﬁedi

(isabelle,isabelle, UTF-8-Isabelle) i ro UG
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J80MB 1:26 PM

[107.1 (2760550121

(isabelle,isabelle,UTF-8-sabelle) 1m0 UG 99/1063M8 1:27 PM|
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B EE

0 tut07.thy (~/lehre/FDS/SS18/public/exercises/)

Sorting thy (§1SABELLE_HOME/src/HOL/Data_Structures/)

uul = Sketch the different cases (position of element relative to the first interv,
on paper first

= In one case, you will also need information about the second interval of the
Do this case split via an auxiliary function! Otherwise, you may end up with

al of the list)

list.
a recursion equation of ti

if n < 1 then xs
else merge (msort (take (n div 2) xs)) (msort (drop (n div 2) xs)))"

132
133
134)
13s|declare msort.simps [simp dell]

L} 104f shows "inv (add x is)" "set_of (add x is) = {x} U set_of is" |~ ] 12¢|"merge [] ys = ys" | e
t 1| using add_pres_inv assms tut07.inv_def apply fastforce t 127]"merge xs [] = xs" |
% 1) using assms set_of_add tut07.inv_def by fastforce % 128| "merge (x#xs) (y#ys) = (if x < y then x # merge xs (y#ys) else y # merge (x#xs) |ys)"
& 107] =129
z 108 = 130”" msort "'a::linorder list = 'a list" where
19/ text <Hints: 131|"msort xs = (let n = length xs in

[SsusouL [sis |sviepis | ueneasewnsea ] 4 @]

[Sati0syL 23535 [piepis [ usneruswnooa [ ¢ [@)

114 «f (x#xs) = case xs of x'#xs' = f (x'#xs') ...» = 139} =]
)l I I D] < Dl
] Proof state ] Auto update ‘ Update ‘Ssarch:\ v\|lou% ‘-‘ [¥] Proof state [ Auto update | Update |search:\ v|‘1uu% |v
proof (prove) =l consts =]
goal (1 subgoal): msort :: "'a list = 'a list"
1. inv (add x is) &&& set_of (add x is) = {x} U set_of is Found termination order: "length <*mlex*> {}"
] D] il D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals
|110‘l (2775/5013) lisabelle,isabelle, UTF-8-lsabelle)/ /o UG 31/1063MB 1:27 PM‘ ‘130.1 (3031/5664) (isabelle isabelle UTF-8-/sabelle)/mr o UG 1063MB 1:29 PM|
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Sorting.thy ($ISABELLE_HOME/sre/HOL/Data_Structures/) v O tuto7.thy (~/lehre/FDS/SS18/public/exercises/) v
8 Tz "merge (x#xs) (y#ys) = (if x < y then x # merge xs (y#ys) else y # merge (x#xs) |ys)" B 8715 [~ =
; 129 % ; 128 (* Optimized mergesort *) %
26130 fun msort :: "'a::linorder list = 'a list" where 8 2|l 129 2
% 13|"msort xs = (let n = length xs in § % 130/fun msort2 :: "nat = ‘'a::linorder list = 'a list" §
i|(137 if n < 1 then xs 5 z|la| where "msort2 _ _ = undefined] i
1331 else merge (msort (take (n div 2) xs)) (msort (drop (n div 2) xs)))" Ell 132 5]
= | EH 133/lemma "n = length xs — msort2 n xs = msort xs" H
1zs/declare msort.simps [simp del] B 134 | oops B
136| 9 139 w
1370 (* We count the number of comparisons between list elements only *) & 13s|text <Hint: =S
13s| = 137] | Use @{thm [source] msort.simps} only when instantiated to a particular <xs> = El
[H| D g 4 D 8
[v] Proof state ] Auto update Update | Search: ‘ | [L00% |w i V] Proof state  [v] Auto update Update Search:‘ -[|100% |+ E
consts =] proof (prove) !
msort :: "'a list = 'a list" goal (1 subgoal):

Found termination order: "length <*mlex*> {}"

«

DN

1. n = length xs = msort2 n xs = msort xs

DN

[
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[134.1 (3204/5664) (isabelle,is:

abelle, UTF-8-Isabelle) /im0 UG L1063MB 1:30 PM

[131,33 (3683/5013) (isabelle,isabelle, UTF-8-sabelle) 1

debian(D| _ || &) 1|2 3| 4 | j@lammich@lapnipkow10: ~/lehre/fDS/S51...| 4 Isabelle2017 - tut07.thy

[&315abelte2017 - sorting thy

debian(D| _ |y &) 1|z 3| 4| @lammich@lapnipkow10: ~flehre/fDS/S51... | 3 Isabelle2017 - tuto7.thy

|5 1sabeliez017 - tuto7.thy

uG

LO63ME 1:30 PM



g Isabelle2017 - tut07.thy.
File Edit Search Markers Folding View Utilities

(@dbE & 9¢ X0OBE & &

Magros Plugins Help

CEEE X &

4 1sabelle2017 - tut07 thy

Eile Edit

NEdho & 4 ¢ X a8 -

Search Markers Folding View Utilities Magros Plugins Help

B EE

0 tut07.thy (~/lehre/FDS/SS18/public/exercises/)

0 tut07 thy (~/lehre/FDS/SS18/public/exercises/)

BTz (* Optimized mergesort *) =18 B [fun msort2 :: "nat — 'a::linorder list — 'a list" where ==
; 129) % ; 131|"msort2 n xs = ( %
2/c130fun msort2 :: "nat = ‘'a::linorder list = ‘'a list" 2 2llazgl | if n < 1 then xs a
% 121/"msort2 n xs = (let n = length xs n § % 133|  else merge (msort2 (n div 2) (take (n div 2) xs)) (msort2 (n - n div 2) (drop |(n div 2) xs)))" §
T| 13 if n < 1 then xs g | |134 g
133 else merge (msort2 (take (nh div 2) xs)) (msort2 (drop (n div 2) xs)))" i 1zs{lemma "n = length xs = msort2 n xs = msort xs" i
134 H 136 | oops g
1zs|lemma "n = length xs = msort2 n xs = msort xs" 7; 137 Ei
136] 00pS (o] 13g[text <Hint: [a]
137] 3 130| | Use @{thm [source] msort.simps} only when instantiated to a particular <xs» S
1sst(‘ext <Hint: - E(E] 149 ‘(@{thm [source] msort.simps[of xsl}), - =~ =]
< D 3 « » 2
¥ Praof state ] Auto update | Update | search | ] [roos Mi WlProot state 7l auto update | Update | search: | ~|[roo% [+ 2]
Outer syntax errorn: keyword "where" expected, = proof (prove) =
but quoted stringa was found: goal (1 subgoal):
"msort2 n xs = (let n = length xs in 1. n = length xs — msort2 n xs = msort xs
if n < 1 then xs linarith_split_limit exceeded (current value is 9) T
else merge (msort2 ... (take (n div 2) xs)) (msort2 ... (drop (n div 2) xs)))" linarith_split_limit exceeded (current value is 9)
linarith_split_limit exceeded (current value is 9) L
linarith_split_limit exceeded (current value is 9)
. MZ I‘inarith split limit exceeded (current value is 9) MZ
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols |

[131.35 (3665/5113)

(isabelle, isabelle, UTF--Isabelle) \/m ro UG 98/1049MB 1:32 P

[135.22 (3792/5119)
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B tut07.thy (~/lehre/FDS/SS18/public/exercises/)

[01tut07 thy (~/lehre/FDS/S518/public/exercises/)

«

DN

Found termination order: "(Ap. size (fst p)) <*mlex*> {}"

BT 5[fun msort2 :: "nat — ° linorder list = 'a list" where B B o (* Optimized mergesort *) [~ =
; 131|"msort2 n xs = ( % ; 129 %
2ll132l if n < 1 then xs 8 2lo130|fun msort2 :: "nat = 'a::linorder list = 'a list" where 2
Sl else merge (msort2 (n div 2) (take (n div 2) xs)) (msort2 (n - n div 2) (drop |(n div 2) xs)))" § 2| 13|"msort2 n xs = ( §
)| 134 5 2|1z if n < 1 then xs i
15/lemma "n = length xs — msort2 n xs = msort xs" El 1331 else mer@e (msort2 (n div 2) (take (n div 2) xs)) (msert2 (n - n div 2) (drop (n div 2) xs)))" El
136(- - § 134 %
137 e 135|Lemma "n = length xs — msort2 n xs = msort xs" B
1ss/text <Hint: (2| 13 apply (induction n xs rule: msort2.induct) [o]
139 Use @{thm [source] msort.simps} only when instantiated to a particular <xs> & 137 | apply auto S
140  (@{thm [source] msort.simps[of xs]}), = 129 = El
[H| D g [T| D] 8
Proof state Auto update Update | Search: ‘ | [L00% |w i Proof state [v] Auto update Update Search: ‘ -[|100% |+ E

<] consts [=]

msort2 :: “"nat = 'a list = ‘'a list"

DN

[
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |
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128{(* Optimized mergesort *)
129|
120 fun msort2 "nat = '
|"msort2 n xs = (

1321 if n < 1 then xs

133 Ielse merge (msort2 (n div 2) (take (n div 2) xs)) (msort2 (n - n div 2) (drop
134/
1zs|lemma "n = length xs = msort2 n xs = msort xs"
s| apply (induction n xs rule: msort2.induct)

1371 apply auto

138

linorder list = 'a list" where

File Browser | 4 | B

(n div 2) xs)))"

<

128| (* Optimized mergesort *)
129)
130/ fun msort2 "hat = ‘'a
131|"msort2 n xs = (

137l  if n < 1 then xs

133| | else merge (msort2 (n div 2)

:linorder list = 'a list" where

1:s/lemma "n = length xs = msort2 n xs = msort xs"
13| | apply (induction n xs rule: msort2.induct)
1371  apply auto

(take (n div 2) xs)) (msort2 (n - n div 2) (drop

(h div 2) xs)))"

D

[4]

[

[»]

¥ Praof state ] Auto update | Update | search |

[SusouL [sis |sviepis | Ueneasewnsea ] 4 @]

v [oow [+

Proof state [v] Auto update

update | search |

| [roos

[Sati0syL 23535 [3piepis [ usneruswnooa [ ¢ [@)

consts
msort2 "nat =
Found termination order:

‘a list = 'a list"
"(Ap. size (fst p)) <*mlex*> {}"

DN

consts
msort2 "nat =
Found termination order:

‘a list = 'a list"
"(Ap. size (fst p)) <*mlex*> {}"

[«1

[v]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query | | symbals

[133.2 (3674/5170)
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O tut07.thy (~/lehre/FDS/SS18/public/exercises/) I O tuto7.thy (~/lehre/FDS/SS18/public/exercises/) 7
STa["msort2 n xs = ( = Bl s lemma "n = length xs — msort2 n xs = msort xs" [~ =
; 1390 | if n £ 1 then xs % ; 1sglproof (induction n xs rule: msort2.induct) %
2[l133 else merge (msort2 (n div 2) (take (n div 2) xs)) (msort2 (n - n div 2) (drop |(n div 2) xs)))" 8 2/l139] | case (1 n xs) 2
&1 ] 214 | then show 7case 3
| 13declare msort2, simps[simp dell & z) Lo apply (auto simp: msort.simps[of xs] msort2.simps[of [g xs1) £

136| i 142 i

137/lemma "n = length xs — msort2 n xs = msort xs" H 143/qed H

1) apply (induction n xs rule: msortE.induct) Sl 144 EE(H

139 apply auto (2| 125( | apply auto [o]

140| 3 146 3

1a1text <Hint: == 1471text <Hint: ~[=]

| D] Il LT
¥l Proof state ] Auto update | Update | Search: | | [roow =] & [7IProof state [¢]Auto update | Update | search: <] froow [+ L&
proof (prove) = proof (prove) =
goal (1 subgoal): goal (2 subgoals):
1. An xs. [[- n < 1; n div 2 = length (take (n div 2) xs)| 1. [n = length xs; length xs < Suc 0] — msort2 (length xs) xs = xs
== msort2 (n div 2) (take (n div 2) xs) = msort (take (n div 2) xs); = 2. [length xs div 2 = min (length xs) (length xs div 2) — T
[ n<1; n-ndiv 2 = length (drop (n div 2) xs)| msort2 (length xs div 2) (take (length xs div 2) xs) = msort (take (length xs div 2) xs);
== msort2 (n - n div 2) (drop (n div 2) xs) = msort (drop (n div 2) xs); msort2 (length xs - length xs div 2) (drop (length xs div 2) xs) = msort (drop (length xs div 2) xs);
n = length xs] m n = length xs; - length xs < Suc 0]
= msort2 n xs = msort xs ME — msort2 (lenagth xs) xs = MZ

<
(o]~ output | query | sledgehammer [ symbols |

[B ]+ [output [ query [ sledgehammer [ symbals |
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|

[v]

[

I

[V] Proof state  [v] Auto update ‘ Update

8/ [temma "n = length xs — msort2 n xs = msort xs" B BT e[ " not depend on the size of the interval, e.g., iterating over the =]
; 13g(proof (induction n xs rule: msort2.induct) % ; 182l | interval and adding the elements separately is not allowed!
£ll19 case (1 n xs) 2 HsE:
@lt1a  then show ?case g o104
= B Y I DSS T |o1es{ fun addi "nat = nat = intervals = intervals"
142| apply (auto simp: msort.simps[of xs] msort2.simps[of _ xs]) =4 1ss|where
143 H 157l "addi i j is = undefined"
144 qed H 189
1a5] (o] 1s0|Llemma addi_correct:
146 apply auto 3 100] | assumes "inv is" "i<j"
147] =(E] 191] | shows "inv (addi i j is)" "set_of (addi i j is) = {i..j} U (set_of is)"
S
2
@

| search: |

[Sati0syL [ 23235 [3piepis [ usneruswnooa [ ¢ [@)

v|[roo% |+

proof (prove)
goal:
No subgoals!

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

i D | ] D
(B[~ | output | Query | Sledgehammer | symbols (2]~ [ output | query | | symbals
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0 tut07.thy (~/lehre/FDS/SS18/public/exercises/)

@@&@QDEDE

|0 ex06.thy (~flehre/FDS/Private/SS18/Exercises/ex06/)

[x]
= Tlet ?xs2 = "[y«—xs . ~(y < x)]" =
[~ commands Flugins Fayorites = <113 Ly y )]
= 169 —| 213]
@| Path: [chilshre/FDS/SS18/public/exercises/ ¥ A ) 5 X
2 [Fiter: [*~~#] <~ [o170|fun del :: "mat = intervals = intervals" 2loz214) | have [simpl: "sort (x#xs) = sort ?xsl @ x # sort ?7xs2"
5 3 . s
3 171|where @ | 2159 using partition_correctlof "x#xs" x]
2 . @ . P PR
i Jammich 172  “"del _ _ = undefined" i|l 28 text <Hint: Use the lemma @{thm [source] partition_correct} and another auxiliary lemma here.>
[E lehre 173 217 by (auto simp: aux2l)

74lemma del_correct:
D) S518

[ public 7=
xercises 176

< Name [Last modffi.Jstat. [ Ty... 177

"Come up with a meaningful spec yourself" oops

[siosuL [w3s [phrepis [uomeweunsea | « [@]

47

&
[JexoL.pdf  1..2018/04/1... Rea... File|~| [o178[text < \NumHomework{Addition of Interval to Interval List}{June 1}
[E) ex02.pdf 1. 2018/04/2... Rea... File 41 D]
[Jex03.pdf 1. 2018/04/2... Rea... File
[[] exod.pdf 1. 2018/05/0... Rea... File ] Proof state /] Auto update | Update | Search: | ~|[roo% |+
[[] ex05.pdf 1., 2018/05/1... Rea... File =
[l exo6.pdf 1. 2018/05/1... Rea... File consts =
[J exo7.pdf 1. 2018/05/2... Rea... File del :: "nat = (nat x nat) list = (nat x nat) list"
[ tmploz.thy 7... 2018/04/2... Rea... File |~ Found termination order: "{}"
[F) tmplod.thy 7... 2018/05/0... Rea... File '
[[] tmplos.thy 6... 2018/05/1... Rea... File
[C] tmplo6.thy 5... 2018/05/1... Rea... File
[C)tmplo7.thy 4., 2018/05/: File
[l tutol.thy 1. 2018/04/1.. Rea... File
[ tutozthy 2. 2018/04/2... Rea... File |
[l tutos.thy 4. 2018/04/2... Rea... File
4

D

2181  note [simp del] =
219)
220| consider (L) "k<length ?xsl" |
221 using nat_neq_iff by blast
222. then show ?case proof cases

sort_key_simps

(E) "k=length ?xs1" | (G) "k>length ?xsl"

223 case L

224 then have "quickselect (x # xs) k = quickselect ?xsl k" by simp (* Braucht man nicht, man sieht aber, .
225

22| show ?thesis using L IH(1)

27| by (simp add: nth_append)

229 (* Es ist komisch, dass diese OF refl notwendig sind *)

229 thm "1, TH" - - -

el nave

[SstoauL [=3e3s [ontepis [uomemwnoa [ ¢ | B)

] I I

Iv]

[¥] Proof state [l Auto update | Update | Search: | -|[10o% |+

[«

D[]

[ tutod.thy 2018/05/0... Rea... File ||
= i Ad]
< 1l I

<
(2] =] output | query [ sledgehammer | symbols

1
(2]~ [ output | query [ | symbols |

[173.1 (4686/5311)
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File Browser | 4 | B
N
=]

235)
236

consider (L) "k<length ?xsl" | (E) "k=length ?xsl" | (G) "k>length ?xsl"
using nat_neq_iff by blast
then show ?case proof cases
case L
then have "quickselect (x # xs) k = quickselect ?xsl k" by simp (* Braucht m

show ?thesis using L IHml)I
by (simp add: nth_append)
(* Es ist komisch, dass diese OF refl notwendig sind *)

thm "1.TH"
next
case E

then have "quickselect (x # xs) k = x" by simp
show ?thesis by (simp add: nth_append E)
next
case G
then have "quickselect (x # xs) k = quickselect ?xs2 (k-length 7xsl-1)"

hu_cimn

an hicht, man sieht aber, !

[SsiioouL [ a5 |sviepis | Ueneasewnsoa ] 4 @]

[T

¥ Praof state ] Auto update | Update | search |

~][oow [+]

Dl

2200 consider (L) "k<length ?xsl1" | (E) "k=length ?xsl1" | (G) "k>length ?xs1"
221 using nat_neq_iff by blast

222l | then show ?case proof cases

223 case L

224 then have "quickselect (x # xs) k = quickselect ?xsl k" by simp (* Braucht m
225

22| show ?thesis using L IH(1)

23 apply (simp add: ]|

229 (* Es ist komisch, dass diese OF refl notwendig sind *)

229 thm "1, TH" - - -

230  next

an nicht, man sieht aber, .

4] T I

Iv]

[Sau0syL [ 23235 [3piepis [usneruswnooa [ ¢ [@)

proof (prove)

goal (1 subgoal):

T 1. [k < length [y—xs .
= sort [y—xs . y < x]

y < x]; quickselect [y—xs . y < x] k = sort [y—xs . y <
'k = (sort [y—xs . y < x] @ x # sort [y—xs

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

-y <x]) 'k

x] 1 K]

Dl |

[
(B~ | output | query | sledgehammer | symbols

{1
(8]~ [output | query | | symbals

[226,31 (7015/7833)
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220
221
222
223
224
225)

a
]
E3
2
&
@

consider (L) "k<length ?xs1" | (E) "k=length ?xs1" | (G) "k>length ?xs1"
using nat_neq_iff by blast
then show ?case proof cases
case L
then have "quickselect (x # xs) k = quickselect ?xsl k" by simp (* Braucht m

show ?thesis using L EH(l)
apply (simp add: )
(* Es ist komisch, dass diese OF refl notwendig sind *)
thm "1.IH"
next

an nicht, man sieht aber, |

«

File Browser | 4 | B

2200 consider (L) “k<length ?xsl1" | (E) "k=length ?xs1" | (G) "k>length ?xsl"

221] using nat_neq_iff by blast

2271 | then show ?case proof cases

223 case L

224 then have "quickselect (x # xs) k = quickselect ?xsl k" by simp (* Braucht m
225

226 show ?thesis using L IH(1)

22 thm nth_append]]

22| apply (simp add: )

229| (* Es ist komisch, dass diese OF refl notwendig sind *)

230 thm "1.IH"

an nicht, man sieht aber, !

< ] |

¥ Praof state ] Auto update | Update | search |

[SsosuL o35 [pbepis [uomewaunsea | « [@]

[S5u0sus [=1e35 [ontepis [uomemwnooa [ ¢ | B)

[V] Proof state  [v] Auto update ‘ Update

| search: |

goal (1 subgoal):

proof (prove)
using this:

k < length [y—xs . y < x]
[k < length [y—xs . y < xI; k < length [y—xs . y < x]]
— quickselect [y—xs . y < x] k = sort [y—xs . y < x] ! k

D]

(?7xs @ ?ys) ! ?n = (if 7n < length ?xs then ?xs ! ?n else ?ys ! (?n - length ?xs)

)

D

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
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M ex06.thy (~/lehre/FDS/Private/SS18/Exercises/ex06/) - 01 ex06 thy (~flehre/FDS/Private/SS18/Exercises/ex06/) -
a |240 ohne das findet sledgehammer *manchmal* einen sehr langen smt-Beweis, aber nicht immer *) =1 1Py by (simp add: nth_append) ==Y
; 241 proof - % ; 208 | qed %
£ o242 have "length xs = length ?xsl + length ?xs2" 2 2] 20g| | (¥>¥) 2
H 243 by (simp add: sum_length_filter_compl) § g 2so|next §
= 244 with "1.prems" show ?thesis by simp B & 251| | case 2lthen show ?case by simp g
25 ged]] El 252qged El
246] show ?thesis using G IH(2) H 253) g
247] apply (simp add: nth_append) H 254 F
| (o] al Dl w|
¥ Proof state ] Auto update | _Update | Search: ~]Joow | % IProof state @] Auto update | Update | Search: | [Loox H%
have k < 1 + length [y—xs . y < x] + length [y—xs . -y < x] :g show quickselect (x # xs) k = sort (x # xs) ! k :g
proof (state) 5] T Successful attempt to solve goal by exported rule: H
T this: (length [y—xs . y < x] < k) = quickselect (x # xs) k = sort (x # xs) ! k
k <1 + length [y—xs . y < x] + length [y-xs . -y < x] proof (state)
this:
goal (1 subgoal): T quickselect (x # xs) k = sort (x # xs) ! k
1. length [y—xs . y < x] < k = quickselect (x # xs) k = sort (x # xs) ! k
goal:
No subgoals!
T | v

il
|8~ [output | query [ sledgenammer | symbols

{1
(8]~ [output | query | | symbals

[245.8 (7687/7832) Matches line 239: have "k <1 + length ?xs1 + length 7xs2" (* Hier braucht man ein Hilf... (isabell
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0 ex06.thy (~/lehre/FDS/Private/S518/Exercises/ex06/)

|0 ex06.thy (~flehre/FDS/Private/SS18/Exercises/ex06/)

2 Tl Bl L] 1sg[proof (induction xs k rule: quickselect.induct) [~ =
“lm| let 7xsl = "[y—xs . y < xI" E o | case (1 x xs k) =
¢y let 7xs2 = "[y—xs . —(y < x)1" 8 2/l o) 2
2| a3 § & mzl text <Note: To make the induction hypothesis more readable, §
Zozs have [simpl: "sort (x#xs) = sort ?xsl @ x # sort 7xs2" & ) | 209 you can collapse the first two premises of the form <?x=...» Py
215 using partition_correctlof "x#xs" x] El 204 by reflexivity:» El
26| text <Hint: Use the lemma @{thm [source] partition_correct} and another auxiliary lemma here.> § 20sf note IH = "1.IH"[OF refl refl] %
217] by (auto simp: aux2l) B 209 B
2181 note [simp dell]l = sort_key_simps (o 207 text <Insert your proof here!> [o]
aly H 209) &
200 consider (L) "k<length ?xsl" | (E) "k=length ?xsl1" | (G) "k>length ?xs1" ; 200| | (*<*) _;
221 using nat_neq_iff by blast e 219) S ]
222 then show ?case proof cases 18] | let ?xsl = "[y—xs . y < x]" 1]
223 case L 212l let ?xs2 = "[y—xs =y < x)1"
224) i then have "auickselect (x # xs)mk = auickselect ?xsl k" bv simp (T Braucht man nicht. man sieht aber‘.m =] 213 - ot =
[ Proof state [] Auto update | Update | Search: | ~||too% | [¥] Proof state [¢] Auto update | Update | Search: | ~|[1o0% |+
proof (state) 1~
this:
« sort_key ?f [] = []
‘. sort_key ?f (?x # ?xs) = insort_key ?f ?x (sort_key ?f 7xs) ‘ ‘E | ‘ ‘Z
< D < >
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
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214 have [simp]: "sort (x#xs) = sort ?xsl @ x # sort 7xs2"

220 consider (L) "k<length ?xs1" | (E) "k=length ?xs1" | (G) "k>length ?xs1"
221 using nat_neq_iff by blast

z -
= 208 1=
|29 (*<*)

H

2| |20

@l Tlet ?xsl = "[y—xs . y < x]"

@

| a7 Tlet ?xs2 = "[y—xs . —(y < x)]"

>

215 using partition_correct[of "x#xs" x]

216 text <Hint: Use the lemma @{thm [source] partition_correct} and another auxiliary lemma here.
217, by (auto simp: aux21)

a2g(] note [simp dell = sort_key_simps

219|

[SsuoouL [swis |soviepis | uoneasewnsoa ] 4 @]

2221 ‘then show ?case proof cases
<

IProof state [#]Auto update | Update | Search: ~|[roox [+]
proof (prove) =
T using this: =
sort (x # xs) = sort [xa«—x # xs . xa < x] @ sort [xa«—x # x5 . - xa < x]
Ll D]
(B~ | output | query | sledgehammer [ symbols |
|215‘1 (6640/7833) lisabelle,isabelle, UTF-8-Isabelle) ! o UG 350MB 1:51 PM‘

man]_ [ 2| |3[73]]
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