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2text <Show that you list the right
23lemma "bst t — set (in_range t u v) = {x&set_tree t. u<x A

njtext <

12l \Exercise{List Elements in Interval}

13 Write a function to in-order list all elements of a BST in a given interval.
14  I.e.,
15| Write a recursive function that does not descend into nodes that definitely
16| contain no elements in the given range.

17

<in_range t u v> shall list all elements <x> with «u<x<v>.

18/ fun in_range :: " :linorder tree = 'a = 'a = 'a list"
19 where
20 "in_range Leaf u v = []"

set of elements>
xX<v}"
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Exercise 4.1 List Elements in Interval

Write a function to in-order list all elements of a BST in a given interval. Le., in_range

t u v shall list all elements z with u<z<wv.

Write a recursive function that does not

descend into nodes that definitely contain no elements in the given range.

fun in_range

“ry

norder tree = 'a = 'a = ‘a list”

Show that you list the right set of elements

lemma “bst t = set (in_range t u v) = {z€set_tree t. u<z A z<v}”

Show that your list is actually in-order

lemma “bst t = in_range t uv = filter (Az. u<z A z<v) (inorder t)”

Exercise 4.2 Pretty Printing of Binary Trees
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text ¢
\Exercise{List Elements in Interval}
Write a function to in-order list all elements of a BST in a given interval.
I.e., <in_range t u v> shall list all elements «x> with <u<x<v>.
Write a recursive function that does not descend into nodes that definitely
contain no elements in the given range.

fun in_range ::

“'a::linorder tree = 'a = 'a = 'a list"

where
"in_range Leaf u v =

"

text <Show that you list the right set of elements>

lemma "bst t — set (in_range t u v) = {xcset_tree t. u<x

X<v}"
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0 ex03.thy (~/lehre/FDS/Private/SS18/Exercises/ex03/) vl 0 ex03.thy (~flehre/FDS/Private/SS18/Exercises/ex03/) vl
8T You may want to start with an auxiliary function, that takes the BST with. B B M oefdefinition "bst_remdups xs = bst_remdups_aux Leaf xs" ==Y
; 2711 the elements seen so far as additional argument, and then define the actual function. é ; 281 %
z T g
HIEZH 2 2282 2
E 273 § f 2g3ftext <Show that your function preserves the set of elements, and returns a list. §
T o274/ fun bst_remdups_aux B :linorder tree = 'a list = 'a list" o | 284 with no duplicates (predicate <distinct> in Isabelle). g

275 (*<*) where i 2ss| | Hint: Generalization! i

z76) "bst_remdups_aux _ [] = []" § 286| > §

2771| “"bst_remdups_aux t (x#xs) = (if isin t x then bst_remdups_aux t xs else x#bst_remdups_aux (ins x t) xs)" § 287 (*<*) i

278 (*>*) (o] ses|lemma bst_remdups_aux_set[simp]: "bst t — set (bst_remdups_aux t xs) = set xs - Eet_tree " [a]

79| & 289 | apply (induction xs arbitrary: t) S

zeo|definition “"bst_remdups xs = bst_remdups_aux Leaf xs" El 200 apply (auto simp: set_tree_isin set_tree_ins bst_ins) El

21l E 201 | done ]

282| i 282 E

z3text <«Show that your function preserves the set of elements, and returns a list- 203lemma bst_remdups_aux_distinct[simpl: "bst t — distinct (bst_remdups_aux t xs)|

284 with no duplicates (predicate <«distinct: in Isabelle). 204)  apply (induction xs arbitrary: t)

25| Hint: Generalization! 205]  apply (auto simp: bst_ins set_tree_isin set_tree_ins)

286/ > = 208{ | done 2

2g7| (*<*) 207[ (*>%) ml

zs8|Lemma bst_remdups_aux_set[simpl: "bst t — set (bst_remdups_aux t xs) = set xs | set_tree t" 208

29| apply (induction xs arbitrary: t) 29g/Llemma "set (bst_remdups xs) = set xs"

200 apply (auto simp: set_tree_isin set_tree_ins bst_ins) = a00] (*<*) =

< ] D Cll ]
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E zeo|definition “"bst_remdups xs = bst_remdups_aux Leaf xs" :% E seofdefinition "bst_remdups xs = bst_remdups_aux Leaf xs" :%
E 281 E E 281 E
2| 282 2 2 | 282 2
E z3text <Show that your function preserves the set of elements, and returns a list. § f 2s3itext «Show that your function preserves the set of elements, and returns a list. §
i |84 with no duplicates (predicate <distinct> in Isabelle). 2 ic| 284 with no duplicates (predicate <distinct> in Isabelle). Py

25| Hint: Generalization! Il 285)  Hint: Generalization! 2

286) > § 286 > é

27| (*<*) B 27| (*<*) B

2ss/Llemma bst_remdups_aux_set[simp]l: "bst t — set (bst_remdups_aux t xs) = set xs | set_tree t" (2| 2sgLlemma bst_remdups_aux_set[simp]l: "bst t —> set (bst_remdups_aux t xs) = set xs |- set_tree t" [o]

29| apply (induction xs arbitrary: t) 3 2891  apply (induction xs arbitrary: t) H

200 apply (auto simp: set_tree_isin set_tree_ins bst_ins) = 200  apply (auto simp: set_tree_isin set_tree_ins bst_ins) E1

201 | done e 201| | done s

292 i 292] i

203/thm set_tree_isin set_tree_ins bst_insl- 20gthm set_tree_isin set_tree_ins bst_insl-

294/ = = 204 -

4] [v] 20s|Lemma bst_remdups_aux_distinct[simp]: "bst t — distinct (bst_remdups_aux t xs)"
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Exercise 4.1 List Elements in Interval

Write a function to in-order list all elements of a BST in a given interval. Le., in_range
t u v shall list all elements z with u<x<w. Write a recursive function that does not
descend into nodes that definitely contain no elements in the given range.

“azlinorder tree = 'a = 'a = 'a list”

fun in_range :

Show that you list the right set of elements

lemma “bst t = set (in_range t u v) = {zeset_tree t. u<z A z<v}”

Show that your list is actually in-order

lemma “bst t = in_range t u v = filter (Az. u<z A z<v) (inorder t)”

Exercise 4.2 Pretty Printing of Binary Trees
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0 tutod.thy (~/lehre/FDS/SS18/public/exercises/)

uftext «

12l | \Exercise{List Elements in Interval}

13|  Write a function to in-order list all elements of a BST ih a given interval.
14 | I.e., <in_range t u v> shall list all elements x> with <u<x<v-.

15| |Write a recursive function that does not descend into nodes that definitely
16| | contain no elements in the given range.

17

1g[fun in_range :linorder tree = 'a = 'a = 'a list"
19| | where
20 "in_range Leaf u v = [1"

z|text <Show that you list the right set of elements:
z|lemma "bst t — set (in_range t u v) = {xeset_tree t. u<x A x=<v}"
22| | oops

2[text <Show that your list is actually in-order>
zjlemma "bst t — in_range t u v = filter (Ax. u<x A
2 | oops

x<v) (inorder t)"
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8T = B =
; nftext « . % ; nftext < _—%
21| 121 \Exercise{List Elements in Interval} [ 2 2| 19] | \Exercise{List Elements in Interval} 2
% 13 Write a function to in-order list all elements of a BST in a given interval. § % 13 Write a function to in-order list all elements of a BST in a given interval. 73
T 14 I.e., <in_range t u v> shall list all elements <x> with «u<x<v>, 5 | 14 I.e., <in_range t u v> shall list all elements «x> with <u<x<v>. i

15| Write a recursive function that does not descend into nodes that definitely El 15| | Write a recursive function that does not descend into nodes that definitely El

16) contain no elements in the given range. § 1l  contain no elements in the given range. é

17]> g 1> g

2 2

18fun in_range "'a:iilinorder tree = 'a = 'a = 'a list" (o 18/fun in_range :linorder tree = 'a = 'a = 'a list" [o]

15|  where 3 19| | where 3

20| "in_range Leaf u v = []EI g 20) "in_range Leaf u v = [1" g

21 =2 21 5

ltext <Show that you list the right set of elements:> 18] 22 3]

23lemma "bst t — set (in_range t u v) = {x&set_tree t. u<x A x<v}" a3ltext «<Show that you list the right set of elements»

24  oops 2q/lemma "bst t —> set (in_range t u v) = {xcset_tree t. u<x A x<v}"

25| =| | oops

ss|text <Show that your list is actually in-order> 26

z7/lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)" zftext <Show that your list is actually in-order:

28  oops zflemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)"

20| 2| | oops

30| = 30| =
< I <« Dl |
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9T 1= Clr! B[
~ nftext < —% L nftext « %
§ 12| \Exercise{lList Elements in Interval} . 2 § 12| | \Exercise{List Elements in Interval} | a
% 13 Write a function to in-order list all elements of a BST in a given interval. —§ % 13] Write a function to in-order list all elements of a BST in a given interval. §
T 14 I.e., <in_range t u v> shall list all elements <x> with cu<x<v>. g Z|| 14 I.e., <in_range t u v> shall list all elements x> with <u<x<v>. g
15| Write a recursive function that does not descend into nodes that definitely i 15| | Write a recursive function that does not descend into nodes that definitely i
1] contain no elements in the given range. § 16| | contain no elements in the given range. §
17> H 17> F
1gfun in_range :: "'a::linorder tree = 'a = 'a = ‘'a list" (o] 1g[fun in_range :: " :linorder tree = 'a = 'a = 'a list" [a]
1] where 3 19| | where S
20| "in_range Leaf u v = [1" El 20 in_range Leaf u v = [1" E]
2| | “in_range (Node 1 affr) u v =" % 2l | "in_range (Node 1 a r) u v = g
2| e 22} (if a=u then a#in_range 1 u v else [1) L= ]
zjtext <Show that you list the right set of elements: 2 @ (if a<v then a#ﬂ-
) 22{lemma "bst t = set (in_range t u v) = {xeset_tree t. u<x A x<v}" 24| '
[ oops 2
26 ss[text <Show that you list the right set of elements>
z7itext <Show that your list is actually in-order> z7[Llemma "bst t — set (in_range t u v) = {xcset_tree t. u<x A x<v}"
) 28/lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" 2 | oops
290 oops 29
30| = aftext <Show that your list is actually in-order> =
[l D 4 |
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27|
28|
29|
30|

Write a recursive function that does not descend into nodes that definitely
contain no elements in the given range.
>
fun in_range ::
where
"in_range Leaf u v = [1"
| "in_range (Node 1 a r) u v =
(if a>u then aﬁin_range 1Tuv else [])
@ (if Hgv then E#in_range ruv else [])

a:ilinorder tree = 'a = 'a = 'a list"

text <Show that you list the right set of elements:>
lemma "bst t — set (in_range t u v) = {xeset_tree t. u<x A x<v}"
oops

text <Show that your list is actually in-order»

[SeisuL | ow3s [pbrenis [uomeweunsea [ « [@]

<

30|

Write a recursive function that does not descend into nodes that definitely
contain no elements in the given range.
>
fun in_range ::
where
"in_range Leaf u v = [1"
| "in_range (Node 1 a r) u v =
(if g>u then in_range 1 u v else [])
@ (if Egv then E:in_range ruv else [])

ilinorder tree = 'a = 'a = 'a list"

text «Show that you list the right set of elements>
lemma "bst t — set (in_range t u v) = {xeset_tree t. u<x A x<v}"
oops

‘text <«Show that your list is actually in-order»

10| — C 10} 1=
nftext < t uftext « Hi
12l \Exercise{List Elements in Interval} = § 12| | \Exercise{List Elements in Interval} =
13 Write a function to in-order list all elements of a BST in a given interval. 2| 13 Write a function to in-order list all elements of a BST in a given interval.

14 I.e., <in_range t u v> shall list all elements «x> with u<x<v>. = 14 I.e., <in_range t u v> shall list all elements «x> with <u<x<v>.
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26|
27|
28|
29|
30|

31

text <
\Exercise{List Elements in Interval}
Write a function to in-order list all elements of a BST in a given interval.
I.e., <in_range t u v> shall list all elements <x> With «u<x<v>.
Write a recursive function that does not descend into nodes that definitely
contain no elements in the given range.
>
fun in_range :: "'a
where
"in_range Leaf u v = []1"
| "in_range [[Node 1 a r) u v =
(if a>u then a#in_range 1 u v else [])
@ (if a<v then a#in_range r u v else [])

:linorder tree = 'a = 'a = 'a list"

text <Show that you list the right set of elements>
lemma "bst t — set (in_range t u v) = {xeset_tree t. u<x A x<v}"
oops

text <Show that your list is actually in-order>

lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)"

[SsioouL [ a5 |sviepis | ueneazswnsoa [ 4 @]

141

4

[v]

uftext «
12l  \Exercise{List Elements in Interval}

14 | I.e., <in_range t u v> shall list all elements x> with <u<x<v>.
15|  Write a recursive function that does not descend into nodes that definitely
16|  contain no elements in the given range.

17>

1g/fun in_range linorder tree = 'a = 'a = 'a list"
19| | where

20} "in_range Leaf u v = []"

21| | "in_range (Node 1 a r) uv =

22} (if must_descent_to 1 then in_range 1 u v else [])
2 @ (if must_take a thenfjlalelse [1)

24} @ (if mujst_descent_to r then in_range r u v else [])

zj[text «Show that you list the right set of elements>
zeflemma "bst t = set (in_range t u v) = {xeset_tree t. u<x A x<v}"
2 | oops

aftext <Show that your list is actually in-order>

13l  Write a function to in-order list all elements of a BST ih a given interval.
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(isabelle,isabelle, UTF-8-sabelle) /o UG

L69MB 12:31 PM

[23.27 (529/6262)

(isabelle,isabelle, UTF-8-Isabelle) i ¢

uG

88MB 12:32 PM|
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11

27|
28|
29|
30|

3

text <
\Exercise{List Elements in Interval}
Write a function to in-order list all elements of a BST in a given interval.
I.e., <in_range t u v> shall list all elements «x> with u<x<v>.
Write a recursive function that does not descend into nodes that definitely
contain no elements in the given range.
>
fun in_range
where
"in_range Leaf u v = [1"
| "in_range (Node 1 a r) u v =
(if must_descent_to 1 then in_range 1 u v else [])
@ (if must_take a then [a] else [])
I @ (if mujst_descent_to r then in_range r u v else [])

iilinorder tree = 'a = 'a = 'a list"

text <Show that you list the right set of elements:>
lemma "bst t = set (in_range t u v) = {xeset_tree t. u<x A x<v}"
oops

text <Show that your list is actually in-order»

[SeisuL | 9w [pbrepis [uomeweunsea | « [@]

4]

<

File Browser | 4 | B

uftext «

12|  \Exercise{List Elements in Interval}

14 I.e., <in_range t u v> shall list all elements «x> with <u<x<v>.

15| | Write a recursive function that does not descend into nodes that definitely
16l | contain no elements in the given range.

17>

18/fun in_range :linorder tree = 'a = 'a = 'a list"
19| | where

20) "in_range Leaf u v = [1"

2| | "in_range (Node 1 a r) uv =

22 (ﬂf must_descent_to 1 then in_range 1 u v else []
23 @ (if must_take a then [a] else [])

24 @ (if mujst_descent_to r then in_range r u v else [])

s7ltext «Show that you list the right set of elements»
zflemma "bst t = set (in_range t u v) = {xeset_tree t. u<x A x<v}"
2| | oops

aftext «Show that your list is actually in-order:

13 | Write a function to in-order list all elements of a BST in a given interval.

[Senoeus 3235 [ppispis [ uonewawnoog [« [@]

<«

[»]

[2]=] output | query | sledgehammer [ symbols |

(2] =] output [ query |

| symbols |

[24.1 (64316253)

(isabelle,isabelle, UTF-8-sabelle) im0 UG

38MB 12:33 PM|

belle, i

belle, UTF

b

[22.10 (555/6283) a

NmroUG 38MB 12:34 PM|

debian(D| _ || &) 1|z 3 | 4 | @lammich@lapnipkow10: r-/\ehreJFDS/SSl...I&Isahellezul?—(umd.lhy

debian(|_ oy 2 1|2 3|4 | @ lammich@Ilapnipkow10: ~flehre/FD5/551...

Isabelle2017 - tut0a.thy




4p Isabelle2017 - tut0d.thy - X 4 Isabelle2017 - tutod thy (modified) -2 X
File Edit Search Markers Folding View Utilities Magros Plugins Help File Edit Search Markers Faolding Wiew Utilities Macros Plugins Help
DEde ¢ 9¢ X @ CRHERE B & @ J@®d@o @ 9¢ X B 6@ CDBEE @

0 tut04.thy (~/lehre/FDS/SS18/public/exercises/) - ™ tut0d.thy (~/lehre/FDS/SS18/public/exercises/) |
B aftext < =1 BITS [ where ==Y
; 12| \Exercise{lList Elements in Interval} % ; 21 "in_range Leaf u v = []" _%
2013 Write a function to in-order list all elements of a BST in a given interval. =2 2| 2 | "in_range (Node 1 a r) u v = ==||2
E 14 I.e., <in_range t u v> shall list all elements «x> with <u<x<v>. § f 23 (if u<a then in_range 1 u v else []) §
T 15| Write a recursive function that does not descend into nodes that definitely 53 || 24 @ (if u<a A a<v then [a] else []) 53

15 contain no elements in the given range. i 25 @ (if a<v then in_range r u v else []) i
17| § 26 @ é
1g{fun in_range :: "'a::linorder tree = 'a = 'a = ‘'a list" H 27} F
19  where (o] zs[text <Show that you list the right set of elements> [a]
20| "in_range Leaf u v = []1" 3 zflemma "bst t = set (in_range t u v) = {xeset_tree t. u<x A x<v}" S
21| | "in_range (Node 1 a r) uv = El El
22| (if u<a then in_range 1 u v else []) ] ]
23 @ (if u<a A a<v then [al else []) &l at your list is actually in-order:> &l
2l @ (if a<v then in_range r u v else []) z[lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)"
25| b x|  oops B
26| (Il I
z7itext <Show that you ll_st the right set of elements> BIprootstate [E1Auto update |_updata | searchs ~|foo% 7]
2g/lemma "bst t — set (in_range t u v) = {xeset_tree t. u<x A x<v}"
2 oops proof (prove) =]
- goal (1 subgoal):
atext <Show that your list is actually in-order> = 1. bst t — set (in_range t u v) = {x c set_tree t. u < x A x < v} =
T o | q I

(8]~ [ output [ query [ sledgehammer | symbols | (2]~ [ output | query | | symbols |
|2a.1 (627/6232) (isabelle,isabelle, UTF-8-1sabelle) \/n 0 UG 8MB 12:35 PM [30.7 (803/6233) lisabelle isabelle, UTF- bell
ceen®[_ (7| 2] [ 21]2] 3[4 0: ~/lehre/FDS/SS: 7 - tut0d thy woan®|_ || | | 1[2] 2| 4] @lammich@lapnipkow10: ~fiehreFDs/s5L... [ Isabelle201L7 - tutod thy (modified)
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P tut04.thy (~/lehre/FDS/SS18/public/exercises/) v B tut04.thy (~/lehre/FDS/SS18/public/exercises/) 7
BIT2d [ where Bl BT T done [~ =
; 2 "in_range Leaf u v = [1" 7% ; 33 7%
2|l 2| | "in_range (Node 1 a r) u v = = 2 2| satext <Show that your list is actually in-order> =
% 23 (if u<a then in_range 1 u v else []) § % s(lemma "bst t — din_range t u v = filter (Ax. u<x A x<v) (inorder t)" §
T 24 @ (if u<a A a<v then [a] else []) & | 38 apply (induction t) i

| @ (if a<v then in_range r u v else []) Il 3 + 2
26 . § 39) é
27] B kY B
astext <Show that you list the right set of elements> (o 4g [o]
2/lemma "bst t — set (in_range t u v) = {xcset_tree t. u<x A x<v}" & a1 A
a apply (induction tf] = S oo Do dse Diesosed £ D x 2 D]
a ] E
ztext <Show that your list is actually in-order» 3 I Proof state ¢l Auto update | Update | search: ~|poow [-]|8]
aglemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" proof (prove) =
34  oops = goal (2 subgoals):

11 | 1. bst {) = in_range {) u v = [x—inorder {} . u < x A x < vl

2. Atl x2 t2.
et Mssamh ‘QM [bst t1 = in_range tl u v = [x<—inorder t1 . u < x A x < vl;

proof (prove) L bst t2 — in_range t2 u v = [x—inorder t2 . u < x A x < vl; bst (tl, x2, t2}]
goal (1 subgoal): H — in_range {tl, x2, t2) u v = [x—inorder {tl, x2, t2) . u < x A x < v]

1. bst t = set (in_range t u v) = {x € set_tree t. u < x A x < v} H ||
Nuak [} P ERIANT] +mal I A
< [l 1l Dl

[2 ]~ [ output | query [ sledgehammer [ symbols | [B ]+ [output [ query [ sledgehammer [ symbals |
|3U‘21 (817/6247) Input/output complete (isabelle,isabelle,UTF-8-sabelle) im0 UG .19/1187MB 12:37 PM‘ ‘37‘3 (980/6288) Input/output complete (isabelle,isabelle, UTF-8-Isabelle) im0 UG 187MB 12:38 PMl
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37|  apply simp
s apply simp
=  sledgehammer]]
40|
a1

[SsusouL [swis |sviepis | ueneasewnsoa] 4 @]

z7|  apply simp
s | apply simp
x| [Eledgehammer

8T done BT | done =]
t 33 t 33)

g as/text <Show that your list is actually in-order> = % asftext <Show that your list is actually in-order> |
E ss|lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" E s|lemma "bst t —> in_range t u v = filter (Ax. u<x A x<v) (inorder t)"

T 36 apply (induction t) Z|| s apply (induction t)

[S8u0syL [ 23535 [3piepis [ usneruswnooa [ ¢ [@)

D]

42| 42)
43| | 43) —|
I - - - . - D il . - - - - Bl |
IProof state [#]Auto update | Update | Search: <] [roox | [7IProof state [¢]Auto update | Update | search: ~| oo [+]
Sledgehammering. .. = Sledgehammering. .. ]
"spass": Timed out "spass": Timed out
"cvc4": Timed out “cvcd4": Timed out
"z3": Timed out "z3": Timed out
Timed out Timed out

<
(B~ | output | query | sledgehammer | symbols

<1
(2]~ [ output | query |

| symbols

[38.15 (1018/5324)

(isabelle isabelle,UTF-8-Isabelle) /im0 UG

7MB 12:40 PM

[38.3 (1006/6324) (isabslle,i

belle, UTF

0: ~/lehre/FDS/SS:
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4

32{  done

33

astext <Show that your list is actually in-order>

=s{lemma "bst t = in_range t u v = filter (Ax. u<x A x<v)
36 apply (induction t)

37| apply simp

a8 apply simp

(inorder t)"

File Browser | 4 | B3

{1

[¥]

32| | done

33

aaftext <Show that your list is actually in-order>

s{lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)"
s  apply (induction t)

37| | apply simp

s | apply simp]]

File Browser | 4 | B

D

|

[+]

= (U =x2 A X2 =V —
[v] = [x—inorder t1 v<xAXx<v]@v# [x—inorder t2
((u=x2 — x2 # v) —
(u=x2 A x2<Vv —
(x2 < v —
x2 # in_range t2 x2 v =
[x—inorder t1 . x2 < x A x < v] @ x2 # [x—inorder t2 . x2
(- x2 <v —

(u=x2 — = x2 < v) —
(x2 < v —

— e v

[x+inorder t1 . x2 < x A x < v] = [1 A [x—inorder t2 . x2 < x A x < v] =

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

v<xAX <Vl A

XA X =Vl A

IA
A

[y »

[5osuL [ 9335 [plepis [uomeweunsea | « [@]

DN

proof (prove)
goal (1 subgoal):
1. Atl x2 t2.
[[in_range tl u v = [x—inhorder t1 u<xAx <v];
in_range t2 u v = [x—inhorder t2 u<x Ax <v];
bst t1 A bst t2 A (Vxeset_tree t1. x < x2) A (Vxeset_tree t2. x2 < x)]]
= (U=x2 A x2 =V —
[v] = [x—inorder t1 v<xAx<v]@v# [x—inorder t2
((u X2 — x2 # V) —
(U= x2 A x2 <V —
(x2 < v —
v H A

emen 4+ w0 =

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

v <X AX<V]) A

|
[Ssu0as [=335 [ontepis [uomemwnsoa [« | B)

DN

[l
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
(2]~ [ output | query [ | symbols |

[39.1 (1004/6310)

(isabelle,isabelle, UTF-8-sabelle) im0 UG

1187MB 12:40 PM

[38.13 (Lo03/6310) (isabelle,i

belle, UTF
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/) 0 tutod.thy (~/lehre/FDS/SS18/public/exercises/) -
s|lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" |~ z|lemma "bst t —> in_range t u v = filter (Ax. u<x A x<v) (inorder t)" ]

3 apply (induction t)
apply simp

apply clarfimp

File Browser | 4 | B
w
&

[}

proof (prove)
goal (1 subgoal):
1. Atl x2 t2.

] Proof state /] Auto update | Update | Search: | v [roon [+

[SsuoouL | s3%15 |svtepis | uoneazewnsea [ 4 @]

apply (induction t)
apply simp
apply clargimp

altext <\Exercise{Pretty Printing of Binary Trees}»

[«

[

[»]

[Saui0syL [ 23535 [3piepis [ usneruswnooa [ ¢ [@)

[7] Proof state ] Auto update | Update |Search: ~|oo% |
[[:l:n_range tluvs= [x¢—1lnurder tl . u<xAx<vl; proof (prove) =
in_range t2 u v = [x<inorder t2 . u < x A x < v]; bst t1; bst t2; Vxeset_tree tl. x < x2; m goal (1 subgoal): L
Vxeset_tree t2. x2 < x| 1. Atl x2 t2.
= U=x2Ax2=v — : [in_range t1 u v = [x—inorder t1 . u < x A x < v];
)] = [Le=dierdlzt #l o U < ici e s Ul @ U & E=dmmrdar i o v = i s vl A in_range t2 u v = [xeinorder t2 . u < x A x < vl; bst t1; bst t2; ¥xeset_tree tl. x < x2;
(lu=x2 — x2 #v) — Yxeset_tree t2. x2 < x|
(U=x2Ax2<v — — (U=x2 A x2=v —
(ff : \.-’..4..:..-,. o = [vl = [x—inorder t1 . v < x A x < vl @ v # [x—inorder t2 . v < x A x < vl) A =
[l » < »
(B~ | output | query | sledgehammer | symbols - (2]~ [ output | query | | symbols | -
[38.13 (1003/6314) (isabelle,isabelle,UTF-8-Isabelle) im0 UG 187MB 12:42 PM [38.13 (1003/6314) (isabelle isabelle, UTF. bell roUG B87MB 12:43 PM|
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34
a5 Lemma

sr{text <Show that your list is actually in-order>

a
]
E3
2
&
@

39| (induction t)
ao| applyflsimp

1|  apply clarsimp

42]

43|

sglemma "bst t — in_range t u v = filter (Ax. u<x A x<v)

(inorder t)"

[v]

xs[Llemma "
36)
gj[text <Show that your list is actually in-order>

s{lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)"
(induction t)

simp

a| | applyflclarsimp

File Browser | 4 | B

I

[Ssios i | 935 [obiepis [uomewaunsoa | « [@]

[Sstiosuc =135 [ontepis [ uomemwnsoa [ €| B)

Inner syntax error: unexpected end of input
Failed to parse prop

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

DN

proof (prove)
goal (1 subgoal):
1. Atl x2 t2.
[in_range t1 u v = [x—inorder t1
in_range t2 u v = [x—inhorder t2
¥xeset_tree t2. x2 < x|
= (U= X2 A x2 =
[v] = [x—inorder t1

u<xAx <v];
u < x A x < v]; bst t1; bst t2; ¥xeset_tree tl. x < x2;

V —

V<xAx<v]@v#[x—inorder t2 . v < x A x < v]) A

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

DN

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

40,8 (996/6325)

(isabelle,isabelle,UTF-8-Isabelle) 1m0 UG L88MB 12:44 PM

[41,8 (1009/6325) (isabelle,i

belle, UTF bell
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[}

[

DI

S temma Tl <18 BT 2] Tapply auto []
M o Sl done
2| g7/text <Show that your list is actually in-order» 2 21| =9
H H
@l zgllemma "bst t —> in_range t u v = filter (Ax. u<x A x<v) (inorder t)" § &|| 34
o o g
|| 2 apply (induction t) B T|o =flemma "[v] = 11@v#12l =
X 5 e
40| apply simp = e
a| apply clarsimp H 31
2] § s[text <Show that your list is actually in-order:
3| (o] s|lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)"
44 & 1| | apply (induction t) |
ael = wl | annlu cdimn =
E
2
B

[Sati0syL [ 23535 [piepis [usneruswnooa [ ¢ [@)

[7] Proof state ] Auto update | Update |Search: ~| oo [+

Inner syntax error: unexpected end of input
Failed to parse prop

] Proof state /] Auto update | Update | Search: | v [roon [+

DN

Inner syntax error: unexpected end of inputo
Failed to parse prop

Dl |

<
(B~ | output | query | sledgehammer | symbols

il
(8]~ [output | query | | symbals

[35.9 (8a5/6325)

(isabelle,isabelle,UTF-8-Isabelle) [/ o UG 88MB 12:45 PM

[35.21 (851/6345)

(isabelle isabelle, UTF-8-Isabelle) i r o UG L0S/1189MB 12:45 PM|
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36 apply auto
| &
39| translations (keyword)
39 |try (keyword)

so[teltryo (keyword)
Rt ¥ FTrere

list is actually in-order>
+ 1w = filtar [\ L

1L amma

P =]

A Linard

[v]

8T apply auto = BT T done =]
= 2| done = o [
HE gl| o =
&)l o 2| =lthm Cons_eq_append_cnnvl

&4 sllemma "[v] = 11@v#l2  «—— 11=[]1 A 12=[1" E b sflemma "[v] = 1lav#l2 < 11=[1 A 12=[1"

37| | by (auto simp: Cons_eq_append_conv)

sftext <Show that your list is actually in-order>
n|lemma "bst t —> in_range t u v = filter (Ax. u

al | annlu findiction 1

<x A x<v) (inorder t)"

[l

I

[Ssios i | 9ve3s [obiepis [uomewaunsoa | « [@]

[Sstosus =135 [ontepis [ uomemwnooa [ €| B)

roof state [v] Auto update | Update | Search: | ~|[oo% |+

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

proof (prove) (?x # ?7xs = ?ys @ ?7zs) = (?ys = []1 A ?x # ?7xs = ?zs v (Jys'. ?x # ys' = ?7ys A 7xs = ys' @ ?zs)) |2l
goal (2 subgoals):
1. [vl =11 @v #12 = 11 = []
2. [vli=1l1l@v#12 = 12 =[]
l Dl | il Dl |
[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|37‘5(89715374) (isabelle,isabelle,UTF-8-sabelle) im0 UG /1189MB 12:46 PM‘ ‘35‘24 (864/6418) (isabelle,isabelle, UTF. bells oUG 9MB 12:48 PM|

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...IﬁIsahelle2017—(umﬂ.lhy(modiﬁed)

debian(D| _ |y &) 1|2 3| 4 | @ lammich@Ilapnipkow10: ~flehre/FDS/551..
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0 tutod.thy (~/lehre/FDS/SS18/public/exercises/)

33
34
ss|thm Cons_eq_append_conv

26| Lemma n = 11av#12 — 11=[] A 12=[]"
37 by (auto simp: Cons_eq_append_conv)

w[text <Show that your list is actually in-order>
an|lemma "bst t — in_range t u v =
| apply (induction t)

-l nnl

filter (Ax. u<x A x<v) (inorder t)"

<

thm Cons_eq_append_conv

File Browser | 4 | B
w
o}

77|  apply auto

4| by (auto simp: Cons_eq_append_conv)

ss|lemma [simp]: "[v] = 1l@v#l2 — 11=[] A 12=[]1"

sChaw that unanr Tict de artnally in_ardar.

D

anltave
[]

[+

[S5usouL [ w15 |sviepis | Ueneazewnsoa ] 4 @]

IProof state [#]Auto update | Update | Search:

[Sati0syL [ 23535 [piepis [ usneruswnooa [ ¢ [@)

Outer syntax errora: command expected,
but keyword ]o was found

CHl
|8~ [output | query [ sledgenammer | symbols

proof (prove)

goal (2 subgoals):

1. [vli=11a@v #12 = 11 = []
2. [vl=11la@v #12 = 12 = []

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

{1
(2]~ [ output | query |

| symbols

[36.7 (871/6417)

(isabelle,isabelle,UTF-8-Isabelle) im0 UG

[38.1 (925/6441)

i

belle. i

belle, UTF

] [ | |3[731]

0: ~/lehre/FDS/SS:

7 - tut04.thy (modified)

b Isabelle2017 - tut04.thy
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

File Browser | 4 | B3

denian(O| _ |y & 1|2 3| 4 | @/lammich@Ilapnipkow10: ~flehre/FDS/SS1

G Isabelle2017 - tut0a thy
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Isabelle2017 - tut04.thy

[0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

33
34
ss[thm Cons_eq_append_conv

s lemma [simpl: "[v] = llav#12
37| apply auto

<~ 11=[1 A 12=[1"

20 by (auto simp: Cons_eq_append_conv)
41
42|

cChmu_that vanr Tiet e artually dinoardar,

mltavt
q

I

E:
39

File Browser | 4 | B

4| apply (induction t)
43|  apply simp
w| apply clarsimp]]

stext <Show that your list is actually in-order>
aflemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)"

D

[+

Proof state [¢] Auto update

Update | Search:

~| oo [+

[SsiosuL | sw3s [pbwepis [uomewaunsoa | « [@]

proof (prove)

[ Proof state [v] Auto update | Update |Search: [ ~| oo |«

proof (prove)
goal (1 subgoal):
1. Atl x2 t2,

[Ssuosur =15 [ontepis [uomeswnoa [ « | B)

goal (2 subgoals): 1
1. [v]l] =11 @v # 12 — 11 = [] [in_range t1 u v = [x<—inorder t1 . u < x < vl;
2. [vl =11l @v#12 = 12 =[] in_range t2 u v = [xe—inorder t2 . u < x A x < vl; bst tl; bst t2; ¥xeset_tree tl. x < x2;

Yxeset_tree t2. x2 < x|

— (U=x2 A x2=v —

[x—inorder t1 . v < x A x < v] = [1 A [x—inorder t2 . v < x A x < v] = []) A
o ((u=x2 — x2 # v) — L
! D q ‘ oN
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

[38.1 (925/6441)

(isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 44MB 12:50 PM

[44,17 (1119/6426)

i

belle, i

belle, UTF

debian®| _ [|7y| & 1 [ 3| 4| i@iemmich@lapnipkow10: ~iehre/FDs/551... [g 1sabelle2017 - tutoa.thy - Hm

debian(D| _ |y &) 1|2 3|4 | @ lammich@Ilapnipkow10: ~flehre/FD5/551...
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

0 tutod.thy (~/lehre/FDS/SS18/public/exercises/)

gn|lemma “"bst t — in_range t u v = filter
a2l apply (induction t)

apply simp

4 apply clarsimp]]

(Ax.

File Browser | 4 | B
s
@

u<x A x<v)

(inorder t)"

D

aflemma "bst t —> in_range t u v
42| apply (induction t)

apply simp

w|  apply clarsimp]]

File Browser | 4 | B
=
&

filter (Ax. u<x A x<v) (inorder t)"

D

[»]

proof (prove)

goal (1 subgoal):

1. Atl x2 t2.
[in_range tl u v =
in_range t2 u v =

[x—inorder t1 . u
[x<inorder t2 . u

1A IA
=
>
=

IA A
<

Yxeset_tree t2. x2 < x|

= (U= x2 A x2=v —
[x«—inorder t1 v < x Ax <v] =[] A [x—inorder t2 v<xAx<v]l=I[])aA
((u=x2 — x2 # v) —
L

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

[SsusauL a5 |soviopis | ueneazewnsoa ] 4 @]

v]; bst tl1; bst t2; vxeset_tree tl. x < x2;

T |

CHl
|8~ [output | query [ sledgehammer | symbols |

proof (prove)

goal (1 subgoal):

1. Atl x2 t2.
[in_range t1 u v
in_range t2 u v =

= [x—inorder t1 . u
[xe—inhorder t2 . u

[¥] Proof state [#] Auto update | Update |Search: [ ~|[oo% |+

[sau0syL [ 23235 [piepis [usneruswnooa [ ¢ [@)

X A X

< vl;
X A X <

v]; bst tl; bst t2; ¥xeset_tree tl. x < x2;

¥xeset_tree t2. x2 < x|
= (U= X2 A X2 = V —
[x—inorder t1 v<xAx<v]=I[]lA [x—inorder t2 v<x Ax <v]=[])A
((u=x2 — x2 #v) — L
0 i “‘L
(2]~ [ output | query | | symbols |

|4a.17 1119/6429)

(isabelle,isabelle, UTF-8-Isabelle) /o UG 6MB 12:51 PM

[44.17 (1119/6429)

(isabelle isabelle, UTF- bell

0: ~/lehre/FDS/SS:

man]_ [ 2| |3[73]]
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Eile Edit
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[ tut04.thy (~/lehre/FDS/SS18/public/exercises/) v B tut04.thy (~/lehre/FDS/SS18/public/exercises/) v
8T a[tenma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" B Cle [~ =
; #2[ apply (induction t) % ; ss[thm Cons_eq_append_conv _7%
£ a3 apply simp = 2 216 wflemma [simpl: "[v] = ll@v#l2 «— 11=[]1 A 12=[1" Sl
% a | apply clarsimpl § % 37| by (auto simp: Cons_eq_append_conv) §
T|| 4 =3 || s =1

4 ) zflemma “[xexs. P x] =[] «— " 18]
47] § a0|- - %
4 B 41 T
49| (o s2ftext <Show that your list is actually in-order> [a]
50| z% s3llemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" Sk
< LTI =y al D]
H F
[¥] Proof state [¥] Auto update | Update | search: | ~]oow [+]|5 [7IProof state [¢]Auto update | Update | search: ~| oo [+ s
proof (prove) = Inner syntax error: unexpected end of inputo e
goal (1 subgoal): = Failed to parse prop
1. Atl x2 t2.
[[in_r'ange tl u v = [x—inorder t1 . u < x A x < Vv];
in_range t2 u v = [x—inorder t2 . u < x A x < v]; bst tl; bst t2; Wxeset_tree tl. x < x2;
Yxeset_tree t2. x2 < x|
= (U =x2 A X2 =V —
[xe—inorder tl1 v < x A x < v] =[] A [xe—inhorder t2 v < x Ax <v] =[])A
((u=x2 — x2 £ v) — =] ]
< D] <1 D]

(8]~ [output | query [ siedgenammer | symbols | [B] > [output [ query | sledgehammer [ symbols |

|44‘17 (1119/6429) (isabelle isabelle,UTF-8-sabelle) im0 UG 1116MB 12:52 PM‘ ‘39‘28 (978/6454) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 5MB 12:53 PMl

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...I@Isahelle2017—(umﬂ.lhy

debian(D| _ |y &) 1|2 3|4 | @ lammich@Ilapnipkow10: ~flehre/FD5/551...

Isabelle2017 - tut04.thy (modified)
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/) vl B tutod.thy (~/lehrefFDs/SS18/public/exercises/) -l
8T 1= sotext <Show that your list is actually in-order> ==Y
1| ao|text <Show that your list is actually in-order> =l g|lemma "bst t —> in_range t u v = filter (Ax. u<x A x<v) (inorder t)" o1
] X . - . .

2/o g1|lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" § 12l | apply (induction t) _E
2 5 5 3 : 3
I apply (induction t) (3 53| | apply simp £
Z|l aal ‘annlv simp oo Ad (3 22| apply (clarsimp simp: filter_empty_conv Cans_eq_append_:ov) o
] v g 5

= as =

] Proof state /] Auto update | Update | Search: | ~|[roo% |+ § 19) §

= (U =x2 A x2=v — (v¥xcset_tree tl. v < x — X # V) A (vxeset_tree t2. v < x — X # V)) A :§ 47| i

((u=x2 — x2 # v) — (o] 18] [l

& M

(u=x2 A x2<Vv — 4 49 ||z

e < Nl

(x2 < v — H3 [ D 2

x2 # in_range t2 x2 v = s [7IProof state [¢]Auto update | Update | search: ~|oo% | E

[x+inorder t1 . x2 < x A x < v] @ x2 # [x—inorder t2 . x2 < x A x < v]) A = L2

(- x2 <v —

(Vxeset_tree t1. x2 < x — - x < v) A (Vxeset_tree 2. x2 < x — =~ x < v))) A
((u=x2 — = x2 <v) —

(x2 < v —

-u < x2 —

(u=x2 A x2 <v —

x2 # in_range t2 x2 v =

[x«inorder t1 x2 < x A x <v] @ x2 # [x—inorder t2

x2 < x A X <v])A =l
D]

(U=x2 A X2 < v — [=]
(x2 < v —

(Vxeset_tree tl. x2 < x — — x < v) A in_range t2 x2 v = [x<—inorder t2

(Jys'. x2 # ys' = [xe—idnorder t1 . x2 < x A x < v] A

in_range t2 x2 v = ys' @ x2 # [x—inorder t2 . x2 < x A x < v])) A

(- x2 <v —

(vVxeset_tree tl, x2 < x — = x < v) A (¥xeset_tree t2.
((u=x2 — - x2 <v) —

(X2 < v —

X2 < x AXx < vl v

X2 < x — = x < v))) A

[«1

[ [T

il
(B~ | output | query | sledgehammer [ symbols |

il
(2]~ [ output | query |

| symbols |

[44.42 (1144/5453) (isabelle,isabelle,UTF-8-Isabelle) [/ o UG L53MB 12:55 PM

[44.60 (1162/6473) (isabelle isabelle, UTF- belle)Im o UG ~35/1158MB 12:56 PM|

dianQ|_ [T | [1[20 2]+ [ =

0: ~/lehre/FDS/SS:

7 - tut04.thy

debian®|_ || 1|2 3| 4 | @ lammich@lapnipkow10: ~flehre/FDS/SS1... | 3 Isabelle2017 - tut04.thy (modified)

b Isabelle2017 - tut04.thy -5 X G Isabelle2017 - tut0a thy - X
Fle Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utilities Magros Plugins Help
DEed@E & 9 ¢ XDE @ D 8AE @ DEd@E & 9¢ XHE 8@ 0 OO
[ tut04.thy (~/lehre/FDS/SS18/public/exercises/) I O tuto4.thy (~/lehre/FDS/SS18/public/exercises/) 7
BT [text <Show that your list is actually in-order: 1= BT Jftext <Show that your list is actually in-order> [~ =
—o a[lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)" =l —> aflemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)" =
3 = A T . .
21| a2 apply (induction t) = 2 2| a2 apply (induction t) =2
5 5
&l 43 apply simp § &S| 43 | apply simp §
@ 2 © - - . 2
o asf apply (clarsimp simp: filter_empty_:onvu 2 |0 44 | apply (clarsimp simp: fllter_empty_convﬂ 4
5 5
45| = 43) 21
e »
46| E 46} %
= [
47| r;:( 47) ;
48| (o] 1g (o]
& &
29| =& 49| =5
il I il I oy
3 g
] Proof state (7] Auto update | Update | Search: [ hdll N4 % [¥] Proof state [¢] Auto update | Update | Search: | ~|[1o0% [+ %
in_range t2 u v = [x<—inorder t2 u < x Ax < v]; bst t1; bst t2; vxeset_tree tl. x < x2; B ¥xeset_tree t2. x2 < x| Bes
Vxeset_tree t2. x2 < x]] L = (U =x2 A x2 = Vv — (Vxeset_tree tl. v < x — x # v) A (Vxcset_tree t2. v < x — x # v)) A
= (U =x2 A x2=v — (vxeset_tree tl. v < x — X # v) A (¥xeset_tree t2. v < x — x # v)) A | ((u=x2 — x2 #Vv) — I
((u=x2 — x2 # v) — (U= x2 A X2 €V — I
(Uu=x2 A x2<Vv — (x2 < v —
(x2 < v — x2 # in_range t2 x2 v =
x2 # in_range t2 x2 v = [x—inorder t1 . x2 < x A x < v] @ x2 # [x—1inorder t2 . x2 < x A x < v]) A
[x—inorder t1 . x2 < x A x < v] @ x2 # [x—inorder t2 X2 < x A X <v])A (- x2 < v —
(= x2 < v — | <X — o x < <X - o x < =]
[l [ 1l D]
[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

[4a,42 1144/6473) (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 5/1158MB 12:56 PM|

[44,42 (1144/6473) (isabelle isabelle, UTF- belle) 1o UG 3/1158MB 12:57 PM|

dlﬁan@_ | 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...I@Isahelle2017—(umﬂ.lhy I....m

debian(D| _ |y &) 1|z 3| 4 | @ lammich@lapnipkow10: ~flehre/FDS5/551... | 4 Isabelle2017 - tut0d.thy
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/) 0 tutod.thy (~/lehre/FDS/SS18/public/exercises/)
L} s1|lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" |~ | e
t a2l apply (induction t) g
§ a3 apply simp 1= sftext <Show that your list is actually in-order>
g 44| apply (clarsimp simp: filter_empty_conv) gnflemma "bst t —> in_range t u v = filter (Ax. u<x A x<v) (inorder t)"
= 25| 12l | apply (induction t)

4]

oouL] 3635 [Aanmepis | uonewswa0a | ¢ [@]

IProof state [#]Auto update | Update | Search: ~| [Loo%

proof (prove)
goal (1 subgoal):
1. Atl x2 t2.

43}

apply simp

aal apply (clarsimp simp: filter_empty_conv)

asl

il Iv]

[¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
(x2 < v — =]
x2 # in_range t2 x2
[x—inorder t1 . x2
(- x2 < v —
(v¥xeset_tree tl. x2

v =

< x A x < v] @x2 # [x—inorder t2 . x2 X A X < Vv]) A

<X — X £ V) A (¥xeset_tree t2. x2 € x — - x < Vv))) A

[Sau0syL [2335 [obiepis [usneruswnooa [ ¢ [@)

[in_range tl u v = [x—inorder t1 . u < x A x < vl; ((u=x2 — - x2 <v) —
in_range t2 u v = [x<inorder t2 . u < x A x < v]; bst tl; bst t2; Vxeset_tree tl. x < x2; (x2 < v — Ll
Vxeset_tree t2. x2 < x| U< x2 —
= (u=x2 A x2=v — (vxeset_tree tl. v < x — x # v) A (¥xeset_tree t2. v < x — x # v)) A (Uu=x2 A X2 v —
((u=x2 — x2 #v) — x2 # in_range t2 x2 v =
(u = x2 X2 < ¥y — = [x<—inorder t1 x2 < x A x < v] @ x2 # [x—inorder t2 X2 < x A x < v]l) A ~
[l » < »
(B~ | output | query | sledgehammer [ symbols | - \n|v||cutput|Query| | symbols | -
|ﬂ5‘1 (1146/6453) (isabelle isabelle,UTF-8-Isabelle) /im0 UG 1158MB 12:58 PM‘ ‘45‘1 (1146/6453) lisabelle isabelle, UTF. bell nroUG L11/1182MB 12:58 PM|

0: ~/lehre/FDS/SS:
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4 Isabelle2017 - tutoa.thy

Isabelle2017 - tut04.thy

Elle Edit Search Markers Folding View Utilities Magros Plugins Help
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

[0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

a

39|
= | stext <Show that your list is actually in-order>
§ allemma "bst t = in_range t u v = filter (Ax. u<x A x<v)
&l o apply (induction t)
= apply simp

4| | apply (clarsimp simp: filteﬁ_empty_:onv)

45| apply safe

a6) apply simp_all

47]

2]

49|

(inorder t)"

[}

File Browser | 4 | B

D

sftext <Show that your list is actually in-order>
lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)"

4| apply (induction t)

43| | apply simp

42| apply (clarsimp simp: filter_empty_conv)
5|  apply safe

s  apply simp_all]

Iv]

[SsioeuL [ 9w [pbepis [uomeweunsea | « [@]

proof (prove)

goal (1 subgoal):

1. Atl x2 t2.
[in_range t1 u v = [x—inorder t1 . u
in_range t2 u v = [x<inorder t2 .
‘xeset_tree t2. x2 < x|
— (u=x2 A x2=v — (Vxcset_tree t1. v

IA 1A

] Proof state /] Auto update | Update | Search: | v [roon [+

vl;
vl; bst t1; bst t2; Vxcset_tree t1. x < x2;

X — X # v) A (Vxeset_tree t2. v < x — x # v)) A

«

DN

[¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
proof (prove) =
goal (10 subgoals):

1. Atl t2.
[in_range t1 v v =
in_range t2 v v =
Ball (set_tree t2)
— False L
" =

DN

[x—inorder t1
[x«—inorder t2 .
(op < v); us=yv;

v<x AXx < vl
v < x A X < v]; bst t1; bst t2; ¥xeset_tree tl. x < v;
v € set_tree ti]

[2 ]~ [ output | query [ sledgehammer [ symbols |

[So108us [=3e3s [ontepis [uomemwnsoa [ ¢ | @)

<
(2]~ [ output | query [ | symbols |

[4a,30 1132/6482)

(isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 1182MB 12:59 PM

(a5,

17 (1175/6482)

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...I@Isahelle2017—(umﬂ.lhy

debian(D| _ |y &) 1|2 3|4 | @ lammich@Ilapnipkow10: ~flehre/FD5/551...
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BT yftext <Show that your list is actually in-order>
t g1|lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)"
g a2l apply (induction t)
@|| 43 apply simp
= a4 apply (clarsimp simp: filter_empty_conv)

as|  apply safe

a| apply simp_all

47{- »

ag|

49|

50|

[SiivouL [s15 |sobiopis | ueneazewnsoa ] 4 @]

42| | apply
43| | apply
a4l | apply
4| | apply
4| | apply
4| | apply

]

proof (prove)

sftext <Show that your list is actually in-order> ==Y
g|lemma "bst t —> in_range t u v = filter (Ax. u<x A x<v) (inorder t)" o
(induction t) a

simp B
(clarsimp simp: fi'Lter_Empty_conv) g

5

safe 5]

simp_all g

auto z

=

=[]

bag

©

E

g

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

[l Proof state ] Auto update | Update ‘Search‘ ~|[roox [+] goal (1 subgoal): L
proof (prove) = 1. At _x2 2. )
goal (10 subgoals): = [[1n_range tl u v = [x—inorder t1 . u < x A x < Vv]; I
1. Al t2 in_range t2 u v = [x—inorder t2 . u < x A x < v]; bst tl; bst t2; ¥xeset_tree tl. x < x2;
[in_range tl v v = [x—inorder t1 . v < x A x < vl; vxeset_tree t2. x2 < x|
in_range t2 v v = [x<—inorder t2 . v < x A x < vl; bst tl; bst t2; Vxeset_tree tl. x < v; = (U=x2 Ax2=v — (vxeset_tree tl. v < x — X # V) A (Vxeset tree t2. v < x — x # V)) A
Ball (set_tree t2) (op < v); u = v; v € set_tree t1] ((u=x2 — x2#v) —
— False (U=x2 A X2 <V —
. = (¥2 e v . =
< D] [l ]
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols |
|ﬂ7‘3(1178/5455) lisabelle isabelle, UTF-8-Isabelle) I o UG 182MB 1:00 PM‘ ‘44‘32 (1134/6495) (isabelle,isabelle UTF-8-Isabelle) mr o 2MB 1:01 PM|
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[0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

4| apply (clarsimp simp: filter_empty_conv)
as| apply safe

46| apply simp_all

a7 | apply (auto simp: filter_empty_conv)
sglthm filter_empty_conv]]

49|

50|

51|

52|

[»]

(filter ?P ?xs = []) = (Vx<set ?xs. - 7P x)

] Proof state [ Auto update | Update | Search: | ~|joow |«

[SstosuL [ 2333 [pprepis [uomewaunsoa | « [@]

DN

proof (prove)
goal (1 subgoal):
1. Atl x2 t2.

BT 4ftext <Show that your list is actually in-order> [~ =
; ss{lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)" %
2|| 4 apply (induction t) =2
2| 4 apply simp §
|| o apply (C'Laﬂsimp simp: filter_empty_conv) Py
4| apply safe El

so| apply simp_all H

s11  apply (auto simp: filter_empty_conv filter_empty_conv') §

s2| | done =

o

El

]

[in_range t1 u v = [x<inorder t1 . u < x A x < v]; [
in_range t2 u v = [x—inorder t2 . u < x A x < v]; bst tl; bst t2; Vxeset_tree tl. x < x2;
¥xeset_tree t2. x2 < x|
= (U =x2 A x2 = Vv — (Vxeset_tree tl. v < x — x # v) A (Vxcset_tree t2. v < x — x # v)) A
((u=x2 — x2 #v) —
(u=x2 A X2 €V —

[#] Proof state [#] Auto update | Update |Search: [ | hoo% |+

(¥2 « v

<

DN

[l
[2 ]~ [ output | query [ sledgehammer [ symbols |

[B ]+ [output [ query [ sledgehammer [ symbals |

[48.22 (1236/6542) (isabelle isabelle, UTF-8-Isabelle) (im0 UG

/1147MB 1:01 PM

[48.13 (1224/6854)

(isabelle,isabelle,UTF-8-Isabelle) 1m0 UG 089ME 1:03 PM|

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...IﬁIsahelle2017—(umﬂ.lhy(modiﬁed)
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

0 tutod.thy (~/lehre/FDS/SS18/public/exercises/)

atext <Show that your list is actually in-order>

ss/lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)"

File Browser | 4 | B

2] apply (induction t)

471 apply simp

28| | apply (claﬂsimp simp: filter_empty_conv)

29| apply safe

sof apply simp_all

s| apply (auto simp: filter_empty_conv filter_empty_conv')

s2| | done

D

s2ftext <Show that your list is actually in-order>
ss{lemma "bst t —> in_range tu v =

26|  apply (induction t)

47|  apply simp

ag| apply (clarsimp simp: filter_empty_conv)

| | apply safe]]

so| | apply simp_all

s1|  apply (auto simp: filter_empty_conv filter_empty_conv')
s2| | done

filter (Ax. u<x A x<v) (inorder t)"

[+]

Proof state (¥ Auto update

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

051 [ 2335 [3pbiepis [ Usneruswnooa [ ¢ [ @)

Update | Search: | ~|[loo% |

[SsuisauL [s1s [sviopis | Ueneasewnsoa] 4 @]

[[in_r'ange tl u v = [x—inhorder t1 u < x Ax <v]; proof (prove)
in_range t2 u v = [x—inorder t2 u < x A x < v]; bst t1; bst t2; Vxcset_tree tl. x < x2; H goal (26 subgoals):
Yxeset_tree t2. x2 < x| _| 1. Atl x2 t2 x.
= (U =x2 A x2 =v — (¥xeset_tree tl. v < x — x # V) A (¥xeset_tree t2. v < x — x # Vv)) A [[in_range tl v v = [x<inhorder t1 v < x AXx <V];
((u=x2 — x2 # v) — in_range t2 v v = [xe—inorder t2 . v < x A x < v]; bst tl; bst t2; ¥xeset_tree tl. x < v;
(u=x2 A x2<Vv — ¥xeset_tree t2. v < X; u = Vv; v € set_tree t1; v < v|
(x2 < v — — False
x2 # in_range t2 x2 v = 2. Atl x2 t2 x.
[x—inorder t1 . x2 < x A x < v] @ x2 # [x—inorder t2 . x2 < x A x < v]) A T [in_range t1 v v = [x<inorder t1 . v < x A x < vI;
0 (= %2 « v oo . in ranme 9 v v = Ty: dinnrdar +2 v < v A v < ul: het +1: hat +2: Yyccat tree +1 v < u: 5o
(B~ | output | query | sledgehammer [ symbols | (2]~ [ output | query | | symbols |
|ﬂ&13(1225/555ﬂ) lisabelle isabelle, UTF-8-Isabelle) I o UG 089MB 1:04 PM‘ ‘49‘13 (1267/6654) (isabelle isabelle UTF-8-Isabelle)mr o UG JBOMB 1:04 PM|
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

[0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

s2{ | done

8T apply (induction t) 5T+ apply (induction t) =]
—| o] apply simp = 4 apply simp
Hir apply (clarsimp simp: filter_empty_conv) =| 21l o apply (clarsimp)
2| a9 apply safe 2| a9 apply safe
Z|| so| apply simp_alf] || sof  apply simp_all]]
s1 apply (auto simp: filter_empty_conv filter_empty_conv') s11 | apply (auto simp: filter_empty_conv filter_empty_conv')

s2| | done

[»]

Proof state Auto update

update | search: [

[#] Proof state [#] Auto update | Update |Search: [ | hoo% |+

proof (prove)

goal (1@ subgoals):

1. Atl t2.
[in_range tl v v = [x—inorder tl1 . v
in_range t2 v v = [x<—inorder t2 ., v
Ball (set_tree t2) (op < v); u =

< x Ax < vl
<

v; v € set_tree tl1]

x A x < v]; bst tl; bst t2; Wxcset_tree tl. x < v;

[SstosuL [w3s [plrepis [uomewaunsoa | « [@]

proof (prove)

goal (18 subgoals):

1. Atl t2.
[in_range t1 v v =
in_range t2 v v =
Ball (set_tree t2)

[x<inorder t1 ., v <
[x—inorder t2 . v < x A X
(op < v); u=yv]

vl;

IAIN

v]; bst tl; bst t2; vxeset_tree tl. x < v;

[Ssuosus [=1e3s [ontepis [uomeswnsoa [« | B)

[ D

— False == [xe—inorder t1 v < x Ax <v] =[]
2. Atl t2. 2. Atl t2.
[in_range t1 v v = [x«inorder t1 v < x A x < v]; T [[in_range tl v v = [x—inhorder t1 v < x AXx < v];
o in ranae +2 v v = [y dnardar +2 v < v A vy < uvl: hst +1- hst +2. Yycsat tres 1 v < u- 5ol . in ranme +2 v v = [v. dnardar 2 v < v A v < ul: hst +1: hst +2: Yycsat tree +1 v < v- 5ol
(8]~ [output | query [ siedgenammer | symbols | [B] > [output [ query | sledgehammer [ symbols |
|50‘15(128315554) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 89MB 1:05 PM| ‘50‘17 (1260/6630) (isabelle isabelle,UTF-8-sabelle) im0 UG IMB 1:05 PMl
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/) vl B tutod.thy (~/lehrefFDs/SS18/public/exercises/) -l
BT apply (induction t) 12 BT apply (clarsimp) ==Y
=y apply simp =l i apply safe o1
2| 48l apply (clarsimp) EH 2| so| apply simp_all 3
3 3
i 29 | apply s.?fe § f sif apply (simp_all add: filter_empty_conv filter_empty_conv') g
T | sof apply simp_all]] ‘ z| s apply- |l g
s1 apply (auto simp: filter_empty_conv filter_empty_conv') = s3| | done =]
52 | done 2 54 4
2 2
53 a 55§ a
B =
54| =] o] s6} ~l[o]
{1 D ES Cll D 8
- SIEl . - SIE
i . ] Proof state /] Auto update | Update | Search: | 100% Z [¥] Proof state [ Auto update | Update | Search: | 100% )
in_range t2 v v = [x<—inorder t2 v < x A X < v]; bst tl; bst t2; V¥xeset_tree tl. x < v; S proof (prove) 3

— [x~inorder t1

[in _ranne +1 11 v =

¥ dinnrdar +1

Ball (set_tree t2) (op < v); u = V|
v<xAx<v]=ll

2. Atl t2.
[in_range t1 v v = [x—inorder t1 . v < x A x < vl;
in_range t2 v v = [x+—inorder t2 . v < x A x < v]; bst t1; bst t2;
Ball (set_tree t2) (op < v); u = v|
= [x—inorder t2 . v < x A x < v] =[]
3. Atl x2 t2.

n< x Ay < ule

Vxeset_tree tl. x < v;

4

D

goal (18 subgoals):
1. Atl t2.
[in_range t1 v v = [x—inorder t1 . v
in_range t2 v v = [x«—inorder t2 . v
‘¥xeset_tree t2. v < x; u = v|
= Vxeset_tree t1. v < x — x # v
2. At t2.
[in_range t1 v v =
in ranme +2 v v =

X Ax = vl
vl; bst t1; bst t2; Vxeset_tree tl1. x < v;

<
XA X<

1A IA

[x~—inorder t1 . v < x A x <
Iv: innrdar +2 v < v A v <

vl;
vl

het +1: hst +2: Yycsat trae +1 ¥ < w: B

|8~ [output | query [ sledgenammer | symbols

{1
(8]~ [output | query | | symbals |

|50‘17 (1260/6630) lisabelle isabelle, UTF-8-Isabelle) 1m0 UG IMB 1:05 PM‘ ‘52‘9 (1330/6642) Input/output complete (isabelle,isabelle,UTF-8-Isabelle) im0 UG
devian0|_ |Ty| 1234 0: ~/lehre/FDS/SS 7 -tut04.thy INR deoianO|_ | Ty & 1[2 2| 4| @lammich@lapnipkow10: ~flenre/FDs/s51... [ Isabelle2017 - tut0d.thy (modified)
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P tut04.thy (~/lehre/FDS/SS18/public/exercises/) - O tuto4.thy (~/lehre/FDS/SS18/public/exercises/) v
s2| apply blast = as|lemma "bst t = in_range t u v = filter (Ax. u<x A x<v) (inorder t)" =]

s3l apply blast
apply fastforce
s apply fastforce+]]
sef | done

File Browser | 4 | B3
@
iy

sotext <\Exercise{Pretty Printing of Binary Trees}>

<

Proof state Auto update

proof (prove)
goal:
No subgoals!

Update | search: | ~|joow |«

[SstiosuL [ e3e3s [plrepis [uomewaunaea | « [@]

45| | apply (induction t)

apply simp

4gl  apply (clarsimp)

4| | apply safe

so| apply (auto simp: filter_empty_conv filter_empty_conv')
s1| | done

File Browser [ 4| B
8
[Sstoa 0L [=3e3s [ontepis [uomeswnsoa [ ¢ | B)

ss|text <\Exercise{Pretty Printing of Binary Trees}>

s71 text <Define a function that checks whether two binary trees have the same
sg] structure. The values at the nodes may differ.>
[ ]

WlProot state 7l auto update | Update | search: | | [roo% [+]

theorem bst 7t =— in_range 7t ?u ?v = [x—inorder ?t . 7u < x A x < ?v] [l
< DN 1l DN
[B]~ ] output | query [ sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|55‘19(138515599) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 28/1019MB 1:07 PM‘ ‘52‘1 (1309/6613) (isabelle isabelle, UTF-8-sabelle) im0 UG 76MB 1:10 PM]
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/) - 0 tutod.thy (~/lehre/FDS/SS18/public/exercises/) v
) 43 Bl L} 42 [~ &
; a|text <Show that your list is actually in-order> % ; 43 %
2/o ss/lemma "bst t — in_range t u v = filter (Ax. u<x A x<v) (inorder t)" § 2| sqftext <Show that your list is actually in-order: §
% 45. apply (induction t) § % 45Eemma "bst t —> in_range t u v = filter (\x. u<x A x<v) (inorder t)" £§
T 471 apply simp g || 4| apply (induction t) g
ag) apply (clarsimp) El 47|  apply simp El
4| apply safe H ag| apply (clarsimp) g
sof apply (auto simp: filter_empty_conv filter_empty_conv') § 1| | apply safe i
s1|  done (o] sof apply (auto simp: filter_empty_conv filter_empty_conv') [a]
52| f.% 51 d %
53 g 52) g
54 G 53 t
ss|text <\Exercise{Pretty Printing of Binary Trees}: e 54 18]

56| = ss{text <\Exercise{Pretty Printing of Binary Trees}: =

Cll Dl ] | Dl ]

[ Proof state [] Auto update | Update | Search: | ~||too% | [¥] Proof state [¢] Auto update | Update | Search: | ~|[1o0% |+
proof (prove) |~ proof (prove) 1~
goal (1 subgoal): goal (1 subgoal):

1. bst t — in_range t u v = [x—inorder t u < x A x <v] 1. bst t — in_range t u v = [x—inorder t u<xAx <v]
] D] il D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols
|ﬂ5‘1 (1177/6613) lisabelle isabelle, UTF-8-Isabelle) I o UG 76MB 1:10 PM‘ ‘45‘1 (1108/6613) (isabelle isabelle UTF-8-Isabelle)mr o UG TE6MB 1:10 PM|
debian(O|_ | By gl_lfﬂﬂ 0: ~/lehre/FDS/S51.. 7 - tut04.thy I = . T depian(®| _ %El_lfa 4| (@ lammich@lapnipkow10: ~flehre/FDS/SS1... [ 4 Isabelle2017 - tut0a.thy Llgd] ]23:20:39)
b Isabelle2017 - tut04.thy -5 X G Isabelle2017 - tut0a thy - X
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[ tut04.thy (~/lehre/FDS/SS18/public/exercises/) v O tuto4.thy (~/lehre/FDS/SS18/public/exercises/) v
B alemma "bst t — set (in_range' t u v) = {xeset_tree t. u<x A x<v}" Bl Gl (=l
; ss| apply (induction t) % ; 53} %
2|/ o5 apply auto 8 H fun in_range' :: "'a::linorder tree = 'a = 'a = ‘'a list" 2
all &7 | done § s|| swhere §
T e B ||| s "in_range' Leaf u v = []" 4
60| Lemma Hbst t — in_range' t u v = filter (Ax. u<x A x<v) (inorder t)" El s;i | "in_range' (Node 1 a r) uv = El
7 apply (induction t) H 59 (if F<u then in_range' r u v H
71|  apply (auto simp: filter_empty_conv) ; 59 else if a> then in_range' 1 u M §
72| | done (o 60) else in_range' 1L u v @ B # in_range' r u v [o]
73] H 61l ) 5
74 = 62 @ e
ssltext <\Exercise{Pretty Printing of Binary Trees}» g &3 8
76l T o 7& sn'E‘emma "bst t — set (in rande' t u v) = {xcset tree t. u<x A x<vi" + Tﬂ

[ Proof state [] Auto update | Update | Search: | | [oow |« [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% |+
proof (prove) =] consts !
goal: in_range' :: "'a tree = 'a = 'a = ‘'a list"

No subgoals! Found termination order: "(Ap. size (fst p)) <*mlex*> {}"
D < D

<
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

(isabelle, isabell

[69.7 (1695/7129)

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...IﬁIsahelle2017—(umﬂ.lhy

UTF-8-Isabelle) o UG 29/900MB 1:14 PM

[s9.18 (1490/7129)

debian(D| _ |y &) 1|2 3| 4 | @ lammich@Ilapnipkow10: ~flehre/FDS/551..
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™ tut04.thy (~/lehre/FDS/SS18/public/exercises/) vl B tutod.thy (~/lehrefFDs/SS18/public/exercises/) -l
BT swhere 12 B efwhere 1
—| 58 "in_range' Leaf u v = []" S —i | = "in_range' Leaf u v = []" e
H = g -
2/l 571 | "in_range' (Node 1 a r) u v = 2 2/l 551 | "in_range' (Node 1 a r) u v = a
H H
@ | sg (if a<u then in_range' r u v § = || sg (if a<u then in_range' r u v §
@ = o : : o
E|| sof else if a>v then in_range' 1 u v o || sg else if a>v then in_range' 1 u v o
. g X 5
60) else 1f-| 15 60} else if a=u then al El
Gl g Gl oo g
5 3
2 2
P2 b hcocoa 5 ol FIE R 5
63] in_range' 1 uv @ a # in_range' r u v (o] 63| in_range' T uv @ a # in_range' r u v [a]
54 ) 2 6 4
- f 5l o i 5
z F
S S
3 H

[»]

¥ Praof state ] Auto update | Update | search |

v [oow [+

roof state [ Auto update | Update | search: |

| [roo |+]

Inner syntax errora
Failed to parse prop

|

Inner syntax errora
Failed to parse prop

D]

CHl
|8~ [output | query [ sledgenammer | symbols

il
(8]~ [output | query | | symbals

|50.16 (1528/7156) Input/output complete

lisabelle isabelle, UTF-8-Isabelle) 1m0 UG

100MB 1:15 PM|

60,26 (1538/7166)

(isabelle,isabelle,UTF-8-Isabelle) im0 UG

JOMB 1:15 PM|
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B tut04.thy (~/lzhre/FDS/SS18/public/exercises/) x| |8 tut04.thy (~/lehre/FDS/SS18/public/exercises/) ]
8T [where 1B BT swhere 12
| 54 "in_range' Leaf u v = [I" = —| 54 "in_range' Leaf u v = []" =1
3 = T X
2|l s | "in_range' (Node 1 a r) uv = 8 2l s | “in_range' (Node 1 a r) uv = 2
& - X g : : . =l
a| | sg (if a<u then in_range’ r u v té o | sg (if a<u then in_range' r u v §
@ . . = @ - - B
T sy else if a»v then in_range' 1 u v 2 il sy else if a>v then in_range' 1 u v 2
. - s X ) 5
60| else if a=u then a # in_range' r u v = 60 else if a=u then a # in_range' r u v =]
(5| BRI I § 61| else if a=v then in_range' 1 u v@[al %
[ g 62} else. | --- g
2 2
63 o il I ]
64 in_range' 1 uv @ a # in_range' r u v & 64 in_range' 1 u v @ a # in_range' r u v S
65| ) g 65 ) g
&6 o S 6| 1 g
3 2
7l 2] el 2]
[H| L] [T| D
vl Proof state ] Auto update | Update |Search: | hdll N4 roof state [ Auto update | Update | Search: | ~|[1oo% |+
Inner syntax errora = consts 12
Failed to parse prop in_range" ''a tree = 'a = 'a = 'a list"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}"
D] D]

<
[2 ]~ [ output | query [ sledgehammer [ symbols |

<1
[B ]+ [output [ query [ sledgehammer [ symbals |

|61.8 (1564/7192)

(isabelle isabelle, UTF-8-Isabelle) i

IMB 1:16 PM

[62.13 (1613/7238) Input/output complete

(isabelle,isabelle, UTF-8-sabelle) im0 UG

4/877MB_1:17 PM
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™ tut04.thy (~/lehre/FDS/SS18/public/exercises/) vl 0 tutod.thy (~/lehrefFDs/SS18/public/exercises/) -l
8T clwhere B [ET o @
| =8 "in_range' Leaf u v = [1" (o] sl E
H . T .
2/l 571 | "in_range' (Node 1 a r) u v = 2 2|o gg|lemma "bst t — set (in_range' t u v) = {xcset_tree t. u<x A x<v}" a
8 L 8 . . =]
@ | sg (if a<u then in_range' r u v § = g apply (induction t) 7§
o = o =
E|| sof else if a>v then in_range' 1 u v o | e apply auto o
. - g 5
60| else if a=u then a # in_range' r u v =4 eo| done =1
61 else if a=v then in_range' 1 u valal H 79 g
62| e'l.se-l § nflemma "bst t = in_range' t u v = filter (Ax. u<x A x<v) (inorder t)" i
| (o 72| | apply (induction t) [a]
64 in_range' 1 uv @ a # in_range' r u v & 73| apply (auto simp: filter_empty_conv filter_empty_conv') kS
65| ) 2 aq [*] _§
66| . S S
o [¥] Proof state [v] auto update | Update |Search: v|[100% |v||@
g H _ e e e o " 0
dl| D] theorem bst 7t — set (in_range' 7t ?u ?v) = {x € set_tree ?t. ?u < x A x < ?v} 2]
¥ Praof state ] Auto update | Update | search | ] [roow |
consts =
in_range' :: a tree = 'a = 'a = 'a list"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}"
DN I

Cl {1
|8~ [output | query [ sledgenammer | symbols (2]~ [ output | query | | symbals

|5213(1513/723E) lisabelle isabelle, UTF-8-Isabelle) 1m0 UG ‘70‘1 (1776/7236) (isabelle,isabelle UTF-8-Isabelle) 1 o

deian(®|_ || & 1|2 3|a 0: ~/lehre/FDS/SS: 7 - tut04.thy (modified) Bl devian®|_ |y & 1|2 3| 4 | @lammich@lapnipkow10: ~flehre/FDS/SS1. Isabelle2017 - tut0d.thy
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P tut04.thy (~/lehre/FDS/SS18/public/exercises/) v O tuto4.thy (~/lehre/FDS/SS18/public/exercises/) v

E 71 | done 7% E 74| | done :%
E 75| E E 79) E
£|| 78 2 HIRG 2
E 77iitext <\Exercise{Pretty Printing of Binary Trees}> § f 7i[text «\Exercise{Pretty Printing of Binary Trees}> §
=] 78 3 ifl 7g =3

79 text <Define a function that checks whether two binary trees have the same Ell 790 text <Define a function that checks whether two binary trees have the same El

80| structure. The values at the nodes may differ.> 7§ 89 structure. The values at the nodes may differ.> %

gl fun bin_tree2 :: "'a tree = 'b tree = bool" ; a| fun bin_tree2 :: ‘b tree = bool" r §

82 where [ e &2) where [o]

&3] "hin_tree2 Leaf Leaf «— True" 3 EE "bin_tree2 Leaf Leaf «— True" 3

a4 | "bin_tree2 () | = & | "bin_tree2 (Node 11 _ r1) (Node 12 _ r2) «— bin_tree2 11 12 A bin_tree2 rl r2" e

s=| text <While this function itself is not very useful, the induction rule generated by the function packagl| |& 5 | "bin_tree2 _ _ «— False" 8

o8| It allows simultaneous induction over two trees:> 18] ssl 3]

g7l print_statement bin_tree2.induct &7

e8| 8s)

g0l text <Binary trees can be uniquely pretty-printed by emitting a symbol L s| text <While this function itself is not very useful, the induction rule generated by the function packag

EY for a leaf, and a symbol N for a node. Each N is followed by a0l It allows simultaneous induction over two trees::

a the pretty-prints of the left and right tree. No additional brackets a1 print_statement bin_tree2.induct

o2 are required!: 52

a3 o3| text <Binary trees can be uniquely pretty-printed by emitting a symbol L

oa| datatype 'a tchar =L | N 'a o for a leaf, and a symbol N for a nede. Each N is followed by =

< Il I D <« I ]
[B] =] output | query [ sledgehammer [ symbols | ‘D|'|gutput|Quevy| | symbols | ‘ .

|E4‘21 (2228/7259) (isabelle,isabelle, UTF-8-Isabelle) im0 UG 9/844MB 1:19 PM‘ ‘Eﬁ‘l (2322/7370) (isabelle isabelle, UTF-8-sabelle) im0 UG L7MB 1:21 PM|
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/) - 0 tutod.thy (~/lehre/FDS/SS18/public/exercises/) v
T g | "bin_tree2 _ _ «— False" [<]124 BT a[ print_statement bin_tree2.induct ==Y
; o % ; 92| %
2| = 2 £ o) text <Binary trees can be uniquely pretty-printed by emitting a symbol L a
E e8| § f o4 for a leaf, and a symbol N for a node. Each N is followed by g
T o go| text <«While this function itself is not very useful, the induction rule generated by the function packag | |2 E|| o the pretty-prints of the left and right tree. No additional brackets o
0| It allows simultaneous induction over two trees:»> i o are required!> 7i
o print_statement bin_tree2.induct]] H o7l g
o2 H os| datatype 'a tchar =L | N F
oz __text <Binary trees can be uniquely pretty-printed by emitting a symbol L =g B (o]
4 L ‘ DL_lg 10| fun pretty :: "'a tree = 'a tchar list" S
] Proof state /] Auto update | Update | Search: | ~||toon |+ g 101 where ) g
theorem induc B 102} “pretty _ = undefined" H
fixes P :: "'a tree = 'b tree = bool" =l 103 e
and a0 :: "'a tree" 1l I
and al b tree" > > . e
e T () ().. [#] Proof state [#] Auto update | Update |Search: [ )
and "Al1 uu_ r1 12 uv_ r2, [P 11 12; P rl r2] = P (11, uu_, rl) (12, uv_, r2)" H
and "Av va vb. P {v, va, vb) {}"
and "Av va vb. P {} (v, va, vb)"
shows "P a@ al"
] D] il D]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols
|91‘35 (2525/7354) lisabelle,isabelle, UTF-8-Isabelle) 1m0 UG 10/801MB 1:22 PM ’ﬁ‘il (2780/7354) (isabelle isabelle UTF-8-Isabelle)mr o UG 11MB 1:23 PM|
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[ tut04.thy (~/lehre/FDS/SS18/public/exercises/) v O tuto4.thy (~/lehre/FDS/SS18/public/exercises/) v
2T where 2 BT =<2
; 102 "pretty _ = undefined" % ; | datatype 'a tchar =L | N 'a %
% 103| 8 g o9 2
i 104 text <«Show that pretty-printing is actually unique, i.e., § f 100 fun pretty :: "'a tree = ‘'a tchar list" §
)| 05| no two different trees are pretty-printed the same way. 2 i) 10 where 2

108| Hint: Auxiliary lemma. Simultaneous induction over both trees. El 162) "pretty Leaf = [LI" 7&
107 > H 103 | "pretty (Node 1 a r) = N a # pretty 1 @ pretty r" H
108] B 104 B
100 lemma pretty_unique: "pretty t = pregty t' — t=t'" (o 105) [o]
110| oops 5 109} H
111 El 1077 text <Show that pretty-printing is actually unique, i.e., e
112| 8 10| ho two different trees are pretty-printed the same way. 8
113text <\Exercise{Enumeration of Trees}> 5] 109 Hint: Auxiliary lemma. Simultaneous induction over both trees. L&

T v | q |

¥l Proof state ] Auto update | Update | Search ~|[roo% [+] 7l Proof state (7] Auto update | Update | Search: ~| 00w [+]

= consts 12

pretty : a tree = 'a tchar list"
Found termination order: "size <*mlex*> {}"
D < D

<
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[109,39 (3102/7354) (isabelle,sab.

UTF-B-Isabelle) i ¢

UG 33/787MB 1:24 PM

[104.1 (2026/7423) (isabelle,isabelle, UTF-8-sabelle) 1

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...IﬁIsahelle2017—(umﬂ.lhy

uG
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/) - 0 tutod.thy (~/lehre/FDS/SS18/public/exercises/)
g 97| Bl 10g| el
; og| datatype 'a tchar =L | N 'a % 107 text <Show that pretty-printing is actually unique, i.e.,
2|| oo 2 10| ho two different trees are pretty-printed the same way.
& 100f fun pretty :: "'a tree = 'a tchar list" § 109) Hint: Auxiliary lemma. Simultaneous induction over both trees.
Z where 5 i | =
102| "pretty Leaf = [L]1" 111
will | "pretty (Node 1 a r) = N a # pretty 1 @ pretty r" 12 lemma pretty_unique: “pretty t = pretty t' — t=t'"

104/
1o5|
106
1077 text <Show that pretty-printing is actually unique, i.e.,
108 no two different trees are pretty-printed the same way.
109) Hint: Auxiliary lemma. Simultaneous induction over both trees.

[SSuoouL [swis [ooorep

] Proof state [ Auto update | Update | Search: | ~|joow |«

113 apply (induction t t' rule: bin_tree2.induct)
114 apply auto]]

[«

Iv]

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

SsliosyL [ 21835 [3biepis | Usneruswnooa [ ¢ @)

proof (prove)
goal (2 subgoals):
1. A1l r1 12 r2.

consts [pretty 11 = pretty 12 = 11 = 12; pretty rl = pretty r2 = rl r2; =
pretty :: "'a tree = 'a tchar list" pretty 11 @ pretty rl = pretty 12 @ pretty r2|

Found termination order: "size <*mlex*> {}" = 11 = 12
2. All r1 12 r2. ml
o T [pretty 11 = pretty 12 = 11 = 12; pretty rl = pretty r2 = ri1 r2; |
T “L 0 44 11 @ 44+ 1 44 11 a 44 Ll “‘L

(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols |
|103‘1 (2870/7411) lisabelle isabelle, UTF-8-Isabelle) /i1 r o /776MB 1:26 PM\ ‘115.15(323517567) (isabelle,isabelle UTF-8-Isabelle) 1 o 17/753MB 1:28 PM|
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0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

[0 tut04.thy (~/lehre/FDS/SS18/public/exercises/)

a
106|

: 1077 text <Show that pretty-printing is actually unique, i.e.,

2| 108 no two different trees are pretty-printed the same way.

i 109 Hint: Auxiliary lemma. Simultaneous induction over both trees.

[ SAT: IS

111
12 lemma pretty_unique: "pretty t = pretty t' — t=t'"
113 apply (induction t t' rule: bin_tree2.induct)

14 apply auto]]

115|

4]

1071 text <Show that pretty-printing is actually unique, i.e.,
no two different trees are pretty-printed the same way.
109 Hint: Auxiliary lemma. Simultaneous induction over both trees.

File Browser | 4 | B
=
8

12l lemma pretty_unique: "pretty t = pretty t' — t=t'"
113 apply (induction t t' rule: bhin_tree2.induct)
114 apply auto]]

[4]

[»]

WIProof state 7] Auto update | Update | search |

auoauy) | 2381 [Homapis [uo

Proof state [v] Auto update

Update | search: [

SsiosuL [ 83615 [ ppiepis | uoneiuewnog [« @)

~|oox [+]

proof (prove)
goal (2 subgoals):
1. Al1 r1 12 r2.

proof (prove)
goal (2 subgoals):
1. A1l r1 12 r2.

[pretty 11 = pretty 12 — 11 = 12; pretty rl = pretty r2 — rl = r2; = [pretty 11 = pretty 12 — 11 = 12; pretty rl = pretty r2 — rl r2; =
pretty 11 @ pretty rl = pretty 12 @ pretty r2] pretty 11 @ pretty rl = pretty 12 @ pretty r2]
— 11 = 12 = 11 =12

2. ALl rl 12 r2. H 2. A1l rl 12 r2. H
[pretty 11 = pretty 12 — 11 = 12; pretty rl = pretty r2 — rl = r2; o [pretty 11 = pretty 12 — 11 = 12; pretty rl = pretty r2 — rl rz2; L

a e 11 A 44 a1 FETE Y Foe Al "‘1 al dde 11 A Foe L1 e 10 A e Ll "‘L

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
|114‘15 (3238/7467) (isabelle,isabelle, UTF-8-Isabelle)/imro UG 56/753MB 1:30 PM‘ ‘114.15(323917467) (isabelle isabelle, UTF-8-sabelle) im0 UG 71/753MB 1:31 PMl
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9T o Hint: Auxiliary lemma. Simultaneous induction over both trees. Bl L} 109| Hint: Auxiliary lemma. Simultaneous induction over both trees. ==Y
- - ~ | Commands Plugins Fayorites -
1 | o 5| Path [homefammichishreiros ] (%29 | > 9
% 111 g g Filter. [F~~#] <[ 111] S
Glonz  lemma pretty_unique: “pretty t = pretty t' — t=t'" Ef = 12| lemma pretty_unique: "pretty tff= pretty t' — t=t'" g
T 1123 apply (induction t t' rule: bin_tree2.induct) - T o ich 113) apply (induction t t' rule: bin_tree2.induct) =[S
5 mE
114 apply autcl = ehre 114) apply auto =]
113 sledgehammer 2 119 4
2 2
116 a 116 a
a 2
117] (o] = 117 [w]
. . o 2018/04/3. . . o
nstext <\Exercise{Enumeration of Trees}: jﬁ 201:04:2 ngtext <\Exercise{Enumeration of Trees}: T%
11 i 2018/04/1. 1l N E1
2 2018/04/1. g
[ Proof state [] Auto update | Update | Search: | ~|froo% |~||7 2018/04/3. = [¥] Proof state [¢] Auto update | Update | Search: | v]foox [~||z
2018/04/1.
proof (prove) =l J018/04/2. proof (prove) =
goal (2 subgoals): 2018/04/2. goal (1 subgoal):
1. A1l r1 12 r2. iﬁiiﬁiﬁf 1. pretty t = pretty t' — t = t*
[pretty 11 = pretty 12 = 11 = 12; pretty rl = pretty r2 = rl = r2; =| 1..2018/04/2.,
retty 11 retty rl = pretty 12 retty r2 [ scratch.thy 4. 2018/04/2
P 1 y_ 1 ep Y P Y er Y H [l tmploa.thy 1. 2018/04/2.,
= 11 =12 2018/05/0.
2. Al1l r1 12 r2. H 2018/04/3.
= = H = = ! 2018/04/3.
T [pretty 11 = pretty 12 = 11 = 12; pretty rl1 = pretty r2 = rl = r2; - ] oxdath 1 2018/050 |
4+t 11 @ + 4 L1 44 19 a 4+ L1l 1~ e 1=
] v [tmploa.thy 7. 2018/05/0.) | 4] D
|B]~ [ output | query [ sledgehammer | symbols | 1l — i ™| (8]~ [output [ query| | symbols
|114‘15 (3238/7484) lisabelle isabelle, UTF-8-Isabelle) I o UG 5/753MB 1:32 PM ‘112.33 (3153/7468) (isabelle isabelle UTF-8-Isabelle)mr o UG 744MB 1:33 PM|
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E @ @ ‘& @ Q D b I:/ O tuto4.thy (~/\.ehreJFDSfSSIEifpij\lc/exermses/) : : : vE = ﬁ @ @ @ G D b I:/ O tutod.thy (~f\.ehrefFDSJSSl?/ptﬂbhc/exerclses/) : _ _ v :
109) Hint: Auxiliary lemma. Simultaneous induction over both trees. ~= 109 Hint: Auxiliary lemma. Simultaneous induction over both trees. ~1=
|»| commands Plugins Fayorites - | Commands Plugins Fayorites -
> = > =
E Path: |fhome/lammich/lehre/FDS hd 1o g’ E Path: |/home/lammich/lehre/FDS hd 110 g
£ W Fiter [1°-#) ~|i[[111 g H %] ~ i [111] g
2 12| Llemma prei_:ty_un:!.que: "prettylt @ Xs = prgtty t' @ xs' — t=t'" g H 112l lemma pre‘Fty_un:!.que: "pretty t (ﬂ Xs = prgtty t' @ xs' — t=t'" B
[ 113 apply (induction t t' rule: bin_tree2.induct) 2 = "B tammich 113 apply (induction t t' rule: bin_tree2.induct) 4
5 = 5
114 apply auto 12 114 apply autol 2]
115| g 115| g
3 3
= [
's..]Last modifi 116] a 11§ z
i 2018/05/0.04 || 114] e 2018/05/0.12] || 1] ™
2018/04/3. . . o 2018/04/3. - - T
2018/04/2. 1g/text <\Exercise{Enumeration of Trees}> g 20180042 1gtext <\Exercise{Enumeration of Trees}> L]
2018/04/1. <1 DN E) 2018/0471. < D
2018/04/1.. 2 2018/04/1. g
2018/04/3..= [ Proof state  [¥] Auto update ‘ Update ‘Ssarch;‘ ~][oow [+] 5 2018/04/3.]= [¥] Proof state [¥] Auto update | Update |search:\ v|[roo% |+ 3
2018/04/1.. — 2018/04/1. —
2018/04/2. proof (prove) = 2018/04/2, proof (prove) [
2018/04/2. goal (1 subgoal): 2018/04/2. goal (2 subgoals):
2018/04/2.. | = ' ' - ' 2018/04/2.. |
[ generated 018/04/2. 1. pretty t @ xs = pretty t' @ xs' — t =t So18/0012, 1. A1 rl 12 r2. L
[{ ex03thy 1. 2018/04/2 [ ex03thy 1. 2018042 [pretty 11 @ xs = pretty 12 @ xs' — 11 = 12;
%Scra‘tch‘(hhy 4., 2018/04/2.. %Scra‘lch.;hy 4. 2018/04/2., pretty rl @ xs = pretty r2 @ xs' —» rl = r2;
tmpl03.thy  1... 2018/04/2. tmplo3.thy 1. 2018/04/2. _ B L
2B exoa 2018/05/0. 2018/05/0, pretty 11 @ pretty rl @ xs = pretty 12 @ pretty r2 @ xs']
document 2018/04/3. 2018/04/3. = 11 = 12
[ generated 2018/04/3. 2018/04/3. 2. AlL rl1 12 r2.
Eexﬂﬂth 1... 2018/05/0. = E)(Uﬂ(h 1... 2018/05/0 ? (=]
S— =] R Tinsemdedere 11 @ PR TS 11— 1a [~
[Tl tmplod.thy 7. 2018/05/0..] < D [l tmploa.thy 7. 2018/05/0 < Dl
1 —" I ¥ 7] (2]~ [ output] query [ sledgenammer | symbals TR i ™) (@]~ [output | query | | symbels
|ll2‘31 (3151/7480) (isabelle,isabelle, UTF-8-Isabelle)/imro UG 40/734MB 1:34 PM‘ ‘114.15(325017480) (isabelle isabelle, UTF-8-sabelle) im0 UG 35/734MB 1:35 PM|
debian®| _ [|7y| & 1]z 34| @ammich@lapnipkow10: ~/lehre/FDs/s51...[ G Isabelle2017 - tut0a.thy BE=NEEE | oy 2 1[2 3] 4| @iammich@lspnipkow10: ~flehre/Fs/s51... [ Isabelle2017 - tut0a thy I = EEEER
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DEdo ¢ 9¢ X @ CRHEE B & @ DEdho @ 9¢ 00 @ T REE ® & @
E & 4 @ Q = D mutuAthy(~/\_ehre/FDS/ssl.Efpu_bhc/exercwses/) : : : 'E = €@ D & @ Q = D Etull]zllhy(-'/\.ehre/FDS/SSl-E/pobhc/exerclses/) i ) ) =
109| Hint: Auxiliary lemma. Simultaneous induction over both trees. == 109| Hint: Auxiliary lemma. Simultaneous induction over both trees. ==
|v| commands Plugins Fayorites - ~ | Commands Plugins Favorites -
> — > —
E Path: [fhome/lammich/lehre/FDS Rl | = E Path: |/home/lammichylehre/FDS < g
] ilter:  [+[~~#] || 111 2 2 vl Filter: [{{*~=#] || 11 2
@ 12f lemma pretty_unique: “"pretty t @ xs = pretty t' @ xs' — t=t' § o 12l lemma pretty_unique: "pretty t @ xs = pretty t' @ xs' — t=t'" §
@ 2 O . . g . . 2
T .’::E;ch 113 apply (induction t t'lrule: bin_tree2.induct) =2 T 113) apply (induction t t' arbitrary: xs xs' rule: bin_tree2.induct) =2
=) 5 —s
[ lehre 114 apply auto = 114) apply auto =]
[ Fps ! 2 Ioe g
o 5
+ Name 's..Last modifi. | || 116] H 116 F
= [ private 2018/05/0.1~ || 1] ol [=17]] 127] Mol
Ex_Fundus 2018/04/3. o o & 2018/04/3. 5
Slides 2018/04/2, ngtext <\Exercise{Enumeration of Trees}> Sk So18/0412, 118 Sk
S517 2018/04/1.. 41 I E] 2018/04/1. | [ ]
2[5 ss1s 2018/04/1. T 2018/04/1 fef
B B Exercises 2018/04/3.= [ Proof state [] Auto update | Update | Search: | ~|[Loow [+]|7 2018/04/3.]= [¥] Proof state [ Auto update | Update | Search: | ~|[oo% [+]||5
[ exor 2018/04/1. i 2018/0471. : =
2018/04/2. proof (prove) = 2018/04/2. proof (prove) [2]
2018/04/2.. goal (4 subgoals): 2018/04/2. goal (1 subgoal):
document 2018/04/2.] | = f = 2018/04/2.] | .
B gonerated 20180072, 1. pretty () @ xs = pretty {) @ xs' = {} = () 2018002, 1. Al1 r1 12 Ir2 Xs xs'. .
[ ex03.th 1. 2018/04/2., 2. Al1 uu_ r1 12 uv_ r2. | 1. 2018/04/2., [Axs xs'. pretty 11 @ xs = pretty 12 @ xs' = 11 = 12;
gScratchthy 4. 2018/04/2 [pretty 11 @ xs = pretty 12 @ xs' = 11 = 12; SSUEEMW 4... 2018/04/2 Axs xs'. pretty rl @ xs = pretty r2 @ xs' = rl = r2;
tmplo3.thy L. 2018/04/2., _ . _ . tmplo3.thy 1. 2018/04/2., _ .
%01 2018/05/0. pretty rl @ xs = pretty r2 @ xs' = rl = r2; ex01 2018/05/0. pretty 11 @ pretty r1 @ xs = pretty 12 @ pretty r2 @ xs'|
[ document 2018/04/3. pretty (11, uu_, rl) @ xs = pretty (12, uv_, r2) @ xs'] m document 2018/04/3. = rl=r2
generated 2018/04/3.. <11‘ uu_, rl) - <12‘ uv_, rz) L generated 2018/04/3. ||
[5 exoathy 1. 2018/05/0. - - 5 [l ex0dthy 1. 2018/05/0. =
s A i et Ll a e P I =] I~]
[]tmploa.thy 7., 2018/0/0./ < D [l tmploathy 7. 2018/05/0. - A7 D}
il S— i ¥ (8]~ [ output | query [ sledgehammer | symbols | [ — f | (@[~ [output | query | | symbals
[113.26 (3211/7480) lisabelle.isabelle, UTF-8-Isabelle) 1 0 UG 1/734MB 1:37 PM|  [115.5 (3273/7503) (isabelle,isabelle, UTF-8-sabelle) i - 0 UG '34MB_1:38 PM|

man]_ [ | |3[731]

0: ~/lehre/FDS/SSL....

7 - tut04.thy

denian(O| _ |y & 1|2 3| 4 | @mlammich@Iapnipkow10: ~flehre/FDS/SS1.

Isabelle2017 - tut04.thy (modified)

b Isabelle2017 - tut04.thy -5 X G Isabelle2017 - tut0a thy - X
File Edit Search Markers Folding View Utiities Magros Plugins Help Eile Edit Search Markers Folding View Utiities Macros Plugins Help
D&EdME & 9¢ XE0 @@ - * & @ ODEdE & a¢ K00 a@ - & & @
E @ g ‘& @ Q D b I:/ O tuto4.thy (~/\.EhrEJFDS/’SSIEifpk:lb\lc/exerc\ses/) : : : vE = ﬁ @ @ @ G D b I:/ O tutod.thy (~f\ehre/‘.FDSJSSlS/pubhc/ex.erclses/) _ : |v il
109) Hint: Auxiliary lemma. Simultaneous induction over both trees. ~= 127text «Write a function that generates the set of all trees up to a given height. /=]
|»| commands Plugins Fayorites - ~ | Commands Plugins Fayorites Show that only t o o ified height tained -
3 = . d
E Path: |fhome/lammich/lehre/FDS hd 1o = E Path: |/home/lammich/lehre/FDS hd 123 ow at onty rees up o ¢ specifie e1g are containe =
= [ Fiter: [*(~~#] | || 111 2 £ el ~| || 124 8
@ 1zl Llemma pretty_unique: "pretty t @ xs = pretty t' @ xs' — t=t'" § [ 125)  (The other direction, i.e., that all trees are contained, requires an §
2 - . . . - = @ . . . . =
= \ammich 113 apply (induction t t' arbitrary: xs xs' rule: bin_tree2.induct) 2 = "B tammich 126 advanced case split, which has not yet been introduced in the lecture, 4
o = - . . g
lehre 114 apply autnl 12 127 so it is omitted here) 2]
115 sledgeh r 2 128) > 2
& &
2 =
's..]Last modifi 116] a 129) z
i 2018/05/0.14 || 17| | 2018/05/0..2 " o)) 30f fmn enum "nat = unit tree set" where (]
2018/04/3. g 2018/0/3. i = undefined" g
2018/04/2. It <[5 2018/0472. 131]  "enum _ = undefine H
2018/04/1. <] D F 2018/04/1. 132 S
2018/04/1.. 2 2018/04/1. Lo 5 < " g
2018/04/3.= [ Proof state ] Auto update | Update | Search: [ ~|[roow |+ |Z 2018/04/3..= 133/lemma enum_sound: "t < enum n — height t < n |8
2018/04/1. ’ = 2018/04/1. T E—— 0 T~
2018/04/2. proof (prove) B 2018/04/2.
2018/04/2. goal (1 subgoal): 2018/04/2. i Proof state [l Auto update | Update | Search: | ~|[roo% [+
2018/04/2.. | 1 /\11 rl1 12 r2 xs xs' 2018/04/2.. |
generated 2018/04/2.. : X : , 2018/04/2. |
[E e03thy 1. 2018/04/2 [Axs xs'. pretty 11 @ xs = pretty 12 @ xs' — 11 = 12; [ ex03thy 1. 2018042
[ scratchithy 4. 2018/04/2., Axs xs'. pretty rl @ xs = pretty r2 @ xs' — rl = r2; [£ seratchithy 4. 2018/04/2.,
[C] tmplo3.thy 1. 2018/04/2 _ . [El tmplo3.thy 1. 2018/04/2.
5B ex04 2018/05/0. pretty 11 @ pretty rl @ xs = pretty 12 @ pretty r2 @ xs'] 2018/05/0,
document 2018/04/3. = rl=r2 2018/04/3.
generated 2018/04/3.. 2018/04/3.
[5] exoa.thy 1... 2018/05/0. = [5] ex04.thy 1... 2018/05/0. =
[E] tmplod.thy  7... 2018/05/0. | « Dl [El tmploa.thy 7. 2018/05/0.— < DN
F1 — i i ¥ [8] = [output [ query [ sledgehammer [ symbols 4] — i ™) (@]~ [output | query | | symbols

[114.15 (3268/7515)

debian(D| _ || &) 1|z 3 | 4 | |@lammich@lapnipkow10: r-/\ehreJFDS/SSl...I@Isahelle2017—(umﬂ.lhy

(isabelle isabelle, UTF-8-Isabelle) (im0 UG 34MB 1:38

PM
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debian(D| _ |y &) 1|2 3| 4 | @ lammich@Ilapnipkow10: ~flehre/FDS/551..

(isabelle,isabelle, UTF-8-sabelle) im0 UG 3/716MB 1:40

PM|
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DEdo ¢ 9¢ X @ CRHEE B & @ DEdho @ 9¢ 00 @ T REE ® & ©
E @ @, & @ Q = D ™ tuto4.thy (~/lehre/FDS/SS18/public/exercises/) 'E = @ @, & @ Q =20y D ™ tutod.thy (~/lehre/FDS/SS18/public/exercises/) 'U
124 = 124 =
|~ | commands Plugins Favorites . . . . . - ~ | commands Plugins Fayorites . . . . . ~
- 125 (The other direction, i.e., that all trees are contained, requires an = - 1251 | (The other direction, i.e., that all trees are contained, requires an =
@| Path: yhome/lammich/lehre/FDS hd . N . . & @| Path: |/home/lammich/lehre/FDS v ) ) ) ) =}
L Fier: [ree) || 12§ advanced case split, which has not yet been introduced in the lecture, a £ Filter: [[~~x] ~| || 129 advanced case split, which has not yet been introduced in the lecture, 2
H H
=N 127| s0 it is omitted here) § @ 127] s0 it is omitted here) §
hnme. 128> D:"'; . 128] > n;;
S ammich 5
[E lehre 129 = lehre 129) =
[E Fos 120 fun enum "nat = unit tree set" where § & Fos 130/ fun enum "nat = unit tree set" where -7§
_ sheme  [s.liestmoan | ol “enum © = {jj" H - Name Lastmodii, | |[13f | "enum 6 = {Leaf}" z
= [ private 2018/05/0.1~| || 13| 2l 2018/050.1~) |12l | "enum (Suc n) = Mol
Ex_Fundus 2018/04/3. . ® n = & 2018/04/3. of
[ slides S018/04/2, 133/lemma enum_sound: "t € enum n = height t < n 15| So18/0412, 133 ) E
5517 2018/04/1 134 oops El 2018/04/1 13/lemma enum_sound: "t € enum n = height t < n" El
2[5 ss1s 2018/04/1. 135] T 2018/04/1 135| | oops fef
[E Exercises 2018/04/3./=] =l Exercises 2018/04/3. = =
[ ex01 2018/04/1. RRET | [ exo1 2018/04/1. T D
2018/04/2.. 2018/04/2.
2018/04/2. IProof state [#]Auto update | Update | Search: ~|[roox [+] 2018/04/2. roof state [ Auto update | Update | search: | | [roo |+]
2018/04/2.. | 2018/04/2.) | -
2018/04/2. consts = 2018/04/2. Inner syntax error: unexpected end of inputa =i
L. 2018/04/2.) enum "nat = unit tree set" Eleoathy  1..20080472. Failed to parse prop
[E] scratch thy 4. 2018/04/2. . . . - PR ] Scratch.thy 4. 2018/04/2,
[l tmplo3.thy 1. 2018/04/2., Missing patterns in function definition: [l tmploa.thy 1. 2018/04/2.,
E‘.exoa 2018/05/0. Av. enum (Suc v) = undefined 2018/05/0.
[ document 2018/04/3.. 0 ; T " 2018/04/3.
[E generated 2018/04/3. Found termination order: "{} 2018/04/3.
[5] ex0a. thy 1... 2018/05/0. 1... 2018/05/0. [~
[] tmplo4.thy 7. 2018/05/0. el DN [l tmplod.thy 7. 2018/05/0.—{ DN
<l — i ¥ (8]~ [ output | query [ sledgehammer | symbols | [ — f ] output | query | | symbals

belle, UTF-8-Isabelle) /im0 UG

(isabelle,isabelle,UTF-8-Isabelle) im0 UG

[131.14 (371817520

/716MB 1:40 PM
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OEdE @ 9¢ XEH0 o & * & @ DEBd@E & 9¢ KMHAO B & & @
— M tut04.thy (~/lehre/FDS/SS18/publi - — O tuto4.thy (~/lehre/FDS/SS18/publi
G Y Y- Q =y D uf 1y (~flel r.ej .f fpx:l lic/exercises/) - 5 Y ¥ Q 2y D u Wy (~/le| r.ef .J /ptj ic/exercises/) -
127] so it is omitted here) = 127] so it is omitted here) =
|»| commands Plugins Fayorites - ~ | Commands Plugins Fayorites -
> = > =
E Path: |fhome/lammich/lehre/FDS hd 128 g’ E Path: |/home/lammich/lehre/FDS 128 g
2 ilter: [+[~~#] - ||| 129] g £ iter: [\~ ~||129 g
@ 130{fun enum :: “"nat = unit tree set" where z a(@ 130/ fun enum :: "nat = unit tree set" where B
2 =l © E
i 131 "enum @ = {Leaf}" & i | B home 12| | "enum @ = {Leaf}" G
5 5
132(] "enum (Suc n) = (enum n U {Nod 12 132{| "enum (Suc n) = (enum n U {Node 1 () r | 'LI . leenum n A reenum n })" 2]
LI »
133 E 133 %
134 B [5..JLast modifi. | || 134 B
135 e i 2018/05/0. s had
136 Lemma enum_sound: "t € enum n — height t < n" g [ 135|Lemma enum_sound: "t € enum n — height t < n" g
2018/04/2.. - . 9 - L2 2018/04/2. hd 9! — (°]
2018/04/1.. 137| oops El 2018/04/1. 137) oops El
2018/04/1.. 138 2 1=} E’ 5518 2018/04/1. 139 g
2018/04/3..=] é 2018/04/3. 5
2018/04/1.. AT I 2018/04/1. AT F__—
2018/04/2.. 2018/04/2.
2018/04/2. ] Proof state /] Auto update | Update | Search: | v|[oow |+ 2018/04/2. roof state [v] Auto update | Update |Search: ~|[oo% |+
2018/04/2.. | \—‘ 2018/04/2.. | \—I ‘ \_I_‘
generated  2018/04/2. consts [<] 2018/04/2. consts [4]
%exuathy 1... 2018/04/2, enum nat = unit tree set" %_M 1... 2018/04/2 enum nat = unit tree set"
Scratch.thy 4. 2018/04/2., . . . Scratch.thy 4. 2018/04/2, | . . .
[ tmploa.thy 1., 2018/04/2 Found termination order: "size <*mlex*> {} Cltmplosthy 1. 201800472 Found termination order: "size <*mlex*> {}
ex04 2018/05/0.. a ex04 2018/05/0.
document 2018/04/3.. document 2018/04/3.
generated 2018/04/3. generated 2018/04/3.
EEKDA thy 1... 2018/05/0. «| exoa.thy 1... 2018/05/0
[E] tmplod.thy  7... 2018/05/0. | « Dl [El tmploa.thy 7. 2018/05/0. Dl
B | B b, Tl
1] i i ¥ [8] = [output [ query [ sledgehammer [ symbols fl i i D] Output | query| [ symbols

[132,33 (375717562

(isabelle isabelle, UTF-8-Isabelle) i

16MB1:42 PM

[132,45 (3789/7598)

(isabelle,isabelle UTF-8-sabelle) 1 m

G 399MB 1:43 PM|
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DEdo ¢ 9¢ X @ CRHEE B & @
E & D & @ Q =0y D mutuamy(~/\ehr.e/ms_/ss1Efpu_bhc/exerc\ses/) 'E
127| so it is omitted here) =
|v| commands Plugins Fayorites -
> =
5| Fath [homeflammichiehreros v ] |19 2
= W Fiter: [1~~#] < || 129] :
=7 120/ fun enum "nhat = unit tree set" where z
home 121 enum 0 = {Leaf}" &
s
[ lehre 132 "enum (Suc n) = (enum n U {Node 1 () r | 1 r‘I leenum n A reenum n })" =4
FDS 133 g
o
~ Name Last modif, | || 134 H
= [ private 2018/05/0.]~ || | 35| ol
Ex_Fundus 2018/04/3. . ® ; o g
[ slides S018/04/2, 136 lemma enum_sound: "t € enum n = height t < n 15|
5517 2018/04/1 137] | oops El
2B ss18 2018/04/1 s &
[E Exercises 2018/04/3. =
exol 2018/04/1., AT Dl =
2018/04/2..
2018/04/2. [¥] Proof state  [¥] Auto update ‘ Update ‘Ssarch:\ ~][oow [+]
2018/04/2.] | . . .
2018/04/2. Variable "r" occurs on right hand side only: |~
1. 2018/04/2., An r. enum (Suc n) = enumn U {1, (), r) |L. 1 € enumn A r € enum n}
[H Scratch.thy 4. 2018/04/2.
[[]tmplod.thy 1. 2018/04/2.,
= [E exo0a 2018/05/0..
document 2018/04/3.
generated 2018/04/3..
[5 exoathy 1. 2018/05/0. =l
[Jtmplod.thy 7. 2018/05/0..—| 4 |
P E— f 7| (8]~ [output | query [ sledgehammer | symbols
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B EE

& & O

= sy O tutod.thy (~/lehre/FDS/SS18/public/exercises/) -
o €« 42 Q 200 S = o
127, so it is omitted here) =
~| commands Plugins Fayorites -
N d
@| Path: |fhome/lammich/lehre/FDS < ]
2 [Fiter. [{"~] ~| | 129 g
[ 12¢/fun enum "nat = unit tree set" where §
"ghun 0 = {Leaf}" £
ammich 131 { } :
lehre 1z3f| "enum (Suc n) = (enum n U {Node 1 () r | 1 r.l‘Léenum n A réenum n })*" =1
ErFos 133) é
Name Last modifi, | ||134 F
2018/05/0.]= || 5] Mol
2018/04/3. " o M g
So18/0912 135/lemma enum_sound: "t £ enum n = height t < n &
2018/04/1 1371  oops ES
2018/04/1 139 fef
Exercises 2018/04/3..= <
[ exo1 2018/04/1. KT =
2018/04/2.
2018/04/2. roof state [l Auto update | Update | search: ~| oo [+]
2018/04/2.] |
2018/04/2. consts =
Eleoathy  1..20080472. enum "nat = unit tree set"
[l Seratch.thy 4. 2018/04/2 - - =T -
Cltmploa.thy 1. 2018/04/2., Found termination order: "size <*mlex*> {}
2018/05/0.
2018/04/3.
2018/04/3.
[l ex0dthy 1. 2018/05/0.
[l tmploathy 7. 2018/05/0. DN
[l — f v Output | query | | symbols

lisabelle isabelle, UTF-8-Isabelle) 1m0 UG

(isabelle isabelle UTF-8-Isabelle)mr o UG

[132.47 (3771/7598)

ceanQ|_ [B| ] | 2[2]2]4]m
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D&EdME & 9¢ XEO0 @@ - 2E * & @
= B tut04.thy (~/ehre/FDS/SS18/publ -
& rR W Y-R =i Ut04,thy (~/lehre/FDS]: 3 e B § -
130/ fun enum :: "nat = unit tree set" where =
|| commands Plugins Fayorites " " -~
= 131 enum 0 = {Leaf} =
@| Path: homeflammich/lehre/FDS - " 9
2 [Fiter: [*~~#] ~| |r1z2{| “enum (Suc n) = (enum n U {Node 1 () r | 1 r. lcenum n A rcenum n }) a
s
g 3
5 133 e
[ 134 3
s
135 =
13s{Lemma enum_sound: "t € enum n — height t < n" :§
[ ~Neme 5. ]iastmodii | [{137)- - 2
i 2018/05/0. 138 =~
2018/04/3. 4
2018/04/2. L =
2018/04/1.. 140| 5
2
200804711 | [}, g
2018/04/3. 8
2018/04/1.. CTAT I =
2018/04/2.
2018/04/2. ] Proof state /] Auto update | Update | Search: | v [roon [+
2018/04/2., | iz
[E generated 2018/04/2. proof (prove) =
[5 ex03thy 1. 2018/04/2 goal (1 subgoal):
[[] scratchthy 4. 2018/04/2., 1.t height t <
[Cltmplo3.thy 1. 2018/04/2 . € enum n = helg =n
ex04 2018/05/0.
document 2018/04/3..
generated 2018/04/3.
[5] exoa.thy 1... 2018/05/0.
[E] tmplod.thy  7... 2018/05/0. | « D
71— i 751" | [B]= Joutput | query | sledgehammer | symbols

[132.48 (3772/7598)
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DEBd@E & 9¢ X[HE 8@ -

&

= ™ tutod thy (~/lehre/FDS/SS18/publ
= R - =l u W (~/lehre/FDS}: 3 [ IS e § -
130 fun enum :: "nat = unit tree set" where =l
~| Commands Plugins Fayorites . . -
= 131 enum 0 = {Leaf} =
@| Path [/home/lammich/lehre/FDS . o
2l riter % </ |r132| "enum (Suc n) = (enum n U {Nede 1 () r | 1 r. l€cenum n A reenum n }) 8
&
=& 133 §
i B home 134 Py
5
139 =4
136{Lemma enum_sound: "t € enum n —> height t < n" :%
[s.Jtast modii. | o137 | apply- [ z
i 2018/05/0. 139 m
2018/04/3. ¥
2018/04/2. s 17|
2018/04/1. 149) S
BB ss18 2018/04/1. al 2
2018/04/3.,= 3
2018/04/1. T =
2018/04/2,
2018/04/2. roof state [ Auto update | Update | Search: | ~|[1oo% [+
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Submission until Friday, May 26, 11:59am.

In this homework, we will develop a binary search tree that additionally stores the rank
(= number of nodes) of the left subtree in each node.

With this auxiliary information, it is easy to implement a rank query, i.e., to return the
position of a given element in the inorder traversal.

“r

datatype 'a rtree = Leaf | Node “'a rtree” nat 'a “'a riree”

Define a function to count the number of nodes in a tree

fun num_nod “'g rtree = nat” where

Define a function to check for the invariant: search tree property and the correct rank
annotation (number of nodes in left subtree)

fun rbst :: “'a

worder rtree = bool” where
Define the insert function. You may assume that the value to be inserted is not contained
in the tree. Note: Double-check to correctly update the rank annotation.

fun rins ©: “'aulinorder = 'a rtree = ‘o rtree” where

Show that rins actually inserts, and preserves the mvariant. Hint: Auxiliary lemma on
number of nodes.

| PRECRVeTN Ao EHnd o A
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Define a function to count the number of nodes in a tree

fun num_nodes :: “'a rtree = nat” where

Define a function to check for the invariant: search tree property and the correct rank
annotation (number of nodes in left subtree)

fun rbst :: “'azlinerder riree = bool” where

Define the insert function. You may assume that the value to be inserted is not contained
in the tree. Note: Double-check to correctly update the rank annotation.

fun rins :: “'axlinorder = 'a riree = 'a rtree” where

Show that rins actually inserts, and preserves the invariant. Hint: Auxiliary lemma on
number of nodes.

»

lemma rins_set: “set_rtree (rins  t) = insert = (set_riree t)
lemma “c¢sei_rtree t = rbst t = rbst (rins z t)

Define the membership query function and show it correct.

“'a::linorder = 'a rtree = bool” where

fun ri
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fun rins = “'a:linorder = 'a rtree = 'a rtree” where

Show that rins actually inserts, and preserves the invariant. Hint: Auxiliary lemma on
number of nodes.

lemma rins_set: “sei_riree (rins z t) = insert x _riree t) 7

lemma “v¢set_riree t = rbst t = rbst (rins © t)”

Define the membership query function and show it correct.

fun risin :: “'a:linerder = 'a rtree = bool” where
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not exploit the rank annotations at all.

“nat = 'az:linorder rirec = 'a” where
“rbst t = i<length (inerder t) = sele

fun select ::

t = inorder ¢ !

For 3 bonus points, remove the assumption that the inserted element is not yet contained
in the tree. Only recurse over the tree once, i.e., do not simply use if risin x t then t el
rins x t!

Hint: Add an additional return value to the insert function that indicates whether the
element was in the tree or not, in order to correctly update the rank annotation. At
the end, you must provide a function rins’that satisfies the following specification (and
only recurses over the tree once, following a single path):

norder = 'a riree = 'a rtree”
t = sel_riree (rins’ = t) = {x} U sel_riree t”
rhst t = rbst (rins’ z t)”

definition rins’ ::
lemma rins’_
lemma rins’_bst:
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definition “at_index i l v = i<length | A !¢

Show your rank function correct. Hint: Auxiliary lemma relating num_nodes and inorder.

lemma ‘“rbst t = z€set_rtree t = al_index (rank z t) (inorder t) z”

Define a select function, that returns the ith element of the inorder traversal, and prove
it correct.

Ounly recurse over the tree once, following a single path. In particular, inorder ¢ ! i is
not the desired solution, as it would enumerate all nodes of the tree in a list first, and
not exploit the rank annotations at all.

fun select :: “nat = ‘a::linorder riree = 'a” where
lemma select_correct: “rbst t = i<length (inorder t) = select i t = inorder t | i”

For 3 bonus points, remove the assumption that the inserted element is not yet contained
in the tree. Only recurse over the tree once, i.e., do not simply use if risin © t then t else
rins x t!

Hint: Add an additional return value to the insert function that indicates whether the
element was in the tree or not, in order to correctly update the rank annotation. At
the end, you must provide a function rins’ that satisfies the following specification (and
only recurses over the tree once, following a single path):
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definition “at_indezr i | x = i<length [ A 1!

Show your rank funetion correct. Hint: Auxiliary lemma relating num_nodes and inorder.

lemma “rbst t = zeset_rtree t = at_index (rank x t) (inorder t) z”

Define a select function, that returns the ith element of the inorder traversal, and prove
it correct.

Only recurse over the tree once, following a single path. In particular, inorder ¢t ! i is
not the desired solution, as it would enumerate all nodes of the tree in a list first, and
not exploit the rank annotations at all.

fun select :: “nat = ‘a::linorder rtree = 'a” where

lemma select_correct: “rbst t = i<length (inorder t) = select i t = inorder t | i”

For 3 bonus points, remove the assumption that the inserted element is not yet contained
in the tree. Only recurse over the tree once, i.e., do not simply use if risin = t then t else
rins © t!

Hint: Add an additional return value to the insert function that indicates whether the
element was in the tree or not, in order to correctly update the rank annotation. At
the end, you must provide a function rins’that satisfies the following specification (and
only recurses over the tree once, following a single path):
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Show that pretty-printing is actually unique, i.e., no two different trees are pretty-printed
the same way. Hint: Auxiliary lemma. Simultaneous induction over both trees.

lemma pretty unique: “pretty t = pretty t' = t=t'""

Exercise 4.3 Enumeration of Trees

‘Write a function that generates the set of all trees up to a given height. Show that only
trees up to the specified height are contained.

(The other direction, i.e., that all trees are contained, requires an advanced case split,
which has not yet been introduced in the lecture, so it is omitted here)

fun enum :: “nat = unit tree set” where
lemma enum_sound: “t € enum n = height t < n”

Homework 4 Rank Annotated Trees

Submission until Friday, May 26, 11:59am.
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