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@® Priority Queues

Chapter 9

Priority Queues

Implementation type

datatype
'a lheap = Leaf | Node nat ('a tree) 'a ('a tree)
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Archive of Formal Proofs

https://www.isa-afp.org/entries/Priority_
Queue_Braun.shtml

Idea of invariant maintenance

braun () = True
braun (I, z, r) =
(Il < A < |rl + 1 A braun I A braun r)

What is a Braun tree?

braun :: 'a tree = bool

braun () = True
braun (I, x, ry =
(Irl < | ALl < || + 1 A braun I A braun r)

2/1\3
4/ \6 5/ \7

Priority queue implementation

Implementation type: a tree
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del_min

del_min :: 'a tree = 'a tree

sift_down

sift_doun :: 'a tree = 'a = 'a tree = 'a tree

sift_down () a () = {(), a, {))
sift_down ((), z, ()) a () =
(if @ < 2 then {((), z, (), a, ()
else ({(), a 0) , ()
sift_down (( 1)
ifagzr;l/\a,g.rzthen( 1, @ lo)
else if #; < p then (sift_ down ) a ry, a1, &)
else {t, z, sift_down b a r5)

Maintains braun

=:t) a ((b, m, m) = ) =

del_min

del_min :: 'a tree = 'a tree
del.min () = ()
delmin ((), z, ) = ()

del_min (I, x, ry =
(let (y, I") = del left lin sift_down r y ')

® Delete leftmost element y
@ Sift y from the root down

Sorting with priority queue

pq [| = empty
pq (x#xs) = insert x (pq xs)

mins ¢ =
(if 2s_empty q then |]
else get-min h # mins (del_min h))
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Sorting with priority queue

pq [] = empty
pq (xtxs) = insert © (pq xs)

mins q =
(if is_empty q then ||
else get_min h # mins (del_min h))

sorl_pg = mins o pq

HOL/Data_Structures/
Binomial_Heap.thy

@® Binomial Heap

Numerical method

Idea: only use trees #; of size 2!
Example
To store (in binary) 11001 elements: [#,0,0,%3,%4]
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Numerical method Numerical method

Idea: only use trees t; of size 2 Idea: only use trees t; of size 2°
Example

To store (in binary) 11001 elements: [#y,0,0,%s,%]

Example
To store (in binary) 11001 elements: [#,0,0,#;,%4]

Merge = addition with carry Merge = addition with carry
Needs function to combine two trees of size 2

into one tree of size 21

Binomial tree Binomial tree

datatype 'a tree =
Node (rank: nat) (root: 'a) ('a tree list)

datatype 'a tree =
Node (rank: nat) (root: 'a) ('a tree list)

Invariant: Node of rank 7 has children [t._1,. .. f]
of ranks [r—1,...,0]




Binomial tree

datatype ‘a tree =
Node (rank: nat) (root: 'a) ('a tree list)

Invariant: Node of rank r has children [¢,_1,. .. {]
of ranks [r—1,...,0]

wnvar_btree (Node r z ts) =
((V teset ts. invar_btree t) A map rank ts = rev [0..<7])

Combining two trees

How to combine two trees of rank ¢
into one tree of rank 41

link (Node r a2y ts; =: t;) (Node 1"y tso =: b)) =
(if 21 < 2y then Node (r + 1) x (2 # tsy)
else Node (r + 1) 2 (8 # tsq))

Binomial tree

datatype 'a tree =
Node (rank: nat) (root: 'a) ('a tree list)

Invariant: Node of rank 7 has children [t,_1,. .. ]
of ranks [r—1,...,0]

invar_btree (Node 1 x ts) =
((V teset ts. invar_btree t) A map rank ts = rev [0..<7])

Lemma
invar btree t = |f| = 2"

210

Binomial heap

Use sparse representation for binary numbers:
[f{):o:o:ti%:tél] represented as [ (O:t())7 (St%>(4t—l) ]
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Combining two trees

How to combine two trees of rank 7
into one tree of rank #+1

link (Node r z; tsg =: t;) (Node r" @y tsy =: )
(if z; < 2 then Node (r+ 1) 21 (s # ts1)
else Node (r + 1) zy () # ts2))

Inserting a tree

ins_tree t [| = [{]

ins-tree ty (2 # ts) =

(if rank t; < rank ty then t| # to # ts
else ins_tree (link t; t;) ts)

Binomial heap

Use sparse representation for binary numbers:
[10,0,0,3,14] represented as [ (0.,%y), (3,t3),(4,11) |

type_synonym 'a heap = 'a tree list

merge

merge ts; [| = ts

merge [| tso = tso

merge (t # ts1) (to # ts2) =

(if rank t, < rank &y then & # merge ts; (& # ts2)

else if rank t, < rank t; then by # merge (1, # ts1) tso
else ins_tree (link t; &) (merge ts; tss))
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merqge

merge ts, [| = ts1
merge || ts2 = tso
merge (t, # ts1) (o # tsy) =

(if rank t, < rank ty then t; # merge tsy (ty # tso)
else if rank & < rank t; then ty # merge (t; # ts1) ts

else ins_tree (link ty &) (merge ts; tss))

Intuition: Addition of binary numbers

Get/delete minimum element
All trees are min-heaps.

Smallest element may be any root node:

ts # [| = get-min ts = Min (set (map root ts))

Similar:
get_min_rest :: 'a tree list = 'a tree x 'a tree list
Returns tree with minimal root, and remaining trees

Get/delete minimum element
All trees are min-heaps.

Smallest element may be any root node:

ts # [| = get-min ts = Min (set (map root ts))

Get/delete minimum element
All trees are min-heaps.

Smallest element may be any root node:

ts # [| = get-min ts = Min (set (map root ts))

Similar:
get_min_rest = 'a tree list = 'a tree X 'a tree list
Returns tree with minimal root, and remaining trees

del_-min 1s =
(case get_min_rest ts of
(Node r z ts1, ts2) = merge (rev ts1) ts2)

Why rev?

215



Get/delete minimum element
All trees are min-heaps.
Smallest element may be any root node:

ts # [| = get-min ts = Min (set (map root ts))

Similar:
get-min_rest :: 'a tree list = 'a tree x 'a tree list
Returns tree with minimal root, and remaining trees

del_min ts =
(case get_min_rest ts of
(Node 1 x tsi, tsy) = merge (rev ts1) ts)

Why rev? Rank decreasing in ts; but increasing in tsy

Complexity

Recall: [¢| = 27k !
Similarly for heap: 2!t & < |tg| 4 1
Complexity of operations: linear in length of heap

Complexity

Recall: |t = orank t

Similarly for heap: 2/t < |ts| 4 1

Complexity

Recall: [t = orank t
Similarly for heap: glength ts < s+ 1

Complexity of operations: linear in length of heap
i.e., logarithmic in number of elements
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Complexity of merge

merge (t # ts1) (b # tsy) =

(if rank t; < rank t, then t; # merge ts (ty # 1)

else if rank &, < rank t; then t, # merge (t # ts1) ts
else ins_tree (link t &) (merge ts; ts3))

Complexity of merge

merge (b # ts1) (to # ts) =

(if rank t; < rank ty then t; # merge ts; (ty # tso)

else if rank t < rank t; then ty # merge (t; # ts1) tss
else ins_tree (link t t) (merge ts; ts2))

Relate time and length of input/output:
t_ins_tree t ts + length (ins_tree t ts) = 2 + length ts

length (merge ts) tso) + t-merge ts; ts
< 2 % (length tsy + length tso) + 1

Yields desired linear bound!

Complexity of merge

merge (1 # ts1) (o # tsy) =

(if rank t; < rank t; then &y # merge tsy (& # ts2)

else if rank t, < rank t; then &, # merge (t, # ts1) ts
else ins_tree (link t; t) (merge ts) ts2))

Complexity of ins_tree: tins_tree t ts < length ts + 1

A call merge t; t, (where length t; = length t; = n) can
lead to calls of ins_tree on lists of length 1, ..., n.

> e 0(n?)

Sources

The inventor of the binomial heap:

Jean Vuillemin.
A Data Structure for Manipulating Priority Queues.
CACM, 1978.

219



Complexity of merge

merge (t # ts1) (b # tsy) =
(if rank t; < rank t, then t; # merge ts (ty # 1)

else if rank &, < rank t; then t, # merge (t # ts1) ts
else ins_tree (link t &) (merge ts; ts3))

Relate time and length of input/output:
tins_tree t ts + length (ins_tree t ts) = 2 + length ts

length (merge ts; tse) + t-merge ts; ts
< 2 % (length ts; + length tsy) + 1

Yields desired linear bound!

@® Skew Binomial Heap

Skew Binomial Heap Skew Binomial Heap

Similar to binomial heap, but involving also
skew binary numbers:

dy...d, represents " d; x (271 — 1)
where d; € {0, 1,2}

Similar to binomial heap, but involving also
skew binary numbers:
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Complexity

Skew binomial heap:

insert in time O(1)
del_min and merge still O(logn)

Complexity

Skew binomial heap:
insert in time O(1)
del_min and merge still O(logn)
Fibonacci heap (imperative!):

insert and merge in time O(1)
del_min still O(logn)

Every operation in time O(1)?

Complexity

Skew binomial heap:
insert in time O(1)
del_min and merge still O(logn)
Fibonacci heap (imperative!):

insert and merge in time O(1)
del_min still O(logn)

Puzzle

Design a functional queue
with (worst case) constant time eng and deg functions
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(&)lammich @lapnipkow10: ~/lehre/FDS/SS18/public

Complexity

wsert in time O(1)
and merge still O(logn)

insert and merge in time O(1)
del_min still O(logn)

Every operation in time O(1)?

cebanQ|_ | B | [T 23| 4|[lemmich@lapnipkow1o: ~fiehelrDs/ssa.. < slides-ds pof |

Puzzle
Design a functional queue
with (worst case) constant time eng and deg functions
224

Complexity

Skew binomial heap:
insert in time O(1)
del_min and merge still O(logn)
Fibonacci heap (imperative!):

insert and merge in time O(1)
del_min still O(logn)

Every operation in time O(1)?
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fun invar_btree :: "'a::linorder tree = bool" where
“invar_btree (Node r x ts) «—-

(Vteset ts. invar_btree t) A map rank ts = rev [0..<r]"

definition invar_bheap :: "'
"invar_bheap ts
«— (Vteset ts. invar_btree t) A (sorted wrt (op <) (map rank ts))"

a::linorder heap = bool" where

text <Ordering (heap) invariant>
fun invar_otree :: "'a::linorder tree = bool" where
"invar_otree (Node _ x ts) «— (V¥tcset ts. invar_otree t A x < root t)"

Eefinition invar_oheap "'a::linorder heap = bool" where
"invar_oheap ts —— (Vteset ts. invar_otree t)"

definition invar :: "'a::linorder heap = bool" where
"invar ts «— invar_bheap ts A invar_oheap ts"
text <The children of a node are a valid heap>
lemma invar_oheap_children:.
"invar_otree (Node r v ts) = invar_oheap (rev ts)".
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DE@Edp & 9 ¢ XOE @ DEEE B & @

Binomial_Heap.thy ($ISABELLE_HOME/src/HOL/Data_Structures/) -
i using t_merge_bound_aux[0F c<invar_bheap (rev ts;)> <invar_bheap ts.>] [<]124
; 98| by (auto simp: n;_def n, def algebra_simps) %
2loggel also have "n; + n; < n" H
&/ | 700 unfolding n,_def n,_def n_def g
= 701 using mset_get_min_rest[OF GM <ts#[]>] B

702| by (auto simp: mset_heap_def) i

703 finally have "t_del_min ts < 6 * log 2 (n+l) + 3". §

704 by auto - §

70| thus ?thesis by (simp add: algebra_simps) A e

sos/qed. - - - .. i

707 - El

708/ Lemma t_del_min_bound: 5

709 fixes ts 2]

7o| defines "n = size (mset_heap ts)"

71| assumes "invar ts"

712 | assumes "ts#[]"

73| shows "t_del_min ts < 6 * log 2 (n+l) + 3"..

n4using assms t_del_min_bound_aux unfolding invar_def by blast .

|715

TnsEnd
717|
Lhl [*]
[B]~] output | query | sledgehammer | symbols
|715‘1 (22842/22946) Matches line 7: theory Binomial Heap (isabelle,isabelle,UTF-8-Isabelle) /m o UG~ 36/1232MB 10:01 AM‘
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