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Example:

for (i = 0;4 < 42;i4++)
A=A+
M[A] =i;
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// A start address of an array

//  if the array-bound check

Obviously, the inner check is superfluous  :-)
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1.5 Interval Analysis
Observation:

e Programmers often use global constants for switching debugging
code on/off.

Constant propagation is useful = :-)

e In general, precise values of variables will be unknown — perhaps,
however, a tight interval !!!
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Idea 1:

Determine for every variable = an (as tight as possible :-) interval of
possible values:

I=A{[lu] |[leZU{—o0},u e ZU {+oo},l <u}

Partial [Ordering:

[T1, ] C [ly, ug) iff I <1 Ay < g
(‘n"fA g ""‘L
lo U
| A |
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Thus:

[ll.lil] (] [lg.liz] = [II I—l’.z(-quuz] }

Thus:

[ll: 11-1] [N} [lgr 11.2]

[1] I 1-2‘ i ] ll--)_]
[ll- ll-l] I [IQ ll--z]

[l Uy, g Tuy) whenever (I; Uly) < (uy M)

1 1y
—_—
]3 ]2 Uy
i:
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Caveat: Caveat:
— I isnotacomplete lattice :-) — I isnotacomplete lattice :-)
— I has infinite ascending chains, e.g., — I has infinite ascending chains, e.g.,
0.0 c01lc[-11c[-1.2c...

nocolc[-L,c[-L2c...

Description Relation:
2 Al ] iff I<z<u

Concretization:

ylul={zeZ |1 {F<u}
“puim.

322

323




Example: Negation:
v[0,7] = {0,...,7} —[lu] = [—u,—]
v[0,00] = {0,1,2 }
Multiplication:
(T, u] #* [lo, usg [a, B] where
a ZIIQHIIUQHUIIQHU-IU-Q
Interval Arithmetic :-) b Lo U lus U ls U uqus
Addition: Example:
[hw] +2 [loyus] = | [+ lyus +u] | where [0,2] «* [3,4] = [0,8]
o+ = b= [—1,2] = [3,4] [—4, 8]
to04+ = 40 [-1,2] #* [-3,4] = [-6,8]
//| —o0 + 0o cannot occur ;) [-1,2] #* [-4,-3] = [-8,4]
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Equality:
“1] if [1:1!.1:12:11--2
Division: [y, 1] /% [lo, 9] = [a, b]

e If| 0 | is not contained in the interval of the denominator, then:

IS
\

21/12 M Zlf.ll-g M '1[11/12 M Ii]/uz
b = 21/12 L Zlf.ll-g L '1[11/12 L Ii]/uz

o If:| [ <0< uy | we define:

[a,0] = [—o0, +o0]
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L] ==F[lo,us] = ¢ [0,0] if w <lyVuy <l

[0,1] otherwise
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Equality:

[ll} if 21:1;51:!2:152
[ll- 151] == [1-2‘ llz] - [O 0} if Uy < 12 Vg < 11

[0,1] otherwise

Less:

[1‘ l] if < EQ
[Zl.ul] <ﬁ [[g.uz} = [0,0] if Uy < ll

[0,1] otherwise

—_—

Example:
[42,42]=="[42,42] = [1,1]
[0,7==F[0,7] ={][0,1]
| 1,2[==F 3.4' =1 10,0]
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Less:
By means of I we construct the complete lattice:
“., J.] if Uy < ZQ D (I'H N :[E
]I == ars
[ll- ul] <u [ZQLQ] = [0‘0] it up < 11
[0,1] otherwise
Description Relation:
. p A D iff D1 AN VeeVars: (px) A (D)
xample:
[1,2] <F[9,42] = [1,1]
0,7 <F 0,7 = [0.1] The abstract evaluation of expressions is defined analogously to constant
[3,4] <* [1,2] = [0,0] propagation. We have:
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(Iel p) A ([e]* D) whenever p A D
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The Effects of EI'LQE‘\'

1 otherwise

LIF D - D

[r=clFD = Defem[1'D}

[¢=M[JFD = De{r—T}

[M]e] :;J:HHD D

[[[)("‘f\]I:D _ if [0 O]:[[,]]ﬁD
l D otherwise

[Neg(@FD = { it [0,0] [} D

... given that D# 1
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Better Exploitation of Conditions:
. _ i
HP( s (€ l]: D = J_ if [O‘ 0] H(]] b
), otherwise

where :

D@{rw (D)0 ([P D)} ife=a==¢
D = Da{r— (D) [—o0,u]} ife=
D’:P‘{IH(DJ)HUDO]} ife=

|
A
)
|
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The Effects of EI'LQE‘\'

if [0,0] = MuD
otherwise

D it [0,0]C[]FD

1 otherwise

... given that D#1

Better Exploitation of Conditions:

[Pos (D — {J_ it [0,0] =[] D

otherwise

where :

Da{rw (Do) ([e]f D)} ife=z==¢,
D = D@ {r s (Do) [—oo,u]} ife=a < e, [e]f D= [ u
Da{rb D)Ly |ife=z > (_[[,J]]HD:]
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Better Exploitation of Conditions (cont.):

L if [[0,0]Z [ D

D, otherwise

[Neg ()P D |= {

where :

D@ {zw— (Da)n ([eJF D)} if e
D& {rw (Dx)M[—oo,ul} ife
D&{r— (Dx)M[l, o0} if ¢

z # e
.I'>f'h[[(l]]ﬁD:[.u]
T < F'JT[[(I]]ﬁD: [l ]
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Better Exploitation of Conditions:

L if| [0,0]=[¢]f D
D, otherwise

where :

H[:’( s (€ ]]ﬂ D

D@ {zr (Dz)n([e,]* D)} ife
D = D& {rw (Dx)M[—oo,ul} ife
D&{r— (Dx)M[l,o0]} if ¢
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Better Exploitation of Conditions (cont.):

H\}-n (¢ |HﬂD _ 1 if [0 0} z [[f-]I:D
o [); otherwise

where :

Da{r— (Dx)n([eJf D)} ife=

D = D@ {rvw (Dz)N[—oc,u]} ife
D& {rr (Dx)ml,o0]} if ¢
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Example:
\y,
0)
L 1 = 0
12) /- Pos(i < 42)
/2)
leg(0°= % < 42) /" “_Pos(D < i < 42)
@& B®
}_,-u. =A+i
.:4::.

= o o © o o

42

42
41
41
41
41
42
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Problem:

—  The solution can be computed with RR-iteration —
after about 42 rounds :-(

—  Onsome programs, iteration may never terminate - ((

Idea 1: Widening

e  Accelerate the iteration — at the prize of imprecision :-)

e Allow only a bounded number of madifications of values !!!
... in the Example:

e dis-allow updates of interval bounds in ~ Z ...

— a maximal chain:

[3,17] C [3, +oc] T [—00, +0¢]

336




